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Basic Results and Concepts 


I. GENERAL INFORMATION 
1. Greek Letters Used 


о alpha 6 theta к kappa 

fm 
у 
6 delta Exi трі 
= epsilon n eta ртһо 
С zeta с sigma 2 cap. sigma 
|_________| Лаашфаа 101 | 


2. Some Notations 


є belongs to € doesnot belong to 
N intersection => implies / such that 


b 


3. Unit Prefixes Used 
Multiples and Prefixes Symbols 


t tau 


10-2 centi* 


10-5 

* The prefixes 'deci' and 'centi' are only used with the metre, e.g., Centimeter is a 
recognized unit of length but Centigram is not a recognized unit of mass. 

4. Useful Data 


е = 2.7183 1/e 0.3679 loge2 = 0.6931 loge 3 = 1.0986 
л = 3.1416 1/7 = 0.3183 loge10 = 2.3026 loge = 0.4343 
42-14142 43-2172 1 rad. = 5791745" 1? = 0.0174 rad. 


ill 


5, Systems of Units 


MKS. System 
second (sec) 


6. Conversion Factors 


И. ALGEBRA 
1. Quadratic Equation : ax? + bx + c = 0 has roots 


—b + „(62 — ас) — b — ЈФ: — 4ac) 
a = у р = 
2а 2а 

— b ү. 
a+ В = a ap 
Roots are equal if b? — 4ас = 0 
Roots are real and distinctif b? — 4ac > 0 
Roots are imaginary if b? — 4ac < 0 


2. Progressions 
(i) Numbers a, а + d, a + 2d. ..... аге said to be in Arithmetic Progression (A.P.) 


Џ мэ — 
Its nth term Tn =a + п— 1d and sum 5, = E (2a+ n — 1d) 


(ii) Numbers a, ar, ar?, ...... are said to be in Geometric Progression (G.P.) 
a(l — r”) 
1-r 
(iii) Numbers 1/а, 1/(a + d), 1/(a + 2d),.... are said to be in Harmonic Progression 
(H.P.) (i.e., a sequence is said to be in Н.Р. if its reciprocals are in A.P. Its nth term 

T, =1/(a+n — 14). ) 
(iv) If a and b be two numbers then their 


1 


Its nth term T, заг" and sum S, = (9.7 cy (r<1) 
-r 


Arithmetic mean = 2 (a * b), Geometric mean = Jab, Harmonic mean = 2ab/(a 
* b) 


(v) Natural numbers аге 1,2,3 ...,n. 
2 
s nin 1) pt n(n * Den * » M CE 2 


(vi) Stirling's approximation. When п is large n! ~ /21n.n" e 
3. Permutations and Combinations 
museo ИН E n! PES 

Pr^t-pn 7 Ра 9! r! 


пе, —ng,nc =1= Ne, 


4. Binomial Theorem 

(i) When n is a positive integer 

(1+х)л=1+"С,х + nC x? + “Сз х3 +....... + Ск хп, 

(ii) When п is a negative integer or a fraction 

n(n — 1) 2 К n(n — 1) (n — 2) 3 5: 
1.2 123 


(1+ х)" =1+пх+ 


5. Іпаісеѕ 

(i) ат. а" = amin 

(ii) (am)? = атл 

(iii) a-^ = 1/an 

(iv) n Va (i.e., nth root of a) = a'/^. 


6. Logarithms 

(i) Natural logarithm log x has base e and is inverse of ex. 

Common logarithm logiox = M log x where M = logre = 0.4343. 

(ii) loga 17 0; log40 = - œ(a > 1) Лора а = 1. 

(iii) log (mn) = log m + logn ; log (m/n) = log m - log n; log (тп) = n log m. 
III. GEOMETRY 

1. Coordinates of a point : Cartesian (x ,y) and polar (г, Ө). 


Then x = г соѕ Ө, y-rsin Ө 
or r= (x? +y*), Ө = tan! 5] 
х 
Ү 


Distance between two points 


(x1, yi) and (х,у) = | бо - х1) + (у= у Y) 
Points of division of the line joining (xi, ул) and (xz уг) in the ration m; : m2 is 
[ms тух. HRS + moy; | 
m, +m, m, +m, 
In a triangle having vertices (х1, ул), (x2, ух) and (xs, уз) 
Ул Д 


Xi 
X2 Ус 


(i) area = I : 
2\x3 уз 1 


(ii) Centroid (point of intersection of medians) is 
x + Xo + хз Ур +уз +уз 
E 3 
(iii) Incentre (point of intersection of the internal bisectors of the angles) is 


ax, + bx, tcx, ay, + by; + cy; 
at+b+c ^' atbtc 
where a, b, c are the lengths of the sides of the triangle. 
(iv) Circumcentre is the point of intersection of the right bisectors of the sides of 
the triangle. 
(v) Orthocentre is the point of intersection of the perpendiculars drawn from the 
vertices to the opposite sides of the triangle. 


2. Straight Line 

(i) Slope of the line joining the points (ху, уз) and (хо, y2) = 2 = n 
27% 

Slope of the line ax + by + c = 018 — sie, zi Su. 


(ii) Equation of a line: 
(a) having slope m and cutting an intercept c on y - axis is y = mx + c. 
(b) cutting intercepts a and b from the axes is Лал 
а 

(c) passing through (xi, ут) and having slope m is y - yı = m(x - x1) 
(d) Passing through (ха, y2) and making an 20 with the x - axis is 

К A yq 

cos0 sin 0 
(e) through the point of intersection of the lines aix + biy + сү = 0 and ах + bay + 
C2 = 015 aix + biy + c1 + К (ах + Бру + с) = 0 


E : - . m,—m 
(iii) Angle between two lines having slopes пи and mz is tanc? —1——2 
— mmz 


vi 


Two lines are parallel if mi = m2 


Two lines are perpendicular if mm: = —1 
Any line parallel to the line ax + by +c =Ois ax + by + к= 0 
Any line perpendicular to ax + by +c =Ois bx — ay+k=0 


(iv) Length of the perpendicular from (xı, y1)of the line ax + by + c = 0. is 
ax, + by, *c 
(a? +b?) 
= Р (х, у) 


z x 
3. Circle 
(i) Equation of the circle having centre (h, k) and radius r is 
(x — h)? + (у – k}? = r? 
(ii) Equation х2 + y? + 2gx + 2fy + с = 0 represents a circle having centre (-g, -f) 
and radius = J(g? + f? — c). 
(iii) Equation of the tangent at the point (xi, ул) to the circle x? + у2 = a? is xx; + ууз 
= а2. 
(iv) Condition for the line у = mx + с to touch the circle 


х2 + y?-a?isc-a ЈИ +m’). 

(v) Length of the tangent from the point (хт, уз) to the circle 
x2 + y2 + 2рх + 2fy +c = 015 J(x1 — у? + 2gx, + 2fy, + с). 

4. Parabola 

(i) Standard equation of the parabola is y? = 4ax. 

Its parametric equations are x = at? , y = 2at. 

Latus - rectum LL' = 4a, Focus is S (a,0) 

Directrix ZM is x + a = 0. 


vil 


(ii) Focal distance of any point P (ха, yı ) on the parabola 

y? = 4ах is SP=xi+a 

(iii) Equation of the tangent at (хт y1) to the parabola 

у? = 4ax is ууз = 2a (x + x1) 

(iv) Condition for the line у = mx + с to touch the parabola 

у? = 4ax isc = а/ш. 

(v) Equation of the normal to the parabola y? = 4ax in terms of its slope m is 
у = тах — 2am — am’. 

5. Ellipse 


(i) Standard equation of the ellipse is 


2 2 
a кый, 


— + Ic 


a? p? 


viii 


Its parametric equations are 
х= асо Ө, у = Б ѕіп Ө. 


Eccentricity е = J(1— b? / a”). 

Latus - rectum LSL! = 2b?/a. 

Foci S (— ae, 0) and S' (ae, 0) 

Directrices ZM (x = - a/e) and Z'M' (x = а/е.) 

(ii) Sum of the focal distances of any point on the ellipse is equal to the major axis 
1.е., 


SP + 5'Р = га. 

(iii) Equation of the tangent at the point (x1 ул) to the ellipse 
2 

x Y _„. X УУ _ 

"Rd Ip женш те ойы. 

(iv) Condition for the line y = mx + c to touch the ellipse 
2c $15 

X + Y. =1isc = (am? + b?). 


a^ b? 
6. Hyperbola 
(i) Standard equation of the hyperbola is 


2 2 
E wed ox 


a du 
Its parametric equations are 
x-asecO,y = Б tan Ө. 


Eccentricity e = ЈА + b? / a”), 


Latus - rectum LSL' = 2b2/a. 
Directrices ZM (x = а/е) and Z'M' (x = - а/е). 
(ii) Equation of the tangent at the point (x1 уз) to the hyperbola 


IX 


a p? 2 b? 

(iii) Condition for the line y = mx + c to touch the hyperbola 
Y 2 - 

жа ш (аш? — p?) 


2 2 
(iv) Asymptotes of the hyperbola ын - ын =1аге = + > = (апі ~ — У 0. 
а b a b a b 
(v) Equation of the rectangular hyperbola with asymptotes as axes is xy = c?. Its 
parametric equations are x = ct, y = c/t. 
7. Nature of the a Conic 
The equation ax? + 2hxy + by? + 2gx + 2fy + c = 0 represents 


h 
hbf 
gfc 


(ii) a circle, ifa=b, h=0,A#0 

(iii) a parabola, if ab — h*=0,cA #0 

(iv) an ellipse, if ab — 1220, ^ «0 

(у) a hyperbola, if ab—h? > 0,4 #0 

and a rectangular hyperbola if in addition, a + b = 0. 
8. Volumes and Surface Areas 


(i) a pair of lines, if (= A)=0 


Curved Surface | Total Surface 
Area Area 


Cuboid (length I, 2 (1+ b)h 2 (Ib + bh + hl) 
breadth b, height 
h) 
Sphere (radius r) 


| 
Cylinder (base 2nr (r + h) 
radius r, height 


nr (т + 1) 


where slant height / is given by [= J(r? + h°). 


26 TRIGONOMETRY 


м ERES зэ. 
№ 142 
= 


eret 
2 
er [v pi т [ж 1 ape 


2. Any t-ratio of (n. 90° + Ө) = + same ratio of Ө, when n is even. 

— t co - ratio of 9, when n is odd. 

The sign + or — is to be decided from the quadrant in which n. 90? + 0 lies. 
eg,  sin5709- sin (6 x 900 + 300) = —sin 300 = — 2 

{ап 315° = tan (3 x 900 + 45°) = -- cot 459 = — 

3. sin (A + B) = sin А cos В + cos A sin В 

cos (А + B) = cos A cos B + sin A sinB 

sin 2A = cos? A cos A = 2 tan A/(1 + tan? А) 


2 
cos 2A = со А — sin! А = 1 — 2 sin? А =2 со А —1= EN = 
1+«ап А 
tanA + 
4. tan (А + В) = шп ee tan 2А = 2 tan А | 
1+tanA tan B 1 — tan? A 


5. sin A cos В = gin (A + B) + sin (А — B)] 
cos A sin В = 5 [sin (A + B) — sin (А —B )] 
coa A cos B = 2 [соз (А + В) + соз (А — В)] 
sin A sin B = 5 [соз (А — B) — cos (А + B)]. 


C+D C-D 
cos 


C+D C-D 


6. sin C + sin D = 2 sin 


sin C — sin D = 2 cos 


cos C + cos D = 2 cos 


C+D C-D 


cos C — cos D = — 2 sin 


7. a sin x + b cos x = r sin (x + 0) 
а cos x + b sin x = r cos (x — 0) 


х1 


where а = r cos, Ө, b = r sinb so that r = (a? + 52), Ө tan-! (b/a) 

8. In any AABC: 

(i) a/sin A = b/sin B = c/sin C (sin formula) 

b+c? — а? 
2bc 

(iii) a = b cos C + c cos B (Projection formula) 


(iv) Area of AABC - х sin A = ,/s(s — а) (s — b) (s — c) wheres = je +b+c). 


9. Series 


(ii) cos A = . (cosine formula) 


2 3 
(i) Exponential Series: ex = 1 + - + - + +t 22200 


(ii) sin x, cos x, sin hx, cos hx series 


СЭМ 
sinx =X — — + — -—.. : 
3! 5! 
xt 
cos x= 1 — —+ —— ......00 
21 4! 
3 5 2 4 
sin hx=x+ Ž + X... o, coshx=1+ ^—+ X... 
3T 51 2! 4! 
(11) Log series 
xis ud 2 3 
О а et мо PAR o, Юд(1-х)5- |х+ — + — + 4 
(iv) Gregory series 
3 5 " з 5 
tan! xex Х.Х. evan i xs leg =x+ ХХ wo 
5 2 1-х 3 


10. (i) Complex number : 2 = x + iy = г (cos 0 + i sin Ө) = re? 
(ii) Euler's theorem: cos Ө + i sin 0 = e? 
(iii) Demoivre's theorem: (cos Ө + isin Ө) = cos nO + i sinn Ө. 


: : : 5 ех – e* ех + е“х 
11. (i) Hyperbolic functions: sin h x = == =з hx= == 
алаг Л eee арга : ; cosechx= l 
cosh x sin hx cos hx sin hx 


(ii) Relations between hyperbolic and trigonometric functions: 
sin ix = i sin h x ; cos h x = cos h x ; tan ix = i tan h x. 
(iii) Inverse hyperbolic functions; 


sin h^!x = log[x + үх? * 1 ]; совћ“ !х = log[x + үх? —1]; tanh^! хэ 2 log 


xil 


V. CALCULUS 
1. Standard limits: 


(i) Lt > = шаал, (ii) ын =1 
xa Х-а х— х 
п апу rational number 
(iii) Lt (1* х)!/* =e (iv) Lt х/х «1 
(v) Lt а 1ор„а. 
2. Differentiation 
) © (uv)= a dv, , du d (u)_ vdu/ dx – udv/dx 
d dx dx Vv v? 
їч = I (chain Rule) 2 (ax + b)? = п (ах + БУТ а 
(ii) Au = ех 4 (әх) = ах log.a 
ах ах 
а а 
— (1 = 1 — (1 = : 
dx 008ьх) = 1/x qx 008: = сс Эр 
x ed or. d : 
ii) — (sin x) = cos x — (cos x) = — sinx 
(ii) = (sin x) = (cos x) 
a (tan x) = sec? x E (cot x) = — соѕес2х 
dx dx 
Us (sec x) = sec x tan х ES (cosec x) = — cosec x cot x. 
dx dx 
(iv) 2. (вш х) = M ЕЕ L (со8-1х) = -= 
dx a — x?) dx (1 — x?) 
d E 1 d di =] 
— (t = =, t = 
dx цай) 1+х? ах ханы 1+x? 
d -1 1 а E -1 
— (ѕес х) = —— —— (cosec х) = ———===—. 
dx x(x? — 1) dx x(x? -1) 
(v) & их) = cos h x 9 (cos hx) = sinh x 
dx dx 
ER (tan h x) = sech? x а (cot h x) = —cosec h? x. 
dx dx 


(vi) D» (ах + by» = m (m —1) (m — 2) ..... (m — n+ 1) (ax + bym-^. an 
D^ log(ax + b) = (— 1) "~! (n — 1)! an/(ax + b) 
D^ (e™) = тле D^ (amx) = m^ (Іора)". amx 


xiii 


; -1 
pn [e БОЛ” 2 +ъ2үл/2 „ах |sin(bx +c *ntan^ b/a) 
cos (bx +) s шаа cos (bx +c+ntan7 1 b/a) 


(vii) Leibnitz theorem: (uv)n 


= Un + nCiun-1V1+ “Саад. 2У2 Fona + AC дүүс Pr + ЯС ун, 
3. Integration 
хз 1 
і) |x" dx = n #—1 [= ax = Io x 
(i) era ) - Бе 
ех dx =e" | dx = а“ /1ор„а 
(ii) [sin х dx = — cos x [cos x dx = sin x 


јал x dx = — log cos x [со x dx = log sin x 
л x 
[sec x dx = log(sec x + tan x ) = log tan E + У) 


|созес x dx = log(cosec x — cot x ) = log tan B 


| 


[see x dx = tanx [eosec? x dx = — cotx. 
(iii) = oS л гал! X | 2 = sin! X 
x a a (a? — x2) a 
f dx _ 1 1 а+х f dx =вшһ-! ^ 
а -x 2 а-х (a? + x2) 
[+ oh p 2 log E ILLI -cosh^! 
x^—a 2a atx (x? NEP ) 
2 2 2 
x J(a^ — x 
(iv) | (a? x?) dx = ( ii a sin"! x 
2 2 a 
2.42 2 
| аг #32) ах = > e ха sinn 5 -> (а? +х2у + а 
а 
2. 2 2 
[ (х? = а?) dx = x yO" = a‘), ас, cosh"! ха = (x? = а?) Хэн аг 1 
2 2 а 2 2 


ах 


(у) је“ sin bx dx = — (2 (a sin bx — b cos bx) 
а + 


ах 


је“ cos bx dx = (a cos bx + b sin bx) 


е 
a? + b? 


XIV 


(vi) [sin hx dx = cosh x [cos hx dx = sinh x 
[tan h x dx = log cos h x [eot hx dx = log sinh x 


[вес h? x dx = tanhx [cosech? x dx = — cothx. 
a 2 ss /2 4 
(vii) sin" x dx cos" x dx 


a О Экс, e exilis even 
n(n — 2) (n — 4) 2 
[зит тэс (m — 1) (m — 3)... x (n — 1) (n — 3)... 
(m * n) (m*n—2)(m* n — 4)... 


x e , only if both m and n are even 


(viii) Ї f (x) dx = [ка — x) dx 

[о ах=2 ЕС dx, if f (x) is an even function. 
= 0, if f(x) is an odd function. 

Г f(x) dx = 2 [feo dx, if f(2a — x) = f(x) 


= 0, if f(2a — x) = - f(x). 
VI. VECTIORS 


1. (i) ЖЕ 2 xi + yj + zk thenr= IR| = (x? +y? + 22) 

(ii) РО = position vector of Q-position vector of P. 

2 КА=ај1+ ај + aK, B= bil + Ы + bsK, then 

(i) Scalar product: A . B = abcos0 = ајб1+ аб + азбз 

(ii) Vector product: A x B = ab sin Ө N = Area of the parallelogram having A + B 
as sides 


IJK 
= ја a, a 
b, bj b, 
(iii) BA LIF A. B = 0 and А is parallel to Bif Ax B=0 
ар а, a 
3. (i) Scalar triple product [A B C] = b; b, ba = Volume of parallelopiped 


(ii) If [A B C] = 0, then A, B, C are coplanar 
(11) Vector triple product A x (B x C) = (А. C) B — (А.В) C 
(A x B)x C- (C. A)B— (С.В) А 


XV 


жена еге раак 
дх ду д 
div F- vp- ® + 96 , ^5 
dx ду ¢z 


where F = fil + £j] + ВК 


(ii) If div F = 0, then F is called a solenoidal vector 
(iii) If curl F = 0 then F is called an irrotational vector 
5. Velocity = dR/dt; Acceleration = d?R/ dt?; 
Tangent vector = dR/dt ; Normal vector = Vo 


6. Green's theorem 


Stoke's theorem: ЇЕ .dR= 
С 


: [(odx + way) = ffe E = 3 ахду 
С 


[сип F.N ds 
S 


Gauss divergence theorem: ЈЕ ‚Маз = faiv F dv 
5 V 


Coordinate 
transformations 


Jacobian 


(Arc - lengthy 


Volume- element 


7. Coordinate systems 


Polar coordinates | Cylindrical 
coordinates (p, ф, 2) 


х=рсо5ф 


у= гѕіпӨ y=psing 
Z=Z 

У) _, x, у, 2) _ 

ó(r, 0) A(p, ф, 2) 


(48) = (dr)? + 12 
(40) 
dx dy = rd@ dr 


(ds)? = (d p? + p? 
(do)? + (dz? 


dV = p d p dọ dz 


xvi 


Spherical polar 

coordinates (r, Ө, ф) 

x = r sin cos ф 

у = г ѕіп Ө ѕіп ф 

7 = гсоѕ Ө 
(x, у, 2) 
(г, 0,0) 

(ds)? = (dr)? + r2 

(40) + (г sin 0) 

(do)? 

dV = r? sin Ө dr ад 

аф 


= 12 sin Ө 
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UNIT -1 
Differential Calculus-I 
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Chapter 1 


Succesive Differentiation and 
Leibnitz's Theorm 


Successive Differentiation 

Definition and Notation :- If у be a function of х, its differential coefficient 
dy/dx will be in general a function of x which can be differentiated. The 
differential coefficient of dy/dx is called the second differential coefficient of y. 
Similarly, the differential coefficient of the second differential coefficient is called 
the third differential coefficient, and so on. The successive differential coefficients 
of y are denoted by 

dy d’y d’y 


ee ery 


n 


Фу 
ах" 
Alternative methods of writing the nth differential coefficient are 


d Ф 
( | у, D'Y, у, aon aye 


The Process to э the differential coefficient of a function again and again is 
called successive Differentiation. 
Thus, if y = f(x), the successive differential coefficients of f(x) are 


the nth differential coefficient of y being 


eee eee ee sooo 


These are also denoted by : 


(i) уз, у», уз............ уп 

(Н) у',у",у'"!........... у" 

(iii) Dy, D2y, Юзу............ Dry 

(iv) Р(х), f'(x), Ё"(х),............. (х) 

nth Derivatives of some standard functions :- 
(1) n'^ derivative of (ax+b)™ :- 

Let y = (ax*b)m 

Differentiating it w.r.t. x in succession, we get 
yi = m(ax+b)™1a 

y2 = m(m-1)(ax+b)™? а? 

уз = m(m-1) (m-2) (ax+b)™ аз 


A Textbook of Engineering Mathematics Volume - I 


Similarly, we can write 

Yn = m(m-1) (m-2) (ax+b)™" an 

D^ (ax+b)™ = m(m-1) (m-2)......... (m-n*1) (ax +b)", ал 

If m is a positive integer then R.H.S of the above can be written as 


Im 
(m-n) 


Hence Оч(ах-Бут = cm а) „an (ах +b)m-n 


(ах ута, ал 


Deductions : 
(a) If m = n, then D'(ax*b) = |n .ап 
In particular, Ол x^ Їл 


n 
Dn-2 xn === х2 
2 


п 
D3 xn B x? екс. 


(b) If m = -p, where p is a positive integer, then 
+n-1) 


D'(ax*b)? = (-1)" "WNp-D 


а" (axtb)P^ 


(с) D" (axsb)! = DN an 
(ax + b)"* 
(d) If m« n, then D^ (ax+b)™ =0 
2. nth Derivative of eax: 
Let y = eax 
Differentiating w.r.t. x in succession we get 
уз=а eax, y2= a2 eax, уз= a? ea, 
Similarly we can write yn = a" e* 
”, D^ eax = ал eax 
3. nth derivative of a™ :- 
Let y = алх 
Differentiation w.r.t x in succession, we get 
yi = таг“ log a 
у; = m? алх (log a)? 
Similarly, we can write yn = m^ a™ (Іор а)" 
г, Dn amx = mn алх (log a)" 
In particular, 
D^ a* = ах (log а)" 
4. nth Derivative of log (ax+b) 
Let у = log (ax*b) 
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a 
= = +h)-1 
n ах- р дахо) 


y2 = (-1) (ах+Ь)? а? 

уз = (-1) (-2) (ax*b)? а? 

Similarly we can write 

Yn = (-1) (-2)......... (-п+1) (ах+Ь)т ап 


= (ЛАЗА vem (п-1) (ах+Ь) ап 
= (1) |(п-1). (axtb)". a^ 
_ суза ја -1 
© (ax4 b" 
-1)""' n = 1) 
г, D^ log (ах+ђ) = M 


5. nth Derivative of sin (ах+р):- 
Let y 7 sin (ax*b) 
7 yı = а cos (axtb) 


yi=asin (axtbe ) 
У = a? cos (axtb+ 7 ) 
y2 = a? sin (ах урь =) 


уз = a3 sin (ах+Ь+ = ) 
Similarly, we can write 


Уһ = а" sin (ax+b+ >) 


2. D” sin (ax*b) = a^ sin(axtb+ == 
In particular, 
D" sin x = sin (x+ 2) 


6. nth Derivative of cos (ах+Ь): 
Let y = cos (ax*b) 
7 уз = -a sin (ах+р) 


= а cos (axtb* 2 ) 
2 


y2 = -а2 sin (axtb+ 2 ) 
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= a? cos (ах+Ь+2. 2 ) 
dis 2n 
уз = -a? sin (ax*b* 5 


= a? cos (ax+b+ = ) 
Similarly, we can write 


Yn = a? cos (ax*b* = 


“. D” cos (axtb) = a" cos (ax+b+ A) 
In particular, 
“. D” cos x = cos (x+ ЭЭ) 


7. nth Derivative of езх sin (bx+c) 

Let y = eax sin (bx +c) 

yi = a eax sin (bx*c)* b eax cos (bx*c) 
puta = r cos$ and b = г sino 

^. 12 = a2+b2and ф = tan (b/a) 

у! = rex [cos sin (bx*c) *sinó cos (bx*c)] 
Similarly, we can obtain 

Уг = r? eax sin (bx*c*24) 

ys = г? eax sin (bx*c*3Q) 
Continuingthis process n times, we get 
yn = гп eax sin (bx*c*nó) 


2 D" {eax sin (bx+c)} = r^. eax sin(bx*c*nQ) 
where r = (a2+b?)!/2 and ф = tan? (2) 
а 


8. nth Derivative of ех cos (bx+c) : 

Proceeding exactly as above, we get 

Dn {eax cos(bx+c)}= r^. eax cos (бх+с+пф) 

where г and have the same meaning as above. 


Example 1: if y = find yn 


1 – 5х + 6х: ' 
(U.P.T.U. 2005) 
Solution : 
1 
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1 
© (2x ~1)(3x - 1) 
"M E 

2x-1 3x-1 


1 1 
^ уң = 20" -3Dn 
Yn c) (s) 


_[ 20 а2у 237 шу 
(2x-1)"*! (3х – 1)"*' 


Те Qr" Р (3)""! 
=i) [сла se dis 


x? 


Example 2: if у= (тј (х42) 


, find п® derivative of y. 


Solution :- To split y into partial fractions 
Let x-1 = z, then 
£ 1+22+2? 
zi 3-2 
1(1 52 4 2? 
| 
213 9 93«4z 
1.5 4 
+— + ———_ 
22 97 9(3-2) 
1 5 4 
=———— + + 
Зх-1у 9(х-1) 9(x +2) 
Hence 
Ley Up. 5-1)" а , -D'in 
Ух Тү? Ox- 1 x42)" 


Ш 


Answer. 


Example 3 : Find Һе п derivative of tan k) 


(1-х) 
Solution :- we have 


tan! Ir 2 2 -2tanx 
-x 


Hence we have to find yn if y = 2 tanx 
Now, y = 2 tantx 


(U.P.T.U. 2002) 


(U.P.T.U. 2001) 
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5 2 -2 Е | 
у 1+х2 21х-1 х+і 


1 1 1 
=+(-1 28 n-1) ——— r 
А У NS ue 
Suppose x = г сов0 and 1 = г sin so that 
г2=х2+1 and Ө = tan 9 
x 


Thus, 
-1 ТЭЭ 21 Ян in 
Yn - CI B=} (совд - isin9) – (соѕ9 + іѕіпӨ) | 
ir 
тү! 
= у = баск inl .2isin nð 


ir 


= y, = 2(-1)"" (n - 1).sin пӨ.ѕіп" Ө 


Where Ө = tan (2) Answer 
x 


‚ show that 


pp a 
x 


ey х+п 
Yun ee» 2 y WU 


(U.P.T.U 2003) 
Solution :- 
у = x[log(x-1) - log (x+1) | (i) 
Differentiating r w.r.t x, we get 
үх үл | ов (4) - 10g nn 
41:45 зоо ба) (ii) 
х-1 х+1 


Again, Differentiating (ii), (n-1) times w.r.t. x we gets 


C" "fm -1) 1) fou le) (n-1) ) СО" Ка-2) 2) ) Ст“ 8-2) 2) 


: (x-1) +1)" (хет (х+1)“ 


ара 2 | СШВ-1, (181), x-1 хэл 
а a-a (к-1 (x+y m TET ze 
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x+n 


= (4У7 (а = 2E 1) ~ бу | 


Leibnitz's Theorem :- 
Statement :- If u and v are functions of x then 
D^ (цу)-(Гл u).v + ^C; Рм u. Dv + ^C? De? и, Dv + ............ +С, Dr? u. Drv 


Proof :- We shall prove this theorem by mathematical induction method. By 
differentiation, we have 
D(uv) = (Du). v + u. (Dv) 
=(Ри). v + (Ст u ) (Dv) 
Thus the theorem is true for n = 1. 
Let the theorem be true for n = m i.e. 
Dn (uv) = (Оти). у + "^C; От) u, Dv + nC? D™? u. Dav + ......... +m, Отти, рту 


Differentiating the above once again, we get 

Ри» (иу) = (D™1u). v* Dru. Пут С (Dru. Dv+D™lu. D2v}+™C,{D™u,D2v+ 
Dm2y, D3v}+........... жас {Dery Drv+Detu. Рту}... + аи +(Ри. 
Dmy+uDm+iy} 

Rearranging the terms, we get 

D™1(uv) = (D™1u)v+(1+™Ci) Dmu. Оу+(т С +) Dru. D2v*........... + (С, 
+С) Davy. Det usse +u. Dmv, 

Now using "C, + тС = "АС, we have 

Ре (uv)= (D™1u).v +™1C;D™u.Dvt......... HMAC, Dru. DH у+.,....... + 
u.Dmly 

Thus we have seen that if the theorem is true for n = m, it is also true for n = m+1. 
Therefore by principle of induction, the theorem is true for every positive integral 
value of n. 

Example 5 : If y = cos(m sin x) prove that 

(122) yne2 - (2n*1) xya« + (m?- n2)ys 70 

Solution : y = cos (m sin? x) 


1 
4-x 
or (1-х2) у12 = m? sir? (m sin” x) 
= m? [1 - cos? (m sin x)] 
= m? - m? cos? (m sin x) 
2. (1-х2) уз? = m? - my? 
ог (1-x2) yi? + m2y?- m? =0 
Differentiating again, we have (1-х2). 2y1y2+y1? (-2x)* m? . 2уу: =0 
or (1 - x2) y2- ху + m?y = 0 


«yi = - sin (m sinx). m 
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Differentiating n times by Leibnitz's theorem, we get 

yn«2 (1-x2)+ "Ci уна (-2x) + "C2 ул(-2) - (уһ. x* nc, ys.1] +m? yn =0 
or (1-x2)yn«2 - 2nx Yn - N(N-1)yn - ху na - Пуп + Myn 0 

or (1-х2)уһ+2 - (2n*1) xy n4 + (m?-n2) = 0 Hence proved. 


Example 6: If y - e * show that (123) yn - (2n*1)xy n» - (п2+а2) yn =0 
Solution : Given y = essmix (i) 
Differentiating, 
15 ех а 1 
1-x 
m — А m 
(1- x?) (ii) 


Squaring and cross-multiplying, we get 

у12(1-х2) = а?у? 

Differentiating both sides with respect to x, we get 

у1-2х) + 2yiya(1-x?) =a? . 2уул 

or (1-x2)y2-xyi - а?у =0 (iii) 
Differentiating each term of this en n times with respect to x, we get 
Dr{(1-x?)y2] - D(x уз) - а? Оҳу) =0 


“oo 2 


or [(1-x2)yn«2 + Nyn+i(-2x)+ —— уп (-2)] - [xYn + пул.1] - агуп =0 


or (1-х2) yn+2 - (2х+1) xyna - 2 +a?) yn = 0 
Hence proved. 
Example 7: If y = (х -1)", Prove that 
(x%1)yn+2 *2xyn« - n(n*1)ys =0 
Solution : Given у = (2-1) 
Differentiating, yı = n(x2-1)"1. 2x 
ог у1(х2-1) = n(x?-1)n-t. 2x 
= ny. 2x 
= 2n xy 
Differentiating again both sides with respect to x, we get 
у1(2х) + y2(x?-1) = 2n(xyity) 
or (x? -1) y2 + 2x(1-n)yi - 2ny = 0 
Differentiating each term of this equation n times with respect to x (by Leibnitz's 
theorem), we get 
D®[(x2-1)y2]+D"[2x(1 - n)y] - 2nDry =0 
n(n - 1) 
|2 


or [(x2-1)yn+2 tnyne1 (2x)* yn(2)]+ 2(1 - n)[xyneitnyn] - 2nyn=0 


or (х2 -1)yn+2 + 2xyn« - N(n+1)yn =0 Hence proved 
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x п 
Example 8 : If cos (z) =log B8 . Prove that 


X?yn+2 + (2п+1)хуп+1 + 2п2уп =0 
Solution : Given cos! (y/b) = log(x/n)^ 
or cos!(y/b) = nlog(x/n) 
or y = bcos{ n log(x/n)} 
Differentiating, 

1 1 
(x/n) n 
or хуз = -bnsin[nlog (x/n)} 
Again differentiating both sides with respect to x, we get 


хуг + yi = -bn cos { n [> јп. mE 


yi = -bsin [n log (x/n)} n. 


or x?y2 + ху! = - n?b cos {n log (x/n)} 

= -n?y, from (1) 

or x? y2 + хут + n2y = 0 

Differentiating each term of this equation n terms, with respect to x, we get 
Dn(x2y27)* D (хуу) +n? О" (у) =0 

ог Yn+2 X? + NYn+ (2x) + ча Yn (2) + (уља x + пул) + n? yn =0 

or x? yn+2 + (2n*1) худа + 212 yn =0 Hence proved 

Example 9 : If x= cosh (=) log y] Prove that 

(x? -1)y2 + хут - my =0 

and (x? -1) ya«2 + (2n*1) xynei + (12 - m2) yn =0 


Solution : Here x = cosh (teg y] 
m 


1 
h? x -— lo 
or сов К! x 7-7 logy 
or m cos h^? x = log y 


dy ad (i 


А emet T 1 
ME ———— 
{ (7-1) 


or yi f -1) = my 


or (x? -1) уз? = m? y? (ii) 
Again differentiating (ii) we get 
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(х2-1) 2y1 y2 + (2хју12 = m2. 2yyi 

or (х2 -1) y? +xy1 - ту = 0 (iii) 

Differentiating (iii) n times by Leibnitz's theorem, we get 

n(n- 1) 
|2 

or (х2-1) yn+2 + (2n*1) хуп+1 + (n? - m?) yn =0 Hence Proved 

Example 10: If y!/m +y "Ут = 2x Prove that (x? -1) yn+2 + (2n +1)xyn+i+(n?2 - m?) =0 


= 2x 


[(Х2-1)уп+2 + n (2х)уһ+2+ 


(2) ys] + [xy ам + n(Dys] - та? yn =0 


Solution : Given у Ут + = 


or y2/m - 2xyl/m + 1-0 


2x + J(4x? – 4) 


2 

or у!/т = x t,/(x? – 1) 

ory- [x Jod -ђ | (i) 
when y -e e? -)l , we have 


У: = ах =] | P 
or yi (x! - 1) = my 


or yi? (x2 -1) = m2y? (ii) 


when y -|х- V(x? - mm , we have 
ym le М(х? - j| [ л 


Ё -m|x – (х? - p 
" ух? -1 
or уз (x? - 1) =- my 


or у12(х2 -1) = m2y? (iii) 
which is the same result as (ii). 

Hence for both the values of y given by (i) we get yi? (х2 -1) = m?y? 
Differentiating both sides of this with respect to x, we get 

y1? (2х) + 2ysy2 (x? -1) = m22yyi 

or y2 (х2 -1) + xyi - m2y =0 


or уут= 
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Differentiating each term of this equation n times (by Leibnitz's theorem) with 
respect to x, we get 
Оч ух(2-1) ГО (хул) - m? D'(y) =0 


ша 1) 


or {(х2 -1) yn«2 +пуһ (2х) + ———— yn (2)} + {хуп+1 + nya.1] - m? yn =0 


or (x? -1) yn+2 + (2n +1) хуп+ + a m2) yn =0 Hence Proved 
Example 11 : If y = (х2 -1)" Prove that (x? -1)yn+2 + 2xyn« - n(n+1)yn =0 


Hence If Pn = , show that 
d dP 

— (1 - x! |—*} +n (п+1)Р, =0 
ral 2 а nom) 

Solution : Given y - (x -1)" 

Differentiating 


= n(x? -1)"1. 2x 
or ул (x? -1) = n (x2 -1)" 2x 
or у1(х? -1) = ny.2x 
= 2nxy 
Differentiating again both sides with respect to x, we get 
у1(2х) +y2 (х2 -1) = 2n [хуз +y] 
or (х2 -1) уг + 2x(1 - п) у: - 2ny =0 
Differentiating each term of this equation n times with respect to x (by Leibnitz's 
theorem), we get 
Dn((x? -1)y2} +D{2x(1 - n)y} -2nD^ y) =0 
or [(x2-1)yn+2 + nyn+1 (2x) + ——— чп 1) yn(2)] + 2(1 - n)Ixyaa + пул} -2nyn =0 


or (х2 -1)yn+2 + 2XYn+1 - N T: -0 (i) 
which Proves the first part. 


Again Р, = 


тт (1-x2)yn+2 = 2хуп+1 

= -[(x2 -1)уп+2 + 2x yn«i] 

=- n(n+1)yn from (i) 
= - п (п+1)Р, ^ Pa = yn 
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or EU = em + n(n*1) Р, =0. Hence proved 
Problem 12: If y = sin’ x , find (Ул) 
(U.P.T.U. 2009) 
Solution : Given y = sin! x (i) 
1 
Differentiating, y, = —————— ii 
eR (i) 
or у12(1 -x2) =1 
Differentiating both sides again w.r.t x we get 
2узуз (1 - x2) + y (2x) =0 
or y, (1- x?) - ху: =0......... (iii) 
Differentiating both sides of (iii) n times with respect to x by Leibnitz's theorem, 
we get 
[yn+2(1-x2)+n.yn+1(-2x)+ шилэн 
or (1-x2)yn+2- (2n+1)xyn+1 - п2уһ =0 (iv) 
putting x = 0 in (i), (ii), (iii) and (iv) we get 
(y)o = sin? 0 =0; (y1)o =1; (y2)o =0 


Yn (-2)] - [xyn+1 *n.1. yn] =0 


and (ys«2)o = n?(Yn)o (v) 
If n is even, putting n = 2, 4, 6............ , we get 

(уло =22 (yo = 0 ^. (угјо =0 

(ув) = 4Xy4)o = 0, ^ (ya)o =0 

In this way we can show that for all even values of n, (yn)o =0 Answer 
If n is odd, putting п=1,3,5,7............ (n-2) in (v) we get 


(уз)о = (у1)о = 1; (уѕ)о = 32 (уз)о = 32.1, (yz)o = 52.(уѕ)о = 52. 32.1 etc 
(ул) = (n - 2} (уп -2)о 

= (n - 2}. (n - 4)2(уп-4)о 

= (n - 2)(п - 4)2.......... 52, 32, 12, Answer. 

Example 13 : If y = Пор(х+ „(1 + x^) }]2, show that 

(yn+2)o = - n? (yn)o, hence find (yn)o. 


Solution : Let y = [log x+ (14x?) р (i) 
| 2 1 2х 
"У; =2|log{x+ (1+x em err 552) 


ог y, [eo [ene +x} 
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ог y? (1+х2) = 4 [log {x+ (1 +x’) Їр 


or у12 (1+х2)= ду (8) 
Again differentiating, 

уг (2x) + (1+x?) 2yiy2 = 4у1 

or y? (1+х2) + xy -2 =0 (iii) 


Differentiating each term of this equation n times, by Leibnitz's theorem, with 
respect to x, we have 


{yn+2 (102) + nysa (2x) Ун-2) + {ynei(x) + nyn(1) } =0 


ог (1+x2)yn+2 + (2041) хуһы +п2уһ = 0 ........... (iv) 
putting x =0 in (iv) we have 

(1*0) (yn«2)o + 1? (Yn)o =0 

ог (уп»гјо = - п(ул)о................. (у) 

Putting n = п-2, n-4, n-6.......... in (v), we get 

(yn)o = - (n - 2)? (у n-2)o; 

(yn. 2o = - (n - 4)? (уһ -а)о; 

(yn-4)o = - (n - б)Жуп - в)о; 

where we have (on multiplying side wise) 

(yn)o = {-(п - 2)2) (- (n - 4] ( -(п - 6)?} (уп - в)о) 

2 If n is odd, 

(yn)o = { - (n - 2PH - (n - 4)2) { - (n - 6)2}.................. (-32) { -12ул)о 
Now from (i) putting x =0, we get 

(y)o = [log (0+1)} = (log 1) =0 

г, From (ii) putting x =0, we get 

(у), = 4(y)0 =0 ог (y) =0 

Hence when п is odd (yn)o =0 Answer 

And if n is even, as before 

(yn)o = { -1(n - 2)?}{ -(n - 4)2) ( -(п - 6)2)................ {-42} {-22}(y2)o 
Also from (iii) putting x =0, we get 

(y2)o (1+0) +0 - 2 =0 

or (y2)o =0 

2. where п is even, we have 

(yn)o = { - (п-2)2) { - (п-4)2) { - (n - 6)2}............. (-2)2}2 
= (-1)(™-2)/2 (п-2) (п-4)2 (n-6)....... 42, 22.2 Answer 


Ехатрје 14: Ку = [x -4(1- x ‚ find (yn)o 
Solution : Given у = [x £O 31! Fictions (i) 


” п(п –1) 
12 
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sm x+ are К р 
али 


(1+x’) 


(1--х2) 
zl Y 
|a exi) 
Again differentiating 
yi (2x) + (162) 2узуг = m?. 2уул 
or y2 (1+х2) + ху - m?y 70.................. (iii) 
Differentiating this equation n time by Leibnitz's theorem, we get 


КЕ n(n-1) 


[унн (L2) + nyan (2х)+ MEX y, (2)] + [хуа + пул] - m2 yn =0 


or (1+x2)yn+2 +(2n+1) Хупм + A m2)ys =0 

putting x =0 we get 

(унд = (m? - па) (yao... dV) 

If n is odd, putting n - 1, 3, 5, 7 ОВИ (n-2), we get 
When n = 1, (ys)o = (m? -12) (уур 

And from (i) and (ii), putting x =0, we get 

(y)o= 1; (yı), =m? (у), = mor (утуо = m 

2. (уз) 0 = (m2-12) m 

when n = 3, from (iv) we get (ys)o = (m? -32)(уз)о 

ог (ys)o = (m? - 32) (т? -1) m 

when n =5, from (iv) we get (y7)o = (m? -52) (уѕ)о 

or (yz)o = (m? -52) (m? -32) (m? -12)m. 

Proceeding in this manner, when n = n - 2 from (iv) we get 
(Yn)o = m? - (n-2)?} (yn-2)o 

= (m?- (n - 2)2) {m2 - (n - 4)2) {m2 - (n - 6)2)................ (m? -32) (m? -12) m Answer. 
If n is even, putting n = 2, 4, 6, 8,............... (n-2) is (iv), we get 
when n =2, (уг) = (m? - 22) (y2)o 

And from (iii) putting x =0, we get 

(y2)o +0+m? (y)o = 0 or (уг) = m? (у)о = m? 

(yao = (m? - 2)m? 

When n =4, from (iv) we get (ye)o = (m? - 42) (y4)o 

ог (ув)о = (m? - 42) (m? - 22) m? 
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when n =6, from (iv), we get (увјо = (m? - 62) (ув)о 
or (ys)o = (m? -62) (m? - 42) (та? -22m? 
Proceeding in this manner, when n = n-2 from (iv) we have 


(Уп)о = im? - (п-2)2) (уп -2)о 
-(m? - (n-2)?} (m? - (п-4)2)................ (m? - 42) (m? -22)m?. 
Answer 


Exercise 


1. If e™°*'*, prove that 
(122) yne2 = x (2n*1) ya - (n2 + m?) yn = 0 
2 Ify-sin(asir x) prove that 
(1-x?) yn«2 -(2n +1) хула - (п2-а2) yn = 0 
U.P.T.U (CO) 2007 
3. Ту =acos (log x) + b sin (log x) show that 
х?уп+2 + (2n +1) xynei (n?+1) у = 0 
(U.P.T.U 2004) 
4. Шу = sin (m sin? x) prove that 
(1-х2) Yn+2 - (21+1) Хупм + (m?-n2)y, = 0 
(U.P.T.U 2003. 05) 
5. Ify = e", show that 
(1-x?)yn+2 - (2n+1) xy n1 - (т2+п2) у = 0 
and hence evaluate (yn)0 


Ans: (ул)о = -{(n-2)? +2) ((n-4?*m:?)........... ((12*m?) тетт }, for odd values of п 


(yn)o = (0-2) +m?} ((n-4)*m?].............. (пе E } for even values of n. 
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Chapter 2 


Partial Differentiation 


Partial differential coefficients : The Partial differential coefficient of f(x,y) with 
respect to x is the ordinary differential coefficient of f(x,y) when у is regarded as a 
constant. It is written as 


L 0f/ Ox or Од 
дх 


Thus ore jun ee) oy) у= у) 
дх h 


ћоо 
Again, the partial differential coefficient д f/ðy of f(x,y) with respect to y is the 
ordinary differential coefficient of f(x,y) when x is regarded as a constant. 
Thus Le ши EI а кеу) 
ду k>0 k 
Similarly, if f is a function of the n variables ху, x2,......... Xn, the partial differential 
coefficient of f with respect to х is the ordinary differential coefficient of f when 


all the variables except xı are regarded as constants and is written as Of/ 0x1. 
I and = are also denoted by Б and 5, respectively. 
5 у 
The partial differential coefficients of fx and fy are fix, Бу, ух, уу 
af of Ff df 


РС чи 229 ТУ, ti 1 |: 
ОТ Oxt' дхду дудх ду У 


2 2 
It should be specially noted that ee means 3 апа cO сага е db 
дудх ду V Ox дхду дх ду 


The student will be able to convince himself that in all ordinary cases 
af Qf 

дудх Әхду 

Example 1 : If и = log (x3 + уз +23- 3xyz) show that 


id TN Uu 
дх ду dz (x+y +x) 


(U.P.T.U. 2004, B.P.S.C. 2007) 
(U.P.P.C.S. 2003) 
Solution : The given relation is 
u = log(x3 + y3+ x3- 3xyz) 
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Differentiate it w.r.t. x partially, we get 

ди ___ 3х -3yz 

Ox x ey! +z’ -3xyz 

> 2 - 

similarly ou. =o Зу Z 
ду x ty +2 -3xyz 

4 ди _ 3z – Зхуг 
д2 x+y? +z’ -3xyz 
: ди ди ди _ 3(x? + y? +2? - yz- zx - xy) 
х ду 92 x! «y! +2? -3xyz 
3(x? фу: +z? - yz- xz - xy) 


(x*y *z)( +y? +22 -y* -zx-xy) 


uso ы ыо mm 
дх ду 22 əx ду 92Ддх ду 92 
кке жа Кой. 
“lax ду д2 əx ду az 
ә ә Ə 3 
= | —- + — + || ——— 
Ё ду 2 30: 
д 1 д 1 д 1 
=3|— + | ——_—— |+ — 
дх{(х+у+2) ду\(х+у+2) д2 х+у+2 


=3 MEN RU = л КА eee 
(х+у+2) (x+y+z) (x+y+z) 


Е -3 
| 


= шаш ыг Hence Proved. 


(x+y +z) 
Example 2: If и = ехуг, show that 
du 
dxdydz 


= (1+3xyz+x?y2z2) ехуг 


(U.P.P.C.S. 1998, B.P.S.C 2005) 
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Solution : Given и = ехуг 
ye xyz 
ср куе у 

2 
58: = eve”) = «ye 
= x[y xz ex? + ехуг] 
= exyz (xyz + x) 

3 

Says" a. le" yz] 
=ехуг (2ху2+1) + yz ev? (x2yz*x) 
= ex: [2ху2 +1 + x?y?z? + xyz] 
= ex (1+3xyz + x?y?z?) Hence Proved. 
x? у? 2 


Hence 


Example 3: If 23 “р a + xm - 1, prove that, 
u? +u? +u? = 2 (хи, +уцу + zuz) 
(U.P.T.U. 2003) 
x? у? z? 
Solution : Given +—— + SD ices каллы i 
a’ +u btu cu 0) 


where и is a function of x,y апа 2, 

Differentiating (i) partially with respect to x, we get 
(а? + и).2х – x? E у (b^ + u).0-y? d 
(a? + 4) (6° + uj (c + u) 


(c +u).0- z’ 2 
дх -0 


2х х? у? z jou _ 
a +u | (a? +u) (b? +u) (c tu) дх 
ди 2x / (à? +u) 
р 2х/а?+и 
EVI +u) | 
да _ 2y /(b? +u) 
У (а +u) | 


ди 2z/(c? +u) 


0 


Similarly 


д2 Ye /(a +u] 
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| AY. au), ma [x (аз eu) ey? (бе и) ez (а) | 
чаан але) 


Also хи; + yuy + zu; = = (2). ТЕЗ 
_ 1 | 2x? А 2у! 222 | 
ЭЭ Да? + ч) | (а? +u) (+u) (cu) 
2 
БЫР) эу. 
From (i), (ii) (iii) and we have 
ч, + из +u; = 2(xux Жуцу + zuz) Hence Proved. 


Example 4: If u = f(r) and x = г cos, y = r ѕіп i.e. r? = x2+y2, Prove that 


2 2 
oo So =) +2 80) 


ox? oy! 
(U.P.T.U. 2000, 2005) 
Solution : Given u = f(r)................ (i) 
Differentiating (i) partially w.r.t. x, we get 
ди = f'(r) or 
ox Ox 
E Ра) ын 2 = x2 +у? 
r 
=> 2r — = 2x 
or х 
=>—=- 
ox r 


Similarly x 2l 
y r 


Differentiating above once again, we get 
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ск 


əx? дх r 
_ r[ Е(г) 1 + xf"(r)(dr / Ox) ] - хЁ'(т)(Әт / Әх) 
or x = ~ [rf (т) + x2 f"(r) - = f'(r)] (ii) 
Similarly, x = ~ [rf'(r) + y? f"(r) - r f(r)] (iii) 
Adding (ii) and (iii), we get 
a +57 = Haro +(x? +у?)'(т)- oy - y) f'(r) 
1 


a [2r f(r) + r? f"(r) - r f'()] 

5 

г 

Example 5: If хх yy 22 = c, show that at x = у =z, 
922 


-1 
59у" ~(xlog ex) 


f'(r) + f'(r), Hence proved. 


(О.Р.Р.С.5. 1994; P.T.U. 1999) 
Solution : Given x* yy z? = c, where z is a function of x and y 
Taking logarithms, x log x + у log y + z log z = log c (i) 
Differentiating (i) partially with respect to x, we get 


(E) «teen |+|2(2 (ов 21-54 0 


əz (1+1орх) 


A ax (1 + log z) 8) 
Similarly from (i) we have 

1+1 
az __(1+1ову) аш) 


ду  (1+logz) 
Be _д{д 
``9хду дх\ dy 


AE ere 
ox 1+logz 
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2 
or Ao; =-(1+1ор у) (847 | 
= -(1 ову) | -(14ов)7.2.88| 
2 Ox 
сг 


22 (1+1ору) i Ut Ags 
= —— 4- |r,using (ii) 
дхду z(1 + log z) 1+ log 7. 

z  (1+log х) 

дхду х(14Ююв х) 
Substituting x Юг у and 2 


At x = у = 2, we have 


~~ x(loge + log x) ассан 


NS ЭР 
xlog(ex) 
= ~ {x log (ex)? Hence Proved. 


Example 6: If u = sin? Ө + tan (2) ‚ show that 
y. 


P ОН ы 
Әх У Әу 
(U.P.T.U. 2006) 
Solution : We have u = sir! B + tan? (2) Е (1) 
y 
Differentiating (i) partially w.r.t. x and y, we get. 
ðu 1 1 1 -y 
Эх = Гу + 2. x 
TOME 
y x 

E EE. 

= y z x х? + у? 
or x= =-=- 23 ТРЕЯ: (ii) 
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ди 1 1 1 
and — = ——= -| — |+ = 
y x 


y yu y 
on adding (ii) and (iii), we have 
ха, у s= = 0 Answer. 
Euler's Theorem on Homogeneous Functions : 


Statement : If f(x,y) is a homogeneous function of x and y of degree n, then 


(U.P.T.U. 2006; Р.Т.О. 2004) 
Proof : Since f(x,y) is a homogeneous function of degree п, it can be expressed in 
the form 


f(x,y) = x0 E(y 7 X) oos oed o eade (i) 


26-2 pe уузу = me ул) oor (2020) 


Of оор К РА " 
or хороож ЧНЁ (7) ЖОООК (ii) 


Again from we have 


| 1 
=x" Е(у/х). " 
Or y шах yx ЕЧу/х).............. (iii) 
dy 
Adding (ii) and (iii), we get 
xL Ly 9. = ma Fly/x) 
ду 


= nf using(i) Hence Proved. 
Note. In general if f (ху, хо............... Xn) be a homogeneous function of degree n, 
then by Euler's theorem, we have 
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x СР 22, +х of = 
"Ox, ' Әх, n E" 
Example 7: 1fu «log [ 7| Prove that 
х+у 
‚д уди. 
Ox “ду 


(U.P.T.U. 2009) 
Solution : We are given that 


2 2 
Е | 


2 


х? «y? 
+y 


neus = f(say) 


Clearly f is a homogeneous function in x and y of degree 2-1 i.e. 1 
г, By Euler's theorem for f, we should have 


ox Yay 
xs e) eret )ee' ке, 
ог LL ga o 
àx ду 
ог x uM Hence Proved. 
дх ` ду 


Example 8 : If u E ce | show that 
20 

ony Scl onu 

dx Уду 2 


+ 
Solution : Here и = sin | “у | 


Ух + Jy 


Неге #15 a homogeneous function in x апа у of degree (1 - 5) іе ; 


7. By Euler's theorem for f, we have 
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ox Yay 2 


ог - (in и) +у 5 Gin w) = Ес 
2. f=sinu 
Эхо + amic „йиш 
х! ду 2 


ог х 2 +y ou = капи. Hence Proved 
ox “dy 2 


2 2 
Example 9: If и = (ап ' = , then prove that 
x+y 


423 + син РА 2и 
ax Уду 2 
(U.P.P.C.S. 2005) 
2 2 
Solution : Here tan и =~ 23 = f (say) 
у 
x+y, 0: | 
Then for а homogeneous function in x апа у of degree 2-1 ie 1. 
яту 


г, By Euler's theorem for f, we have 


orx = (tan u) + уз Чап и) = tanu 
> f=tanu 
2, 9U ди 
or x sec? и — + у ѕес2 и —-tanu 
дх д 


ди ди tanu 


+y>— = —— = sin и сови = 2 sin2u. Hence Proved 
Ox ^ ду secu 2 


iu 


27 


A Textbook of Engineering Mathematics Volume - I 


,9u u u 
(iii) x? pua +2х oy Y ay ay? ; -n(n-1)u 


(U.P.T.U. 2005; Uttarakhand T. U. 2006) 
Solution : Since u is a homogenous function of degree n, therefore by Euler's 
theorem 
you ди 
Ox “Уу dy 
Differentiating (i) partially w.r.t. x, we get 
„9 u Lm ðu gas 25 ди 
Tox: РУ аду дх 
^. py ба ада да 
о У дхду dx Әх 
2 2 
or MT ЖУ; =(п-1)5® ане (2) 
which prove the result (i) 
Now differentiating (i) partially w.r.t. y, we get 
aa + yan +1.-— zu =n ш 
дудх "дуу ду ду 
xo д? u ди ди 
"3yox У әу” ду ду 


eo £u. ди 


or x 


SE proves the result (ii) 
Multiplying (2) by x and (3) by y and then adding, we get 
ды Жш Fu „юш. 


+y ET 1) nu 


which proves the result (iii). Hence Proved 
Example 11 : If u = xfi (2) + fo (2) ‚ prove that 
x x 
ETÀ. +3% Fu T ‚9° ч _ 
Oe У Әхду У Буг 
(L.A.S. 2006; U.P.P.C.S. 1997; Uttarkhand T.U. 2006) 
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Solution : Let v = хћ |2) апа м = 18 
x x 

Then и = v ни... (i) 

Now v = x fi (y/x) is a homogeneous function in x and y of degree one and we 

prove that if u is a homogeneous function of x and y of degree n then 


ot Fu да 
x" сты yos 
(see Example 11 (iii)) 
“. Here we have 
2 2 
yi СЛИ 29% aa-1)v=0 ОАЕ (ii) 


ox axdy дхду "T ду? 
Also w = Ю(у/х) is a homogeneous function of x and y of degree zero so we have 


2 
x [ал weet A = 0(0-1) w =0................ (iii) 


dc (ii) and (iii) We have 


x Deque )* xy o m (у w)« y! У шим 0 


3u Fu u 
x — +2 +y’ = =0 
огХ 9x Cay У oy! 
“ from (i) we haveu = v + У. Hence Proved 
Example 12 : If u = sin! ху ‚ Show that 
х у“ + 2 
ди ди ди 
—+еу—+2——+3% =0 
ia AS anu 
(U.P.T.U. 2003) 
Solution : Here given и = ѕіп”' 7 
х" + у" + 2' 


х+2у+32 _ 


> sin u = -=== = f (say) 
үх! yt +2' 5 


Now here f is a homogeneous function in х, у, 2 of degree (1 - 4) i.e -3. 

Hence, by Euler's theorem 

x eR * Gus + ze =-3{ 
ax” ду Oz 
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or 2 (sin u)*y 23 (sin wee” (sin и) = -3 sinu 
ox oy 02 


2. ве біп и 
or х cos u OW costa СЕ ОШ = -Зѕіп и 
Ox oy 
or xE уда „36 узш 
ox У ду д2. cos u 
НА ПИО ТЕ МИ Непсе Ргоуеа 
дх “ду oz 


Example 13 : If u(x,y,z) = log (tan x + tan у + tan 2) Prove that 


sige! сын by y ОЕ 2 
дх ду д2 


Solution : we have 


u(x,y,Z) = log (tan x + tan у + tan 2)................. (i) 
Differentiating (i) w.r.t. 'x' partially, we get 
да _ sec? x 


Ox | tanx + tan y + tanz 
Differentiating (i) w.r.t. 'y' partially we get 
du _ sec! y 

ду | tanx + (ап у + (ап 2 
Again differentiating (i) w.r.t 'z' partially we get 
ди _ sec’ 2 

az tanx + tany + tanz 


(U.P.T.U. 2006) 


Multiplying (ii), (iii) and (iv) by sin 2x, sin 2y and sin 2z respectively and adding 


them, we get 


ди  sin2x sec! x + sin2y sec! у +sin2z sec? z 


sin p eu * sin2y ов + біп22—— = 
ду д 


2 tanx + tany + tanz 


_ 2sinx соѕх.ѕес? x + 2sin y соз y.sec? у + 2sinz cosz,sec’ z 
Е {ап х + («ап у + tanz 

_ 2(tanx + tany + tan Z) 

7 tanx + tany + tanz 

=2 


=> sin 2, 98 * sin 2y eu +sin 9; 08 = 2. Hence Proved 
ox ду 92 
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Total Differentiation 

Introduction : In partial differentiation of a function of two or more variables, 
only one variable varies. But in total differentiation, increments are given in all 
the variables. 

Total differential Coefficient : If u = f(x,y) 

where x = $(t), and y = (t) then we can find the value of и in terms of t by 
substituting from the last two equations in the first equation. Hence we can 
regard u as a function of the single variable t, and find the ordinary differential 


coefficient du | 
dt 


Then is called the total differential coefficient of u, to distinguish it from the 


partial differential coefficient ди апа oe ; 
х 


ду 
The problem now is to find 2 without actually substituting the values of x and y 


in f(x, y), we can obtain the requisite formula as follows : 
Letó (t* i)2x*h,y(t*)-7y*k 


Then by definition 

du , f(x +h,y * k) - f(x, y) 

dr gp 
-lim f(x h,y +k)— f(x,y +k) h fy * )- f(xy) k 
SEA h E k л 


h_ dx ‚ К dy 

in al lim = = —- 

Би нт t dt ae тэ0т dt 
Also, if k did not depend on h 


f(x +h,y * k) - f(x,y +k) 


limp. 50 h 
would have been equal to 
f(x,y +k) 

Ox 
by definition 


Moreover, supposing that д х,у)/ Ox is a continuous function of y 


| of(x,y+k) Of(x,y) 
иы дх ШЕ 


we shall assume, therefore that 


" f(x+h,y +k)- f(x,y +k) Әх, у) 
im. y h EC 
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Hence 

du _ af dx af dy 

dt oOx dt ду dt 

. du du dx ди dy 

ie. — = —.— + == 
dt dx dt Oy dt 


Similarly, if u = f(x, xo......... Xa) апа Nip хз................ , Xn are all functions of t, we 
can prove that 

du. ди dx, ди dx, „3% dx, 

oe qr халаан x са: 


An important case : By supposing t to be the same, as x in the formula for two 
variables, we get the following proposition : 

When f(x,y) is a function of x and y, and y is a function of x, the total (i.e., the 
ordinary) differential coefficient of f with respect to x is given by 

df of of dy 


dx Ox ду dx 
Now, if we have an implicit relation between x and y of the form f(x,y) - C 
where C is a constant and y is a function of x, the above formula becomes 
_ af , af dy 
дх ду dx 
Which gives the important formula 


Again, if f is a function of n variables ху, хо, x3,.......... Xn, апа хо, хз......... Xn аге all 
functions of ха, the total (i.e. the ordinary) differential coefficient of f with respect 
to x1 is given by 

df Of of dx, əf dx, ^ of dx 


= —— +, Р + Е 
dx, 9х, 9х, dx, Ox, dx, Ox, dx, 


Example 14: If u = x log xy, where x3+y3+3xy = 1, find “ч : 
х 


(U.P.T.U. 2002, 05) 


Solution : Given u = х log ху................. (i) 
we know gu = a + у Locura i eae (ii) 


Now from (i) a, xy +logxy 
у 


=1+1орху 
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ди 1 x 
and — = x—x = — 
ду xy у 


Again, we are given x?*y?*3xy =1, whence differentiating, we get 


dy dy | 
3x2 +3 еы ——+у1|=0 
ша 4х Ё- у 


ог ЗУ y) 
dx (у: +x) 
Substituting these values in (ii) we get 


du (х + у) 
чу =(1+1овху)+ Л Gx) 


Example 15 : If f(x, y) =0, ф(у, 2) =0 show that 
of дф dz _ of do 


ду д2 dx “х ду 


| Answer. 


Solution : If f(x, y) =0 then Z- 42) (=) ГЭРТ 0) 
x y 
dz _ |96) [9 ii 
if 0(у, 2) =0, then dy = E П ПИТЕРЕ (ii) 


Multiplying (i) and (ii), we have 


seas" (lag) aya 


do \dz дф 
ог E (922. БЇЇ) Hence Proved 


Example 16 : If the curves f(x,y) =0 and ф(х, y) =0 touch, show that at the point of 
of др Of ob — 


Solution : For the curve f(x, у) =0, we have 

dy of | ‚| of dy _ -(2) дф 
~=- d for th , y) =0, сэн 
dx E ay | / E бу | and for the curve ф(х, у) T Эх / ду 


Also if two curves touch each other at a point then at that point the values of 
(dy/dx) for the two curves must be the same, 
Hence at the point of contact 


(845)-00(8 
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of Y | 9ф do 
r (2) Е; 22) 0. Hence Proved 


Example 17 : If (x,y,z) =0 show that 
ЗИ ЦЭ 
əz J «9х J, ду), 
(U.P.T.U. 2004) 


Solution : The given relation defines y as a function of x and z. treating x as 
constant 


È) _ 90/0z (i) 
38] 55907 зоон 
The given relation defines z as a function of x and у. Treating у as constant 
92) __ дф / дх P 
| Эх 1 про сыш (ii) 

ox дф / ду " 

1 а 
Similarly, | x 36 / ox (iii) 
Multiplying (i), (ii) and (iii) we get 
aj (2 д2 1 дх 
=— "| =-1 Р 4. 

E az} (ах, | ду), Непсе Ргоуе 


Change of Variables : If и is a function of x, y and х, у are functions of t and r, 
then u is called a composite function of t and r. 

Let u =f(x, y) and x = g(t, г), y = h(t, г) then the continuous first order partial 
derivatives are 

ди ди дх ди ду 


‘at ax at ду at 
ди Qu дх du dy 


дг Ox ‘Or Oy OF or 


Example 18: Ки = и IX 2 show that х? Е и du i29 0 
ху х2 дх әу ` 92 
(U.P.T.U 2005) 
Solution : Here given u = ate х) 
ху xz 
=u (г, s) 
where r = апа s = 2% 


Partial Differentiation 


=r=—-—and 22325 ОРЕВИ? (1) 
х 2 
we know that 
du Qu or du as 
ox or дх ds Ox 
502) 1.) US M 
дү x!) ask x? "ху 
x d ch 
ox х 
21 ou 19u ge eee 
~ x? дг ж? ds ere 
шоо 
ox х 
„ди ди ди T 
or x relie ЛАН А, (ii) 
Similarly А LANG 98 
ду дг ду 95 ду 
Uo x 0 from (i) 
or yx en OPE (iii) 
апа 9% дш ðr ди as 
д> дг oz 08 oz 
дуудл 
г 5 22 
ди ди 
=> 2 Oz 98 ОТТЕ (iv) 
Adding (i) (ii) and (iii) we get 
et у? Qu еды 25 Hence Proved. 


Example 19: Ки = u (y - z, z- x, x - y) Prove that 
ди , ди ,9u. 


дх НЕМ əz 
Solution : Here given u = u(y - 2,2 - X, x - y) 
LetX =y-z,Y=z-xand 2 =х-у................ (i) 


Then u = u (X,Y,Z), where X, Y, Z are function of x,y and z. 
Then 
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du _ du aX , au Y дид7 
əx 9Х дх OY Ox 927 Ox 
ж. шкы OLS xcu (iii) 
oy OX ду OY ду TZ ду 

ди _ du OX 9X Ou ди oY , ди ƏZ 

92 дХд> ӘҮ az 192. ЕЗ 
with the help of (i), кын (1), (11) and (iv) gives. 
да du, du ди ди 


w= 0+—(-1)+—41 MESES NE ss 
X ox аус" TUE „Әү az e) 
ди Qu ди ди 
—=—.1+—0 Se vrais REY Fes i 
ду 3X oY 326 ын x 97 (vi) 
ди du „9ч 
а mom -—1)+-——(1)+-——(0)=—-——+-——............... ii 
and 22 = (-1)+ = )+ (0 )- SS (vii) 
Adding (v), (vi) and (vii) we нг" + = + сэн = 0. Hence Proved. 
у 92 


Example 20: If z is a function of x and у and x = e" + e~, у = е-ч ~ ev 
02 Oz Oz Oz 
Prove that o2 oM x 75; 
(AV.UP 2005) 
Solution : Here z is a function of x and y, where x and y are functions of u and v. 
. 02 Oz дх д> ду 
"Qu дхди Ty du 
02 dz Ox „9 ду 2 
4 37-33 ыг ag ee (ii) 
Also given that 
x =e" + е У and y = е-ч -eY 
OX ен 9X2 ue 9У оч Wy 
“du ' àv ' ди "ду 
. -.From (i) we get 
д2 92,,, 92 
Байн ) +— 
ду 
and from (ii) we get 
а esce T (àv) 
Subtracting (iv) from (iii) we get 


(Се Len (iii) 
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ди ду дх ду 
= ge -у 25 Непсе Ргоуеа. 
дх ` ду 


Example 21 : If V = f(2x -3y, Зу -4z, 47 -2x) compute the value of 
6Vx +4Vy +3У,. 
(U.P.T.U. 2009) 
Solution : Here given У = f(2x -3y, Зу -42, 42 -2x) 
Let X = 2x-3y, Y =3y-4z and Z = 47-2х............. (i) 
Then и = КХ, У, 2), where Х, У, 2 are function of x, у and z. 
ду 9УдХ dOVOY ƏVƏZ 
Then V, 2—— = == 6+0. ji 
TOUT Gk OX Ox Фудх OZ 0х en 
LOY VOX OOV OX обу ОА 
“ Фу дХду дуду OZ dy 
and V. .9V _ OV 9X , WAY | BV OZ 
* Oz ӘХ д2 ӘҮ dz 9292 
with the help of (i), equations (ii), (iii) and (iv) gives 
oV oV oV 
V, =-туу(2)+-—(0)+——(—2 
ЭХО" зү 0 * 97 (2) 


x 


or V, = Gand 

= 6V, -0(5 2 TT (v) 
Now V, = © (-5)+ S) « LO) 

or Му -3-2 X 

-—4V. (A ПРИРО (vi) 
and V, <0) +2 5504) 

or V, -4(- +5 

=» зу, =12| 99.95) хээ (уп) 


Adding (у), (vi) and (vii) we get 
6V, + AV, *3V; =0 Answer. 
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Example 22 : If x +y = 2e? cos and x -y = 2 ie? sing, Prove that 
ФУ 95V eV 
Jp. -4ху 
де МЕ дхду 


(U.P.T.U. 2001, U.P.P.C.S. 1997) 
Solution : we have х+у = 2e? соѕф, х-у 72e? i sing 
=> x = e? (cos + sing) = e°. ei? 
or x = e?* i 
and у = е°(созф - i sing) = e°. e- i? 
or y = e?- i? 
since we know 
oV 9У дх ӘдУду 


08 9х 90 dy 90 
_ OV о + oV e? 
(Ox. "ау. 


ду ду дх 9x ду дУ ду 
аф | Әх ~ ду дф 
209 


and — 


їд9Ф + 8-19 
ie Fe = Mayas 
ду 


Again —— У у -1: ores OM дох 
gan 20 06 (90 abl oe дф 


ty iy a 0 Luo кус губ 
Ox y» > ox vay дх Уу дх Jy 
using (i) and (ii) 


38 


Partial Differentiation 


2 
= БУ? Hence Proved. 
дхду 
Fu 2 
Example 23: Transform the equation э + as 0 into polar Co-ordinates 
~“ MY 


(A.U.U.P. 2003, Delhi college of Engg. 2004, G.G.S.I.P.U. 2004) 
Solution : The relation Connecting Cartesian Co-ordinates (x, y) with polar Co- 
ordinates (r, Ө) are 
х = г соѕ0, у = rsinO 
Squaring and adding r? = x? +у? 


Dividing tano =~ 
х 


дг _ х _ 10050 _ 50:25 y | rsino ө 
дх x? ey? r ду је +у? r 
9 1 | у )- у __ зе 
e» 228 заго a er ЖОРА 
ox 1+Ў, х x+y r 

x 

де 1 1 x cos 

and oy y x xay 1 

1-7, y 

x 


Here u is a composite function of x and y 
du du дг | du 00 o2u ѕіпӨ ди 


Әх or ox aa a? тот 900 
9 sin® д 


ди ди дг ди дӨ 


ди cos0 ди 


= Si 6 uem) 
sin 3 - 20 
= мөн | ЖОО (ii) 


Now we shall make use of the equivalence of Cartesian & polar operators as 
given by (i) and (ii) 


б (a) (1,2. 880.2) cop ot inean) 
ox? _дх[ох]) | or т д0 or г 99 
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ди Sem) SN o2" Би 


=cos6— С 050 - cos = 
or or г 90 90 or г 90 
ә2һ sin@du{ 1 sinO 924 ѕіпӨө! . ди 924 со50да  sin8 924 
-0080| со80 — | – - - —sin6— + соѕ0 - - — 
ar? г де 12 г дгдед дг дӨдт т де r 992 
2 924 | 2cos6sin8 ди sin2@du 2cos0sin09?u ѕіп20 д2 4. 
= cos 0—— 5* 2 + - San tg Qv (iii) 
or » 90 г дг т дтдӨ г2 90 
2 
Апа 2 :-2 (35 под 8892 а no + ‚ез| 
ду? ду ду дг г 99 дг г д0 
= sind — д 2 [sine + шивж 8580 J [sino „ свеза 
š дг дт r 90 90 Or r 90 
. . 92u cos0 ди со80 92u cos Ө ðu . 924 ѕіпӨ ди cos0d2u 
= ѕіпӨ| sin@ —— – —— — + —— ——__|+ 0s 0 — + sing —— > —— — + —— —_| 
9:2 үс 98 г дїдӨ 9 900r т 900 г 262 
subs n 2,970. 2соѕӨѕіпӨ ди £08 0 ди ou | 2 со8 0810 32u Жи, cos? Ө 924 (iv) 
à 12 æ` г дг r дгдд ro ag 7 
Adding (iii) and (iv) 


Pu Pu ды 1ди 1u 
дх ду or гдг г? де 
du u 194 19'u 

2 


2 
Therefore ae +— ay? = 0 transforms into Эр? 225 + 56° 


Exercise : 


1. If u = tani ХУ , Show that 
J1+x +y? 
Fu _ 1 
дхду (1 + x2 +у? 1 
2. If щ(х+у) = x? * y?, prove that 


2 
du Quy (i Qu ди 
дх ду dx ду 


Fu x -y 
дудх x +y? 
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(U.P.T.U. Special Exam 2001) 


4. If z = f(x*ay) +(x -ay), prove that 


ду? ox? 
: Fu du 
5. If u = 2(ах+Ьу)? - (х2+у2) and a? +b? =1, find the value oT + ar 
x 
Ans = 0 
6. If V =(x2+y2+z?)1/2, Show that 
Фу ду ФУ 
—+— + —= = 
дх ду? 92? 
7. If u = (х?+у? +22)1/2, then prove that 
дх? ду? oz u 
ди eu 
.If u =x”, show that = 
бил how МӨР aay дхдудх 
(Р.Т.О. 1999) 
-М д д д 
9.1f8=tre 4 , find the value of n which will make ЗЭР 2 = 28 
г 'óri дї) дї 
Ans. 1--- 


10. If x = r cos6, y = г sin8, prove that 


00 wx 00 gə 
iii = 


02, 


11. If z = eex*by Ках - by), Show that bas а = 2abz 


х ду 


12. If V = f(r) and r? = х2+у2 +22, Prove that VixtVyy *Vz; = f'(r) + 2 f'(r) 
r 


13. Find p and а, if x = Ја (sin и + cos v), y = Va (cos u - sin v), z =1+sin(u - v) 


where p and q means 2 апа E respectively. 
x 


| Hint. х2+у2 =2az 
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14. If u =(1-2xy +у2у1/2, Prove that jeu yc 2 -yuw 
ox "ду 


(M.D.U. 2001) 
15. Verify Euler's theorem for the function z = sin Х stant У 
y x 


(Delhi college of Engg., March 2004) 


2 2 
16. If u sin:  —À , show that xeu o хар 
x+y Ox “ду 


(B.P.S.C. 1997; U.P.P.C.S. 1990; J.N.T.U. 1999, G.G.S.LP.U. 2007, M.D.U. 2002, 03 
V.T.U. 2003) 


3 3 
17. ТЕ z «tan! ECL , Prove that KE к = 5їп 27 
ox “ду 


(U.P.T.U. 2001, M.D.U. 2002, G.G.S.I.P.U. 2006) : 


4 4 
18. If u = log Ё 22 | show tnat gy es 
x+y дх ` ду 
(U.P.T.U. 2001) 
х+у ðu ди 1 
. If u = cos , Show that =— t-cotu-0 
19. If u = cos шү at х= irae cotu = 


(G.GS.LP.U. 2006, V.T.U. 2004) 


3 3 2 
20. If u = tan! Ё 23 |, show hat 2u vy ty = 


=2cos3u sinu 


(U.P.P.C.S. 1993) 
(A.U.U.P. 2005, P.T.U. 2002, Delhi college of Engg 2004.) 


21. If u = sin Prove that 


х+у 
Ух + Ју | 


(ii) x ,9u i os Qu , ,Ou  sinucos2u 
Qd amy! ap 


4соѕ? и 
(A.U.U.P. 2005, M.D.U. 2000, 2004, Delhi соПере of Engg. 2005) 


1/3 ү 1/3 1/2 
22. If u = sin? edi ,then show that 
x'^*y 
д?и ou з д°ч tanu 
2? уан 13 + tan’ и 
Mae ка Тоу ли ) 


(Delhi college of Engg. 2004, M.D.U. 2001, 2003) 
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,legx-loEY | show that KEYS К 2ФУ)=0 


23. ЕКху)= — 
(ку) а x+y? 


(PTU 2004) 
02 Oz x 
24. If z = х y? sin | X |+ log x - log y show that x% +y 22 = 6x'y? аш | X 
2= х у? sin B og x - log y show tha 2570 ху sin B 
(U.P.T.U. 2003) 
3 3 3 
25. ShoWithatx ey Sua. 225 рай where u = sin? ХУ tZ 
дх ду д2 ax + by + с2 
(U.P.T.U. 2003) 
n(2x? + у: + ха) 
—— ny Prove that when x =0, y =1, z =2 


26. If V = loge sin 
2(x? +xyt+2yz+2’ 


у, OV 22X - n 


(О.Р.Р.С.5. 1991) 


27. If u = x? - y? + sin yz where y = e* and 2 = log x; find = 
х 
Ans. 2(x - е2х)+ех cos (ех log x) (log x + 2 ). 
х 


28. If u = f(r, s) and r = x+y, s = x-y; show that — + — = 2— 


2 2 2 
29. If x = er cos0, у = er sin0, show ae ooo ze? N^ 23 


dx? ay? 
30. If z is a function of x and y and u and v be two other variables such that 
u = lx + my, у = ly - mx, show that oe ee: (2 +m’) —> 22 ш 
Мр d Ox? У ди av? 
2 
31. If z = f(x, y), where x = uv and у = —, then show that ба X oc 25 
ду 2 ди 2u ду 
(A.U.U.P. 2005) 
32.102 = Јх +у? and»? *y? +3axy = Баг, find the value of Z when x = y =a. 
x 


33. If u = f(y/x) show that хе +у s= 


(U.P.P.C.S. 1997) 
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2 24 
34. Prove that if z = ф(у + ax) + (y - ax) then а? “ee oe = = О for any twice 
y 
differentiable ф and y, a is a constant. 
(1.А.5. 2007) 
ане = ee тоог ы “ог? org an (LA.S. 1996 
Y x х У Әу ay uu ee ) 
Tick the Correct answer from the choices given below 
1. If u = Ку/х), then 
ди ди ди ди 
ди _ ди _g ну) 94.91.0 
x У5 ас By 
ди ди du ди 
--4ү---ш- —- у —-=71 
(iii) х x 5 ч (iv) x as 
Ans, (ii) 
(1.А.5. 1999) 
2. If z = f(x*ay) + ф(х -ay) then 
972, 2 Oz OZ 1 oz 
ur axe Әу? (8) ду а? Әх? 
NE EA vz LA OZ 97», 
(iii) ay? = а? Эх? (iv) ae = 2а? ду? 
Ans. (iii) 
(1.А.5. 1999) 
3. If u = eyz, then os is equal to 
| | дхдудг, 1 
(i) (х2+у2+22+3ху2)ехуг (ii) (1+х2у222+3ху 2 јехуг 
(iii) (1+х2%у2+22)ехуг (iv) (3х+3у+32+х2у222)ехуг 
Ans. (ii) 
4. If и = loge (x3+y3+z5 -3xyz), then as +— eu + u is equal to 
дх ду dz 
„1 TNI 
(05 (x*y*z) (ii) = (х+у+2) 
2 3 
un х+у+г (v) х+у+г 
Ans. (iv) 


5. If z = xy f(y/x), then Sty sis equal to 


(i) 2 (ii) 22 
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(iii) xz (iv)yz 
Ans. (ii) 
(U.P.P.C.S. 1994) 


(i) 1 (ii) 2 
(iii) 3 (iv) 0 
Ans. (iv) 
(U.P.P.C.S. 1994, 1995) 
7. #27 = uv 


u? + у2 - x-y =0 
u? - v? + Зх + у =0 


Then 2 is equal to 


202 -v? 
+ 
(uty (i) = 
aa Ou) v? ..u - Зу 
un 2u (v) 2uv 
Ans. (ii) 
(L.A.S. 1994) 
2 
B.1fu = sine | y E хуй в 
(i) f (ii) 2f 
(iii) tan f (iv) sin f 
Ans. (iii) 


(L.A.S. 1994, U.P.P.C.S. 1994) 


9. If u = xt y2, where x = ? and y = tì, then ^ is 


(i) 223 (ii) 14 122 
(iii) Zy (iv) 1463 
Ans. (iv) 
(R.A.S 1993) 
3 3 
10. If u = tan Ed the value of ou + ye is 
x-y ox ` ду 
(i) tan 2u (ii) cos 2u 
(iii) sin 2u (iv) sec? 2u 
Ans. (iii) 
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(R.A.S. 1994) 
2 
11. If x* yy zz = c, then 72 = - (х log ех)- ^ when (x = y = z) if n is equal to 
хоу 
A ici 
à > 095 
(iii) 1 (iv) 2 


Ans. (iii) 
(U.P.P.C.S. 1994) 


12. If u = x log xy, where x? *y? +3xy 71, then Z2 is equal to 
x 


| х(х +y " y( y^ +x 
МИНА 3X) шаах e x+y 


(ii) (1 - log xy) EE 2] (iv) (1 - log xy) zz 


xix! ty 
Ans. (i) 
2 2 
13. If u = log E Then Mu * you is equal to 
x+y ox ` dy 
(i) 0 (ii) 1 
(iii) u (iv) eu 
Ans. (ii) 
Tor иш A Fu Fu Fu 
14. If u = sin? LAT. thenx? ae aay у? ay, 
is equal to 
и 
30 TENE: 
0) (i) -S 
(iii) Ё (iv) T 
Ans. (i) 
15. If u = ух? фу“ +z’ , then Мн а оа ора 
| d ! óx 7 ду az : 
(i) 0 (ii) u 
TE: : 
(iii) zu (iv) 
Ans. (ii) 
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х? у? 2? 
16.Ifu=|x у 2, then ux +uy + uz is equal to 
11 


1 
(1) 0 (ii) 1 
(iii)x ty +z (iv)2(x+y+ z2) 
Ans. (i) 
17. If u = f(y-z, z-x, x-y) then а. 5 T is equal to 
(x*y*z (ii)1+x+ytz 
(iii) 1 (iv) 0 
Ans. (iv) 
(U.P.P.C.S. 1994) 
vz z. 
18. If z = f(r) and т? = x? *y?, then — a +2 Fis equal to 
у 


(i) f'(r) + т Ра) (ii) F(x) + r Рг) 
(iii) (x) + 2 £"(r) (iv) f"(r) + 160) 


Ап. (іу) 
х? у? z’ E | ди) E | 
19. If + + =1, then | | +H - | +H =] i It 
atu b’+u +u иас? ду az) ue 
0) x22 л gun 8) 1| хач. yu, „ди 
Әх Уду oy 292 a ах n ду Oz 
(iii) («аи +у— Н 23 (iv) None of these 
oy д 
Ans. (iii) 
2 2 2 
20 If u = гт where т? = x? +у2 +22, then s+ + ce + ae is equal to 
y 
(i) rm? (ii) m (m - 1)rm2 
(iii) m (m+1)r™2 (iv) (m? -1)r™-2 
Ans. (iii) 


21. If и is a homogeneous function of degree n in x, y, z and if и = f(x, y, z) where 
x, y, z are the first derivatives of u with respect to x, y, > respectively then 


125: ШИЛЭЭР ual to 
“hx by да 1 
(i) nu (ii) n(n -1)u 
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eee | п 
iii u iv u 
ш n-1 (v) n= 


22. The total differential dz of z which is a function of x and y is equal to 


(i) dz = dx + dy (ii) dz= Fede + dy 
д2. 02 dz oz 92 

ii а2=®®ах+®а dz Oz 02 

(iii) dz 3x 2 у (iv) dx x у 


23. If f(x, y) =0, ф(у, 2) =0 , then 
ф Hf 2% aF 99 as 
ду dz Әх ду dx 

of дф dz of do 


(iii) py oe ds T (iv) None of these 


., of Әф dz Of Әф 


( E eue ыныра 


ду д> dx Әх Әх 


24. If u = ух, then e is equal to 

: х 7 
WIAT log y) (ii) xy*? 
(iii) y* log y (iv) y* log x 


25. A function f(x, y) is said to be homogenous of degree n in x, y if 
(i) Қы, ty) = €^ f(x, y) 

(ii) f(tx, ty) = t™ f(x, у) 

(iii) t is of the form x^ f(x/y) 

(iv) t is of the form x" Ку/х) 


26. Consider the Assertion (A) and Reason (R) given below : 


дч ди 


Assertion (A) - If u = xy f(y/x), then х-—+у-—=2и 
ox ду 


Reason (R) - Given function u is homogenous of degree 2 in x and y. 


of these statements - 

(i) Both A and R are true and R is the correct explanation of A. 

(ii) Both A and R are true and R is not the correct explanation of A. 
(iii) A is true but R is false. 

(iv) A is false but R is true. 


27. Consider the following statements : 
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Ans. (i) 


Ans. (iii) 


Ans. (iii) 


Ans. (iii) 


Ans. (iv) 


Ans. (i) 


Partial Differentiation 


Assertion (A) - for x = r cos6, у = г sin x “r : jM 2 - 90 ax 


1 
Reason R) 9 2 EU dy 
of these statement - 
(i) Both A and R are true and R is the correct explanation of A. 
(ii) Both A and R are true and R is not the correct explanation of A. 
(iii) A is true but R is false. 
(iv) A is false but R is true. 


Ans. (iv) 
(LA.S. 1995) 
ах ду 
28. If x = т совд, у = г sin, then Ч | 15 (U.P.P.C.S. 1994) 
ру 
де де 
(i) (ii) + 
т 
1 
"T гаа. А 
(iti) 2r (iv) 2 
Ans. (i) 
29. Match the list I with II 
List I 
x? 2 
ху Fu ðu 
If u =— then 
(a) If u= xm еп Xa OY 
pc ey 2 0°u ди | „ди 
(b) If ne T2454 d ду By? 
2 
(c) If u = х1/2 + уу2 then х? ын 2ху TUE y E 
ацан ух нх ey t 
5 дх Убу ду 
List II 
3 
(B) cuc 
ди 
225 
(4) 2-5, 
(r) 0 
(s) -u/4 
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correct match is 
a 
(i 
(ii) 
(iii) 
(iv) 


"о га "д 

о Зм. с 
он оч оо 
чо ш ч оо б 


Ans. (ii) 

29. If u = Зхгуг + 2у23 + 6 хі, then pa, you. 25551811 to 
ox `ду 092 
(О.Р.Р.С.5, 1995) 

(i) 6x2 yz + Ахуз +12 x4 
(ii) Зхгуг + 2у23 + бх? 
(iii) 12 x2yz + бу?? + 12 x4 
(iv) 12 xyz + 8yz? + 24 x4 

Ans. (iv) 

2 


30. If f(x, у) = x**x2y?* y*, then mm is equal to 


(U.P.P.C.S 1994) 
(1) 4xy (ii) 12 x? *2y? 
(11) 2x? + 12 y? (iv) 4x3 +2xy? 
Ans. (i) 


50 


Chapter 3 


Curve Tracing 


Rules for tracing Cartesian Curves :- 


I. Symmetry - The most important point while tracing the curves is to judge its 
symmetry which we do as following: 

(a) If the equation of the curve involves even and only even powers of x, then 
there is symmetry about y axis. The reason is that if we obtain a certain value of y 
by putting x =a in the equation then the same value of y will be obtained by 
putting x = -a in the equation because it contains even and only even powers in x 
e.g. the parabola x? = 4ay and the circle x?*y? =a? are both symmetrical about y 
axis. 

Note. The stress on the words 'even and only even' should be observed. x? +y? = 
ax is not symmetrical about y axis as it involves odd powers of x as well. 


(b) Similarly, if the equation of the curve involves even and only even powers of 
2 2 
у then the curve is symmetrical about x axis, e.g. ellipse“; + I =1 апа parabola 


у?= 4ax are symmetrical about x axis. 

(c) If the equation of the curve involves even and only even powers of x as well as 

of y, then the curve is symmetrical about both the axes i.e. the circle x2 +y? = a? or 
2 2 

ellipse == + i = 1 are both symmetrical about the axes. 

(d) If x be changed into -x and y be changed into -y, and the equation of the 

carve remains unchanged, then the there is symmetry in opposite quadrants e.g. 

xy =a? is the equation of the hyperbola referred to asympototes as axes which is 

symmetrical in 1st and 3rd quadrants. 

(e) If x be changed into y and y into x and the equation of the curve remains 

unchanged, then curve is symmetrical about the line y = x ie. a line passing 

through origin and making an angle 45? with positive direction of x-axis. 

Note. In this case solve the equation of the curve with the line y =x and find the 

point of intersection e.g. x? *y? = 3axy is symmetrical about y =x and cuts it in 

Ja 3a 


points (0, 0) and (3, =) : 
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II Points 
We should find points where the curve cuts the axes which are obtained as 
follows; 


Put y = 0 in the equation of the curve and solve for x and thus you will find the 
2 2 


points where the curve cuts the x axis e.g. ын + 2 = 1 putting y =0 we get x? =а2. 
a 
"X =a and -а, and hence ellipse cuts the x axis in points (а, 0) and (-a, 0) 


Similarly, put х =0 in the equation of the curve and solve for y and thus you will 
2 2 


find the points where the curve cuts the y axis e.g. x Е = 1 putting x =0, we 
get y =b and -b and hence the ellipse cuts the y axis in points (0, b) and (0, -b). 
Again у? = 4ax putting x =0, we get у =0 and it we put у =0 we get x =0 and hence 
the point (0, 0) i.e. origin lies on the curve. The best way for detecting whether the 
origin lies on the curve is to see that the equation does not contain any constant 
term just as y? = 4ax contains no constant term and hence it passes through the 
origin. The circle x? +y? =a? contains the constant term a? and hence it does not 
pass through the origin. 

Ш. Tangents : After we have found the points which lies on the curve we shall 
try to find tangents at those points. 

(a) Tangents at origin : In case we find that origin is a point on the curve, then 
the tangents at the origin are obtained by equating to zero the lowest degree 
terms occurring in the equation of the curve e.g. у? = 4ax passes through origin 
and the lowest degree terms occurring in it is 4 ax which when equated to zero 
gives x =0 i.e. y axis which is tangent to the parabola at the origin. 

Again the equation ay? = a? x? – x4 contains no constant term and as such passes 
through the origin and the total lowest degree terms brought on one side are a?y? 
-а2х2 which when equated to zero y? -x? =0 or y = + x which will be tangents at 
the origin to the curve i.e. the curve shall be touching both these two lines at the 
origin. 
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Y! 


Again x? *y? = 3axy passes through the origin and the lowest degree term is 3axy, 
which when equated to zero gives x =0, y =0 as the tangents at the origin i.e. 
curve will touch the axes at the origin. 

Again у2(а+х) = x?(3a-x) clearly passes through the origin and the total lowest 
degree terms brought on one side are ay? -3ax? which when equated to zero gives 
у2-3х2 =0 or y =+V3 x which will be tangents at the origin to the curve. 

Note. We shall write tangents at the origin as To, o. 

(b) Tangents at any other points which is not origin : Suppose there lines a point 
(h, k) on the curve, then in order to find the tangent at (h, k) we find the value of 


n from the equation of the curve and substitute in it (h, k) which gives us the 
x 


slope of the tangent at (h, k) and the equation of the tangent will be a line passing 
through (h, k) and with the above slope. If the slope comes out to be zero then the 
tangent will be parallel to х axis, e.g. we have seen before that x? +y? = Заху 


d 
passes through 28,281, Let us find > by differentiating the equation of the 


x 
curves w.r.t.x 
dy 


dy 
3x24+3y2 — =3 +х — 
ERE a(y iret, 


d 
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ход 
2 2 


Y! 


“Фу ау-х 
“ах у'-ах 


and its value by substituting the роти 22.2) is equal to -1 and 


hence the slope of the tangent at (2-2) is -1 i.e., it will make an angle of 1350, 


IV. Asymptotes which are parallel to the axes 

The asymptotes parallel to the x axis may be obtained by equating to zero the 
coefficient of highest degree terms in x, provided it is not a constant. 

Similarly, the asymptotes parallel to the axis of y may be obtained by equating to 
zero the coefficient of highest degree terms in y, provided it is not constant. 

V. Region 

If for some value of x greater than some quantity say a the corresponding values 
of y come out to be imaginary, then no part of the curve will lie beyond x =a. 
Similarly if for some value of y greater than some quantity b say the 
corresponding values of x come out to be imaginary, then no part of the curve 
shall lie beyond у =b. e.g. y*(2a -x) =x? 

If x is greater than 2a, then 2a -x will be negative and hence y? will be negative. 
Therefore y will be imaginary for values of x greater than 2a and as such no part 
of this curve will lie beyond x =2a. Again if x is negative then 2a-x is positive but 
x3 becomes negative and therefore y? will be negative and as such y imaginary. 
Hence no part of the curve shall exist in the negative side of x axis. 

In case the equation of the curve can be arranged as a quadratic in y or x, then it 
is convenient to find the values of one variable in terms of the other and discuss 
the reality of the roots. 

Note. The existence of loops is generally found by this. 


Curve Tracing 


Example 1: Trace the curve уда -x) эх? cissoid. 

(U.P.T.U. 2005) 
Solution : (i) Since there are even and only even powers of y, symmetry is about 
x-axis. 
(ii) Putting x =0 we get у =0 and putting у =0, we get x =0 and hence (0, 0) is the 
only point on the curve. 
(iii) Tangents at origin are given by the lowest degree terms equated to zero i.e. 
ay?-0 г.у =0 i.e. x-axis is tangent. 
(iv) The equation is of 3rd degree and х? is present but is missing and hence 
equate to zero the coefficient of y? which is a-x. Therefore x =a is an asymptote 
parallel to y axis. 
(v) If either x is negative or greater than a, then corresponding values of y are 
imaginary. Therefore the curve is within the lines x =0 and x =a with the above 
five points the shape of the curve is as shown in the figure given below. 


Example 2: Trace the curve уХа+х) = x*(a-x) (Strophoid) 
or 
(x? + y?) x - a(x?- y?) =0 

(Uttarakhand TU 2006, U.P.P.C.S. 1996, B.P.S.C 2007) 
Solution : (i) Symmetry about x -axis 
(ii) Points y =0 then x =0 and a, ..(0, 0) and (а, 0) and when x =0 then y =0 .. (0,0) 
Hence (0, 0) and (a, 0) are the only two points. 
(iii) To, o) are a(x? - y?) =O i.e. y = tx 
(iv) The asymptotes is x + a =0 i.e. x = -a, on equating to zero the coefficient of y? 
as y? is missing. 
(v) Again if x is greater than a then the value of y? is negative and hence y 
imaginary. Therefore the curve does not go beyond x -a, similarly it does not go 
beyond x = -a. 
With the above five points the shape of the curve is as shown in the figure given 
below. 
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Example 3: Trace the curve a? y? = x (a2-x?) 

or a? y? =a? x? - x4 

Solution : (i) Symmetry about both axes. 

(ii) Points (0, 0), (a, 0), (-a, 0) 

(iii) Тоо are у = £x and Tq, о is y axis and Тү. а, oj is y axis . 

(iv) No asymptotes 

(v) x cannot be greater than a in magnitude on either side of x axis with the above 
data the shape of the curve is as shown in figure. 


Example 4 : Trace the curve 
x3 *y? =3axy (Folium of Descartes) 

(U.P.T.U. 2003) 
Solution : (i) If x be changed into y and y into x, the equation of the curve is 
unaltered and hence the symmetry is about the line y =x. 
(ii) (0, 0) is one point and the other point is obtained by solving the equation with 


3a 3a 
=x which is | —,— |. 
y =x whic ЈЕ Э 


а 
(iii) Too are x =0, у =0 and the value of - at (2.3) is -1, which shows that 


tangent at that point makes an angle of 135° with x axis. 
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(iv) There is no asymptote which is parallel to either axis but there is an oblique 
asymptote x + y +a =0. 

(v) x and y both cannot be negative, because that will make L.H.S of the curve 
negative and R.H.S positive. This implies no portion of the curve lies in the third 
quadrant. 

Shape of the curve given below. 


Example 5: Trace the curve 

a? x? = уз (2а -y) 

Solution : (i) symmetry about y-axis as the power of x are even. 

(ii) x =0 we get y =0 and 2a, ..(0, 0) and (0, 2a) are the points; when y =0 we get 

x 70, ~. (0, 0) 

(11) T(0, 0) are given by a? x? =0 i.e. x=0 Те. y-axis. 

(iv) No asymptotes. 

(v) when y is either greater than 2a or negative, then x? is negative and hence x 
will be imaginary. Hence no part of curve lies below y =0 i.e. x-axis and beyond y 
72a with the above data the shape of the curve is as shown in figure given below. 


Y! 
Polar Co-ordinates : If we have any horizontal line OX called the initial line and 
another line called the revolving line makes an angle 0 with the initial line then 
the polar co-ordinates of a point P on it where OP - r are (r, 0). 
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P (r, 8) 
ОР =r 


Х 

О Initial Line 
The point О is called the pole and the angle 0 is called the vectorial angle of the 
point P and the length r is called the radius vector. 


Rules for tracing Polar Curves - 


1. Symmetry 
If in the given equation Ө be changed into -0 and the equation of the curve 
remains unchanged, then there is symmetry about the initial line. 

If the equation of the curve remains unchanged when r is changed into -r, then 
there is symmetry about the pole. 

II. Plotting the points Give to Ө certain value and find the corresponding values 
of r and then plot points. Sometimes it is inconvenient to find the corresponding 
values of r for certain values of 0 and even if we find they involve radical, then in 
such cases we should consider a particular region for 0 and as certain whether r 
increases or decreases in that region. 

For this we must remember the following : 


2 


2 
Max (in Magnitude) 
Max (in Magnitude) 


III. Region No part of the curve shall exist for these values of Ө which make 
corresponding values of r imaginary. 
e.g. r? =a? cos? 
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As Ө increases from 45° to 1350, then 20 increases from 90° to 270° and this interval 
cos20 will always be -negative and consequently г? will also be negative, which 
shall give imaginary values of r. Hence no part of the curve shall exist between 0 
= 45? and Ө = 1350, 

We also find the limits to the values of r. 

ie. r =a 51120 

Now whatever Ө may be sin20 can never be greater than unity and hence a sin20 
or shall never be greater then a i.e. the curve shall entirely lie within the circle r 
=a, 

Example 6: Trace the curve 

т = а (1+со50) (Сага од) 

Solution : If we change Ө into -0, the equation of the curve remains unchanged 
and hence there is symmetry about the initial line. 


We observe that т continually goes on decreasing as Ө increases from 0° to 180°. 
The above points trace the curve above the initial line and the other portion is 
drawn by symmetry. With the above data the shape of the curve is as in the 
figure above. 

Example 7: Trace 

r = a (1- cos0) (Cardiod) 

Solution : Trace as above 
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2a, 180° 
за. ) 


Example 8: Trace the curve г? = a? cos 20 
(Lemniscate of Bernoulli) 
(U.P.T.U. 2008-09. 2001) 


Solution : Symmetry about the initial line putting г = 0, cos 20 =0 ог 20 = +5 ог 


ө = кт ‚ Hence the straight lines Ө = H are the tangents to the curve at the pole. 


As 0 varies from 0 to m, r varies as given below : - 


The above data shows that curve does not exist for values of 0 lying between 459 
and 135°. With the above data the shape of the curve is shown as given below. 


Example 9 : Trace the curve 


Curve Tracing 


r-acos20 
(U.P.T.U. 2003) 


Solution : Symmetry about the initial line putting г =0, соѕ20=0 or 20- +5 ог 


Ө= к ie. the straight lines 6 = E Z are the tangents to the curve at the pole. 


Corresponding values of 0 and r are given below. 


208 150 


Plot these points and due to symmetry about initial line the other portion can be 
traced. 


Note : The curve is of the form of r = a cos nO (or r = a sin n0) and in such case 
there will be n or 2n equal loops according as n is odd or even. 

Example 10 : Trace the curve 

г = а соѕ30 (U.P.P.C.S. 2004) 
Symmetry about the initial line. Putting г =0, we get cos30 =0 


Which give the tangents at the pole 


5 с = -asin 30 
dé 
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г. equating x to zero we get sin 30 =0 


or 30 =0, T, 2n, 3n, 4n 
п 2n ат 
3 


огд=0, —, 


2 


3 , 


plot the above points and with the above data the shape of the curve is a shown 
in figure given below : 


Example 11: Trace the curve r = a sin 20 (U.P.T.U. 2001) 
Solution : Symmetry about the line 6 = 2 putting г =0, sin20 =0 
or 20-0, T, 2л, Эл 
or Ө = 0, 2 , т, ш 
2 2 
Which are the tangent at the pole. 


em 2acos 20, Equating x to zero, we get cos20 =0 
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ge DT OC 
2 2 2 2 
п Эп Sn 7n 

Orc, ——, ——, — 
4 4 4 4 


Plot the above points and with above data the shape of the curve is shown as 
above. 


Parametric Curves 
Example 9 : Trace the curve 
x =a (t + sin t), у = a(1- cos t) Cycloid 
Solution : The given curves are x = a(t + sin t), y= a (1 – cos t) 
so ex a(1* cos t) and We asint 
dt t 
.dy __азш‹{ 
"dt a(1+cost) 
. 2sint/2cost/2 
7 2cos? t/2 
= tant/2 
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we observe that there is a point (0, 0) on the curve and slope of the tangent there 


is 0 i.e. tangent will be x axis. Again we find that there is a рони a( Z + 1}а| апа 


slope being equal to 1 showing that tangent at that point will make ап angle of 
45° with positive direction of x axis. Further there is a point (ал, 2a) and slope 
being © indicates that tangent makes an angle of 90° with x axis. Similarly other 
points are observed. If we go on giving to t values greater than л or less than -л, 
we shall have the same type of branches. 


The point O is called vertex and X'OX i.e. LM is tangent at the vertex, CAB is 
called the base. 

Example 10 : Trace the curve 

x * a (t- sin t), y = a(l - cos t) 

Solution : 

dx dy 


— = a(1- cost), — = asint 
dt dt 


Curve Tracing 


Фу asint _ 2sint/2cost/2 
"dx a(1-cost) 2sin? t/2 


= cott/2 


Here we have taken t from 0 to 2x and we get one complete cycloid. If we give 
negative values we shall get the corresponding cycloid on the other side of y axis 
and so on. 


{= т 


Example 11 : Trace the curve 


a t : р 
x=acost+ 2 log 2185 ‚у =asint (Tractrix) 
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Solution: 

S dabis pisei 

dt 2 {ап — 2 2 
2 

=-asint+ а 


{ 
2sin — cos — 
sinc 85 
а 
=——(1-sin’t 
int! ) 


cos? t 
sint 


dx 
d —= t 
an di acos 


“ду _ dy/dt 
“dx dx/dt 
sint 


When t =0 the corresponding point is (- œ, 0) ie. a point at infinity on the 
negative side of x axis and slope there, being 0 indicates x axis will be tangent at 
that point which is situated at o» hence x axis is an asymptotes. Similarly plot 


other points. 
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B'V (0, -a) 
EXERCISE 
1. Trace the curve y? (2a -x) эх? (Cissoid) 
Ans. 


Y! 


D 
|; 
1 
Џ 
! 
! 
! 
V 
t 
1 
! 
| 
! 
! 
1 
1 
I 
! 
! 
I 
! 
1 
! 
! 
i 
I 
| 
! 
Ц 
! 
! 


2. Trace the curve ху? = ада - х) 
Ans. 
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Y 
х=а 
x А (a, 0 x 
О 

У 

3. Trace the curve уда - x) = xX(a + x) (Strophoid) 
(U.P.P.C.S. 1994) 

Ans. 


4. Trace the curve x?y? = а2(у? - x?) 
Ans. 


68 


Curve Tracing 


5. Trace the curve х2/3+у2/3 = a2/3 (Astroid) 
Ans. 


6. Trace the curve г = а 5120 
(U.P.T.U. 2002) 
Ans. 
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Remark : In the curve г = a sin n0 or r = a cos n0, 3 n loops if n is odd and 2n ifn 
is even. 

7. Trace the curve 3ay? =х(х - a)? 

Ans. 


Y 


(a, 0) 


ү! 
8. Trace the curve г = a sin 30 


(U.P.T.U. 2001) 
Ans. 
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9. Trace the curve r = a+b согд, a>b 
(Pascal's Limacon) 
Ans. 


10. Trace the curve reciprocal spiral r0 =a 
Ans. 
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ү 


11. Trace the equiangular spiral г = a ед 


Ans. 


12. Trace the curve r = 2a соб (circle) 
Ans. 
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Ans. 


Objective problems 
Four alternative answers are given for each question, only one of them is correct. 
Tick mark the correct answer - 
1. Which of the following lines is a line of symmetry of the curve x3 + y3 = 3(xy? 
+ух?)? 

(1.А.5, 1993) 
(i) x =0 (ii) y =0 
(iii) y =x (iv) y = -x 

Ans. (iii) 
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2. For the curve y? (2a - x) = x3, which of the following is false ? 
(i) The curve is symmetrical about x axis. 
(ii) The origin is a cusp. 
(iii) x = 2a is a asymptote. 
(iv) As x 23a, y> «=. 
Ans. (iv) 
3. The curve х2(х2 + у2) =a? (x? - y?) 
(1) Symmetrical about x =0, y =0 
(2) y = tx are tangents at origin 
(3) x = жа are the asymptotes. 
(4) has no point of inflexion of these statements - 
(i) Only 1 and 2 are correct. 
(ii) 1, 2 and 4 are correct. 
(iii) 2, 3 and 4 are correct. 
(iv) All are correct. 
Ans. (ii) 
4. The equations of the inverted cycloid is - 
(U.P.P.C.S. 1994) 
(i) x = a(0 – cos0) 
y = а(1 - cos0) 
(ii) x = a(0 + sin0) 
y = a(1 - cos6) 
(iii) x = a(0- 50) 
y = a(1 - cos0) 
(iv) x = a(0 - sin0) 
у = а(1 + cos0) 
Ans. (iii) 
5. The curve given by the equations x = а cos?6, у = a sin?0 is symmetric about - 
(U.P.P.C.S. 1995) 
(i) Both the axes. 
(ii) x - axis only. 
(iii) y - axis only. 


(iv) None of the two axes. 
Ans. (i) 
6. The curve x? Фу? -Заху = 0 has at origin - 
(i) Node (ii) Cusp of first species 
(iii) Cusp of second species (іу) Conjugate point 
Ans. (i) 
(R.A.S. 1994) 


7. The curve у = 3x5 - 30x4 + Зх - 20 has how many points of inflexion? 
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(i) None (ii) One 
(iii) Two (iv) Four 
Ans. (ii) 
(M.P.P.C.S. 1995) 


8. The graph of the function f(x) = 5 15 
х 


O x X х x 


(iii) X Х (iv) x X 


Y 
Y' 
Y Y 
У Y! 


Ans. (ii) 
(R.A.S. 1995) 


9. Consider the following statements with regard to the curve хе + y6 = а2х2у2 
Assertion (A) - Curve is symmetrical about both the axes. 

Reason (R) - By putting -x and -y in place of x and y respectively, the equation of 
the curve remains unaltered. 

of these statements - 

(i) Both A and R are true and R is a correct explanation of A. 

(ii) Both A and R are true and R is not a correct explanation of A. 

(iii) A is true but R is false. 

(iv) A is false but R is true. 
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1 
10. The graph of the curve x= a{ cost + ов tan? i у = а sin t is symmetrical 
about the line. 


(i) x =0 (ii) y =0 
(iii) y = x (iv) None of these. 


Ans. (ii) 
1-t EM 
11. The graph of x == tee ae et 
(i) Circle (ii) Ellipse 
(iii) Cycloid (iv) None of these. 
Ans. (i) 
12. If x and y both are the odd functions of t then the curve is symmetrical - 
(i) About x axis (ii) About y axis 
(iii) About y = x (iv) In opposite quadrant 
Ans. (iv) 
13. The curve x = а соѕф, у = a sing is 
(i) Circle (ii) Ellipse 
(iii) Parabola (iv) None of these 
Ans. (i) 


14. The curve traced by the equation уха + x) = x(a -x) is 
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Y' 
(iv) None of these. 
Ans. (ii) 
15. The curve traced below is represented by - 
Y 
(0, 2a) 
2a 
хе Х 
О 
У 
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(1) х(у? + 4a?) = 8a? (ii) xy? = 4a?(2a -x) 
(iii) у(х? + 4a2) = 8a? (iv) None of these 

Ans. (iii) 
16. The curve traced by г = a(1+ cos) 18 


(iv) None of these. 
Ans. (ii) 


17. The curve traced by x = 


(i) Xx 
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18. The curve traced by x = a(t +sin t) and y = a(1 + cos t) is - 


Y 


(i) 


(-ал, 2a) (ат, 2a) 


(ii) 


(0, a) 


(iv) X Х 


(0, -a) 


У 
(iv) None of these 
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. Ans. (i) 
19. The Folium of Descartes is given by the equation 
(i) G2 +y2)2 = a(x? - y?) 
(ii) х3 + уз = a? 
(iii) х *y? = 3axy 
(iv) None of these 
Ans. (iii) 
20. The Lemniscate of Bernoulli is represented by the equation 
(i) x6 +y6 = 3x2y2 
(ii) (x2 +y2)? = ахо - y?) 
(11) х5 + уз = 5а?х?у? 
(iv) None of these 
Ans. (ii) 
21. The number of leaves in the curve т = a sin 50 are 
(i) Two (ii) Five 
(iii) Ten (iv) None of these. 
Ans. (ii) 
22. Match the list I with list II - 
List I 
curves 
(a) xy? = x? - a? 
(b) y(x? + 4a?) = 8a3 
(с) y^x = ах - a) 
(d) x2y2 = a2(x? + y?) 
List II 
Portion of the curve 
(1) Lies between y =0 and y = 2a. 
(2) Lies outside the lines x = ta and inside the lies y = +1. 
(3) Does not lie between the lines x = ta, y = ta. 
(4) Does not lie between the lines x = 0 and x =a. 
Correct match 15 – 


a b 
(i) 
(ii) 
(iii) 
(iv) 
23. Match the list I with list II. 
List I 


curves 
(а) уха + x?) = x?(a? - x?) 


н ко T) 
№ н н н> 

> со нь н ос 
о > о о б, 


Ans. (ii) 
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(b) aty? = a2 хе - x6 

(с) хг уг = (а + y? (а? - уд) 

(d) x3 - ay? =0 

(е) x3 + уз – Заху =0 

List II. 

Symmetry about 

(Dy =x 

(2) x =0 

(3)x =0, y =0 

(4) y =0 

Then correct match is 
a b 

(i 

(8) 

(iii) 

(iv) 


24. Match the list I with list II. 
List I. 

(а) г = a(1 + cos) 

(b) r = a(1 + sin0) 

(c) r? = a? cos 20 

(d) r = a cos20 

List II 

Symmetrical about 

(1) 9 =0 апа 0 = 1/2 

(2) 6 =0 


T 
@) 0-2 


Www о 
о шә WR 

WONNNA 
> > ка н> б, 
me њ Qnm 


The correct match is 
a 
(i) 
(ii) 
(iii) 
(iv) 


Q M PM м 

м We Ww oo 
ю Оо о юш о 
шэн Од, 
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Ans. (i) 
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Chapter 4 


Expansion of Function of One 


Variable 


Taylor's Theorem : If f(x +h) is a function of h which can be expanded in 
ascending powers of h and is differentiable term by term any number of times 


..... 


w.r.t.h then 
h^ 
f(x+h) = f(x) +hf'(x B — -р хүс г) d звани романи — f(x) +... 
( ( (x) 2 ( B Е (х) 
Proof : Let (х+ћ) = Ао + Аћ+ Aoh2* Asl? + Agh4 + ................. 
Differentiating it successively w.r.t.h, we get 
f'(xth) = А; + 2Azh + 3A3h2 + 4А;һ3+................. (ii) 
f"(xth) = 2A2 + 3.2A3h + 4. 3А4һ2+...................... (iii) 
PERE) = 3.2 Аз +4.3.2 Алена (iv) 
Putting h =0 in (i), (ii), (iii), (iv), ............ etc. we get 
Ао = f(x), Ај = 1 f(x), Ах = 270. Аз ЛЕ f"(x) etc. 
Substituting these values of Ao, Аз, A», .......... etc. in (i) we get 
2 3 
f(x*h) = f(x) + hf(x) + 5 f'(x)* Е Р(х) лыша шнын ыы РӘ (у) 
Corollary 1. Substituting x =a in (у), we get 
2 3 
f(a +h) =f(a) + hf'(a) + o f"(a) + 5 Сауан (vi) 
Corollary 2. Substituting a =0 and h= x in (vi), we get 
x? x? 
= f(0) + xf(0) + — f'(0) + — f"(0) +......... 
f(x) = КО) + хЁ(0) E (0) B (0) 
Which is Maclaurin's theorem, 
Corollary 3. Substituting h = x -a in (vi), we get 
f(x) = f(a) + (x -a) f'(a) + x шан бај = олар B a) Pa foo is 
This is the expansion of f(x) in powers of (x - a). 
2 3 
Example 1 : Show that log (x +h) = log h + = t am d 
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Solution : Here we are to expand in powers of x. Thus we have to use the form 


f(x+h) = f(h) + xf'(h) + n0) * хе) е (1) 
Here f(x*h) = log (x 2 
УЬ) = log h; f(h) =— 2Р0) = = = ; f"(h) = = etc. 


-. Substituting these ae in (i) we get 


log (x+h) = logh + x (=) + 5-8) + at BA dan oats 


Hence Proved 
Example 2: Express the polynomial 2x3 - 7x? + x-1 in powers of (x-2) 
(B.P.S.C. 2007) 
Solution : 
Here f(x) = 2x3 + 7х2 + x-1 
7 f(x) = 6х2+14х +1; f'(x) = 12 x +14 (х) = 12; fiv (x) =0 
Here we are to use the following Taylor's theorem 


она ОРО (i) 


Here a = 2, as we are to expand in powers of x-2 

7. putting x =2 in f(x), f(x), ............ etc, we get 

f(2) = 2(2)3 + 7(2)2 +2 -1 = 45 

#(2) = 6(2)2 + 14(2) +1 = 53 

f"(2) = (12) (2) +14 = 38 

f"(2) = 12, 8ч(2) =0 etc. 

“. From (i) substituting а =2 and these values, we get 


х-а) 


f(x) = f(a) + (ca)f(a) + & а еца) + (572). z 


2x3 + 7x2 + x-1 = 45 +(x - эз су (зву +0227. 2) (12) 


| 
= 45 + 53 (х-2) + 19(х-2)2 + 2(x- 2p Answer. 
Example 3: Expand sin x in powers of E == z) : 
Solution: Here f(x) = sin х 


“Ө (0-0) 


Неге we should use the following form of Taylor's theorem. 
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f(x) = Ка) + (x -a) f'(a) + -———— ёс а) f" (а) + 2———— dar PYG) +............ (i) 


|2 |3 
Now we have f(x) = sin x and a = > , as we аге to expand in powers of{ x - z) 
f'(x) = cos x, f'(x) = - sin x, f" (x) = - cos x fiv (x)= sin x etc. 


putting х=, we get иш 


f Эд f" w ЕЕГ ВЕ 
2 2 2 2 

thE] =-cos 0 Нишэнээ 
2 2 2 2 


From (i), putting a = 2 and substituting these values, we get 


sinx = а a 


2 |2 IE Е 
-1-1(5-1) (5-2) — —— a Answer. 


EXPANSION OF FUNCTION OF SEVERAL VARIABLES: 


TAYLOR'S SERIES OF TWO VARIABLES: 


If f(x,y) and all its partial derivatives upto the nth order are finite and continuous 
for all point (х,у) where Ё 
а<х<а+һ, bsys btk 


2 3 
Then fee btk) = (ab) + Ж. ед у 3 D AN LATTE 
дх ду 21 ox ду I3\ ax Әу 


Proof: Suppose that f(x + h, y + k) is a function of one variable only, say x where 
y is assumed as constant. Expanding by Taylor's theorem for one variable, we 
have 


2 42 
f(x + 5x, у +ду) = f(x,y +бу) + dx 2 f(x,y + dy) + = = ОСУ + бу) +.............. 


Now expanding for у, we get 


? 42 
(by) ә, 


f(x + 5x, y +ду) = ху) + 27 f(x,y) + "B ay ОСУ) Pesos credas ] 
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д бх) ә? 
хөд бнуу хун шанаа [ 3 2. E у)+бу (x у Јане E 


юунд f(x,y) + ore T И р 


9 9 (дуу | 9” 
Lir fidt) 2 ae Я р Шарын 


i 


28x EN Y) 405 syy 21095) "^ Р? 


2f 2 
=f (a + h, b + k) = f(a,b)+ LS rž], 6 зэс aea T 


д dx} |2| ox дхду ay” 
2 
д д 1|, 9 д 
f (a +h, b+ k) = f(a,b)+| h—+k— |f +>] htk] #+............. 
кыы лы к. 
on putting а = 0, b =0, h= x, К =y, we get f(x,y) = 
9f. Of). 1 Е dy əf 
0,0) +] x — — x eU MN 
ын E 23124 АМЫГ ЛЭН i 


Example 1: Expand ех sin y in powers of x and y as for terms of the third degree, 
Solution: Here f(x,y) = ех sin у = f(0,0) = 0 

f(x,y) = ех sin y = fx(0,0) = 0 

fy(x,y) = ex cos y => f,(0,0) = 1 

Б.(ху) = ex sin y => fxx(0,0) = 0 

Бу(х,у) = e* cos у => бу(0,0) =1 

fyy(x,y) = - e* sin y => fyy(0,0) = 0 

боо(жу) = ех sin y = х (0,0) = 0 

&ху(х,у) = ех cos y => Бо (0,0) = 1 

Буу(х,у) = - ех sin y => fxyy(0,0) = 0 

Буу(ху) = - e* cos y => fyyy(0,0) = -1 

Then by Taylor's theorem, we have f(x,y)= К0,0) + 


ð ə M әү 33. әү 
S 35:21 00:04: хэ ga | (0/0) жж» РО E 
ЭНЭ ( iei) (0,0) + 
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2ху, 
Ies 


yy (0,0) +.................. 


= (0,0) + х (0,0) + yf, (0, o е, (0,0) - f, (0, Шы (0,0) +2. 


[2 vv Б (0, 0) + 


2 


3^ 
3x y, 


E E BY m 
e күз += (0) 


fy (0, 0) e 


х? Зх?у Зху? у? 
— ——— (1) + ——(0) + —(-1) + ............... 
МЕ d ЖШ era ) 


2 3 
ех sin y =y + xy LEY. ЭРЭЭ Answer 


Example 2: Expand e* cos y near the point( 1, z) by Taylor's theorem. 


(U.P.T.U 2007) 
Solution: We have 


2 3 
ә 2 M ə if. 8 a 
= Қх,у)+ —|f E. sassy 
f(x + h, y +k) = f(x,y) бек) (крек) “мэ 


Again е* соз у = f(x,y) = ан 1), | 


where h = х-1 and К=у E 


ех cos y = f(1*h, 1 +k) 
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a(t z) 

2 ? 

2r See coy же 

ду ду 42 
2411," 

of ? 03 


= —е* si => ————=—-— 
дхду шан дхду NA 
Substituting these values in Taylor's Theorem, we obtain 


mre emere TB 
«ge nex) 06-3 CX) 2 


Example 3: Expand tani Z in the neighbourhood of (1,1) by Taylor's theorem. 


Answer. 


Hence compute f(1.1, 0.9). 

(U.P.T.U. 2002, 2005) 
Solution: Here f(x,y) = tani ERN Буе (i) 
a=1,b=1 


2 Қ1Л) = tan? B = tan! 2 putting x = у =1 in (i) 
By Taylor's theorem , we have 


Expy байн ад у-Ы2 le i-a! 22э2-31у-Ы эн у-у 


Неге a= 1, b = 1 so we have | 
f(x,y) = К1Д)+ (к-эдеңу-) fol ay Z2 n0 d у-у 25 i 


Now from (i) we have 


za -T 
f(x,y) = tant => f(1,1) = 1 


S mE. -5| xL wo 
Әх wr x) x«y xay 2 


of 2ху Pf) 1 
270227 84122 
х (х +у?) X Jan) 
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Of y- | af | 
боера = 
дхду (y +x’) дхду rio 


ay (ery (ay 2 
2 
Substituting the values of f(1,1) (=) ЕЗ (ax etc in (ii) we have 
дх Јуду íi дхду T 
X. wo 1 1 21 { 1 

= ы - — - — - - - ~~ ка; -—— 

tan! 1 ;* 1)*5(y Ја 6 1) 5*2 1)(у -1).0 «(y - 1) | Е “927 
_ E -1% - (v -1Y 
эп-17=®-(^ DA) Цан o y ТРЕТИ (iii) 
x 4 2 2 [2 2 
putting (x-1) = 1.1 - 1 = 0.1, (y-1) = 0.9 -1 = - 0.1, we get 
п 1 1 1 1 

f(1.1, 0.9) - — —— (0.1)- = (-0.1)+— (0.1)? = -— (-0.1)2 

(1,09) 27-7 (01)- 5 (0Луж- (01): =-> (01) 
= 0.8862 - 0.1 
= 0.7862 Answer. 
Example 4: Expand xy in powers of (x-1) and (y-1) upto the third degree terms. 

(U.P.T.U 2003) 
Solution: We have f(x,y) = xv 
Here taking a =1 and b =1 we have Taylor's expansion as 
of of| 1 2 Of of 2 Of 

f(x,y) = f(a,b) «e Ta) (y- ož «ie -a) 52 2(х-а)(у- rond (y - b) 2 

1 з ФЕ 2 9" 2 Of з O°f 

—| (x-a) —— +3(x- ~ b)——— +3(x- -aj ——— +(y-b) — 1 
ка авина (у ата аў уву) @) 


Now f (x,y) = ху => 1,1) =1 

fx (х,у) = уху! = (1,1) =1 

fy (x,y) = хое х > (1,1) = 0 

fa (х,у) = у(у-1)ху2 2f (1,1) = 0 

fay (х,у) = ху! + уху Mog х => Ку (0,0) = 1 

Бу (ху) = (ор, x)? =>ђу (1,1) = 0 

бох (оу) = у(у-1)(у-2)х9 3 fos (11) = 0 

Бу (х,у) = (у-1)ху2 +у(у-1) худ log x+yx 2 => Бру (11) = 1 
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2log x 


Буу (х,у) = yxy (log x)? + xy = уху ов x)?+2xy -1 log x => Ку (1,1) = 0 


x 
уу (x,y) = x (log x)? =>fyyy (0,0) = 0 
Substituting these values in the Taylor's expansion, we get 


xy = 1+(x-1) +0 + g 09201) (y -1) + 0] + S [0 + 3(x -1 (y -1) + 0+0] 


=>xy = 1+ (x-1) + (x -1) (y -1)+ i (х-1) (y-1) Answer. 


Example 5: Find the first six terms of the expansion of the function e* log (1+y) in 
a Taylor's series in the neighourhood of the point (0,0) 

Solution: Here f(x,y) = ех log (1+у) = £(0,0) =0 

f(x,y) = ex log (1*y) => fx (0,0) =0 


е^ 

(х,у) = Ту => fy (0,0) =1 

&х(х,у) = eX log (1+y) => 6 (0,0) =0 
e* 

1+у 


Бубу) = === => бу (0,0) =1 


—e* 
(х,у) = mmo => fyy (0,0) = -1 
fox(x,y) = e* log (1*y) => fo (0,0) -0 
е 
Бу(х,у) ~ 1-у => Бу (0,0) 2: 1 


е* 
Буу(х,у) = “зэр => Буу (0,0) = -1 


ге“ 
fyyy(X,y) = — Ms => ууу (0,0) = 2 


(1+y) 


we know that 


E (xy) = (00)* [x 6, (0.0) + у f, (00)]* 5 Ба Б (00)* 2xy Бу (00)* уг fy (0,0)] + 
А [x3 fox (0,0) + 3x2 у Бру (0,0) + 3xy? Буу (0,0) + уз Буу (0,0)] +............. 


2. ех log (1*y) = 0 +[x.0 + ул] +2 [х2. 0 +2ху.1 + у2 (-1)] + Ь [x3. 0 + Зх2у.1 + 3xy? 
ЄТ BVO аза 

1 1 1 1 
ех log (1+ y) = у + xy - 2 РА 3 NS зул те Answer. 
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EXERCISE 
1. Apply Taylor's theorem to find the expansion of log sin(x + h). 


А . Һ? h? 
Ans. log sin (x + h) = log sin x + h cot x - za cosec? x * EY cosec? cot x + 


2. Expand 2x3 + 7x? + x -1 in powers of (x -2). 
(В.Р.5.С. 2007) 
Ans. 45 + 53(х-2) + 19(х-2)2 + 2(x-3)? 
3. Expand хгу + Зу -2 in powers of (х-1) and (у + 2) using Taylor's theorem. 
(О.Р.Р.С.5. 1992; P.T.U. 2006) 
Ans. -10 – 4(x-1) + 4(у +2) -2(x -1)? + 2(x-1) + (у + 2) + (x - 1? (у + 2) 

(x+h)(y +k) 
(x+h)+(y +k) 
degree terms. 

2 2 h? 2 
Ans. ху + ойы уй = у z+ 3 PREX 
x+y (x+y) (x+y) (x+y) (x+y) 
5. If f(x,y) = tan! (xy), compute an approximate value of (0.9, -1.2) 
Ans. - 0.823 


6. Find the expansion for cos x cos y in powers of x, y up to fourth order terms. 
x? у? х* xy? y 
Ans. mle-e——— * 
ns. COS X COS у COME AUT ш 


4. Expand in powers of h and k upto and inclusive of the 2nd 


2hkxy И kx? 


7. Expand sin (xy) about the point( 1,2 upto and including second degree terms 


using Taylor's series. 
2 


мэ вене] 
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Differential Calculus - II 


"This page is Intentionally Left Blank" 


Chapter 5 
Jacobians 


JACOBIANS 
Jacobians : If u and v are functions of the two independent variables x and v, 


then the determinant. 
(U.P.P.C.S. 1990) 


du du 
ox ду 
ду ду 
дх ду 
is called the Jacobian of и, v with respect to x,y and is written as 
2184) or J(u) ог] В 
д(х,у) х,у 
Similarly if u, v апа w be the functions of three independent variables x,y апа 7, 


then 


du ди ди 
дх ду oz 
d(u,v,w) |дү ду ду 
d(x, y,z) ~ Tax ду E 
дуу Ow Ow 
2 
it is written J(u,v,w) ог | шин! 
х,у,2 

Properties of Jacobians 

(1) First Property: 

If u and v are functions of x and y, then 


д (u, v) д (х, у) 


д(х,у) 9(u,v) FS ы 
(О.Р.Т.О. 2005) 
_ д(и,у) ЦАР д(х,у) 
Where | = TE and J'= abu) 
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Proof: Let u= u(x,y) and v = v(x, y), so that u and v are functionus of x and у 
ди ди ax ay 
Ә(и,у) 9(хуу) |9x ду |ә ду 


NOW B(x) (wv) (ду ду flay ду 
dx ду ди ду 
on interchanging the rows and column of second determinant 
ди ди }дх ду 
_|9Х ду (ди ди 
ду ду |дх ду 
əx ду [ду ду 


ди ox ди ду ди 9х ou ду 
dx du ду ди дх ду ду ду 
ду Ox дуду Әу дх av ду 
əx ди dy ди ax Ww ду ду 
Now differentiating и = u(x,y) апа v =v(x,y) partially with respect to и and v, we 
et 
pa du дх ди ду 
Qu ^ ox ди dy ди 
ди ди дх Әх Ou du ду 
ду дх ду ду ду 
ду ду дх ду ду 
m Ok ш 
ду ду дх you oy 
ди Әх ди да | ду ди 
on making substitutions from (ii) in (i) we get 
d(u,v) д(х,у) E E 
9(x, y) д(и,у) -| 1 
or JJ'= 1 Proved. 
(2) Second Property 
If u, v are the functions of r,s where r,s are functions of x,y then 
d(u,v) 9(ц,у) (r,s) 

à(«y) ales) ду) 


(i) 


П 


(ii) 
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du ди|д or 

9(u,v) д(т,5) (Әг ds |0х ду 
Proof: : - 

797 ans) oy) |ду ду | as 

or Os |дх ду 


on interchanging the columns and rows in second determinant 


ди ди or ds 

_|Әт ds ||9х дх 

"ду ду or ds 

Әг ds |ду ду 

ди Or Ou Os ди Or ди Os 
Or Ox 5 Ox ё ду д ду 
ду дг Ov Os — Ov Or ‚ду 8s 
Or Ox Os Ox or Oy д ду 
du да 

Ox Oy 

"lov ду 

Ox Oy 

- 9(u,v) Proved 
9(x,y) 


Note - Similarly we can prove that 


d(u,v,w) 9(u,v,w) д(г,5,1) 
д(х,у,2) Е d(r,s,t) '0(x,y,z) 
(3) Third Property 


If functions u,v,w of three independent variables x,y,z are not independent, then 
9(uv,w) _ 

д(ху,2) | 
Proof: As u, v, w are independent, then f (и, v, w) =0 
Differentiating (i) w.r.t x,y, z we get 


(i) 


of du du of ду | of ду _ (i) 

ди ox ду Эх Ow Ox 

9f ди, of ov | of ду PR 
— = (iii) 

ди ду t3 y Ow’ oy 

9f ди Л 9f ду 9v | of ду _ 0) 

ди да дуда ду oz 
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Eliminating St uo from (ii), (iii) and (iv), we have 
ди ду ду 

да ду ду 

9х Әх əx 

ди ду ду 


ay ду ду 

du ду aw 

92 dz д> 

on interchanging rows and columns, we get 
ou ди ди 
Sy ne 
ду Ov ду 
Әх ду əz 
dw дуу OW 
ГЭЖЭЭ 

22 Ргоуеа 
д(х,у,2) 

Example 1: If у, = 25 , ууе 21, y, = 002 


1 2 Х, 


V 


, Show that the Jacobian of yı, yz 


уз with respect to x1, хо, хз is 4. 
(U.P.P.C.S. 1991, U.P.T.U. 2002, 2004) 


Solution: Here given 


_ X_X3 _ Хэ хх, 


Уус ‚ ya ‚ Уз = 


х, х, х, 


JODA, ду, ду; ду, 


9(x,x,X,) |дх, Әх, 9х, 
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-Хү,Х, XX, ХХ, 


2 XX, -ХүХ, ХХ, 


2:.-2:2 
NM Х,Х, XX, — XX, 
-1 1 1 
х.2х,2х,2 
pus 1 
Tibe qug 
= -1 (1-1) -1(-1-1) + 1(1+1) 
=0+2+2 
=4 Proved 


Example 2: If x = г ѕіпӨ соѕф, y = г sinO sind, z = г cos0, show that 
(U.P.T.U. 2001) 


Tey) r? sin@ and find ate 8,9) 
д(т,Ө,ф) д(х,у,2) 
(U.P.T.U. 2001) 

Solution: 

ox Ox ax 

Әг 90 дф 
(sys) ду ду ay 
9(,Ө,ф) |дг 90 06 

д2 Oz д2 

Әг де 06 
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ап дсозф гсоѕӨсоѕф  -rsinOsino 
=|ѕіпӨѕіпф гсоѕӨѕіпф гѕіпӨсоѕф 
cos@ -rsin 0 
sin@cos@ соѕЅӨсоѕф -sin 
=r’ ѕіпӨ|ѕіпӨѕіпф со80 sin $ coso 
со5Ө — sin 0 
cu | cos0cosÓ  -sinó sinĝ cos =| 
= г sinO4cosO ; | : 
cosOsin $ cos sinOsin ф cos 


= r? sin [соѕ0 (cos0 соѕ2ф + cos0 ѕіп2ф)+ 510 (510 cos’ + sin0 sin2o)] 
= r? sin (со520 + 51120) 


= r? sinO 
| ын ~ 7 sind (using first property) Answer. 
Example 3: Ки = x y z,v=x2+y?+22,w=xty+z, find J = (x,y,z) 
. 2 D 7 9(u, v f w) . 
(U.P.T.U. 2002, 03) 
Solution: Since u, v, w are explicitly given, so first we evaluate J'= Wey . 
X, у,2 
да ди да 
дх ду 92 
ду 9v а || 
М = — шаах, —|= 2 2 2 
ow J буу de х 2у 22 
1 1 1 


сг 
дх ду dz 
= yz (2y - 22) - zx (2x - 27) + xy (2x - 2y) 
= 2[yz (y - 2) - zx (x - 2) + xy (x - y)] 
=2(x2y - x2z - xy? + xz? + y2z - yz?) 
= 2[х (y - 2) -x (y? - 22) + yz (у - z)] 
= 2(y - z) [x?- x (y + z) + yz] 
= 2(у - 2) [y(z - x) - x (z -x)] 
= 2(y - z) (z -x) (у - x) 
= -2(x - y) (y - 2) (z - x) 
Hence by JJ' = 1, we have 
К д(х,у,2) x 1 
J= d(u,v,w) — 2(x - уху - zy(z - x) eR 
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d(x, y,z) 
9(u,v,w) 
(L.A.S. 2005, U.P.P.C.S. 1990, U.P. T.U. 2003) 


Example 4: If u = x + y + z, uv = y + z, u v w = z, Evaluate 


Solution: 
x=u-uv=u(l-v) 

у = uv-uvw = uv (1- w) 
Z=uvw 


.90«y,z) (ду ду ду 
"O(u,v,w) [ды ду ди 


д2 Oz 92 
ди ду ди 
1-у -u 0 
=|у(1-м№)  u(1l-w) -uv 
vw uw uv 
1 0 0 
=|v(l-w) 4(1-у) -uw 
vw uw uv 


Applying Ri Ri + (R2 + Кз) 
= uv (1 - w) + u? ууу 
=u2v Answer. 
Example 5: If u, v, w are the roots of the equation (A - x + (A – у)? + (А - z =0, in 
9(u,u,w) 
д(х,у,2) | 
(1.А.5. 2002, 2004, U.P.P.C.S. 1999, В.Р.5.С. 2007; U.P.T.U. 2002) 


А, find 


Solution: Given 

(A-xP + (A - y)? + (&- zp -0 

=> ЗАЗ - З(х + у + 2)А2 + З(х2 + y2 + 22)А, – (x3 + уз + 23) =0 
sum of the roots =ut+vtw=x+ytz (i) 
product of the roots = uv + vw + wu = х2 + у2+22 (ii) 


uvw = Zos + уз + 23) (iii) 


Equation (i), (ii) and (iii) can be written as 
f-utvto-x-y-z 
= цу + vw + wu - х2 - y2- 22 
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f= шуу 2 (х3 + уз + x3) 


a ah at, 
дх ду 92 
9(5,6,6) of ӘБ of, 


O(xy,z) |х ду dz 


дх ду д> 
-1 -1 -1 
=|-2x -2y -2z 
=? -yp -z 
1 1 1 
=(-1)(-2)(-1х y z 
x? y? z 
У 0 1 Applying 
=-2|х-у yez pco 
ү ке CC, —C, 
0 0 1 
=-2(х-у)(у-2>) 1 1 2 
x+y уза 2? 


= -2(x-y)(y-z)(y+z -х-у) 
= -2 (x-y) (у - z) (2-х) 

of, of, of, 

ди ду ду 
O(f,,£,6) lof of, of, 
d(u,v,w) (да ду dw 

af, af, af 

du ду ду 
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Jacobians 


1 1 1 
=јуфу u+w U*V 
уу wu uv 
0 0 1 
-v-u w-u  u-*v 
w(v-u) u(w-v) uv 
0 0 1 


=(v - и) (w - v) (и - w) 
--(u-v)(v-w)(w-u) 
9(f, ff.) 
Q(uv,w) _ (x,y,z) y,z) 
д(х,у,2) 9(5:555) 
9(u,v,w) 


Therefore 


z-x) т 
- nswer 
(u-v)((v-w)(w-u)) 
EXERCISE 
a(x, ; 
1. If x = r cos6, у = г sin6, evaluate xy) d 2X0) 
r0)  O(xy) 
Ans. r, 5 
г 
2.Их=шу,у== ü tY НАША 
д(х,у) 


(о, у) _1 (у? -x°) 

a(x,y) | 2 uv(u- v) 

4. If u = ху + yz + zx, v = x2 + y? + 22 and w =x + у + z, determine whether there 
is a functional relationship between u,v,w and if so , find it 


3. If u3 + v3 =x + у, u? + v? = x? + уз, prove that 
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d(u,v,w) 


Ans. w2- v - 2u = 0, = 0 

ns.w?- v - 2u 9(х,у,2) 

5. If u,v,w are the roots of the equation in À an с 2 are 
д , , 

тараа УУ?) 
9(u,v,w) 


(1.А.5. 2005) 
(и - v)(v - w)(w - и) 


Ans. = 
ns (a-b)(b-c)(c-a) 
6. If u,v,w are the roots of the equation 
(x- ај + (x - b} + (x - с)? =0 then find ДАЛІ (U.P.T.U. 2002) 
d(a,b,c) 
perc 2(a- b)(b- c)(c-a) 


(u - v)(v - w)(w = и) 
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Chapter 6 
Approximation of Errors 


Let z = f(x,y) (i) 

If бх, бу are small increments in х and у respectively and 82, the corresponding 
increment in z, then 

z + z = f(x + ôx, у + dy) (ii) 

Subtracting (i) from (ii), we get 

8z = f(x + 6x, у + ôy) - f(x,y) 


= f(x,y) + 5x x + бу ~ Мана -f(x,y) 


= бх л + бузу (approximately) 
As neglecting higher powers of 5x, бу 


2.62 = Яах + ay (approximately) 


= If 5x and бу are small changes (or errors) in x and y respectively, then ап 


approximate change (or error) in z is 62. 


Replacing бх, бу, 62 by dx, dy, dz respectively, we have dz = х dx + of dy 
x 


dy 


Note 1. If 5x is the error in x, then relative error = x 
x 


percentage error = ox х100 
х 


Note 2. f'(x) dx is called the differential of f(x) 
Example 1 The time T of a complete oscillation of a simple pendulum of length L 


is governed by the equation T = 27 ЈЕ 7 
5 


Find the maximum error їп Т due to possible errors upto 1% in L and 2% in g. 
(U.P.T.U. 2004, 2009) 


Solution : We have T = 27 ЈЕ 
5 


log T= log 2л + 5 ова! 5 loge g 
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Differentiating 

T 2L 2% 

= [42 өмө-1 (2 ] x100- dg x 100 
T 2|\ 1. g 

But oe «100 21,28 100 = 2 
1, 8 

50 

ЯТ 100=2[142]=3 

T 2 2 


Maximum error in Т = 1.5% Answer. 
2 
Example 2: The power dissipated іп а resistor is given by Р = E . Find by using 


calculus the approximate percentage change in P when E is increased by 3% and 
К is decreased by 2%. 


2 
Solution: Here given Р= E 


Taking logarithm we have 
log P = 2 log Е - log К 
on differentiating, we get 


or 1002 = Spp OE шэн 
Р Е К 

ог 10077 = 2(3) - (-2) 

=8 


Percentage change in P = 8% Answer. 
Example 3: In estimating the number of bricks in a pile which is measured to be 
(5m х 10m х 5m), count of bricks is taken as 100 bricks per m3. Find the error in 
the cost when the tape is stretched 2% beyond its standard length. The cost of 
bricks is Rs. 2,000 per thousand bricks. 

(U.P.T.U. 2000, 2004) 
Solution: We have volume V = xyz 
Taking log of both sides, we have 
log V= log x + log y + logz 
Differentiating, we get 
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ôV ôx бу 62 
+—+— 


V х y 2 
10037. = 100° + 1007. + 1005 
у х у 2. 
=2+2 +2 (As given) 
=6 
5х10х5 
2 026 Wing 10x») 
100 100 


= 15 cubic metre 
Number of bricks in V = 15x100 
= 1500 
1500 x 2000 
1000 


Error in cost 


= 3000 

This error in cost, a loss to the seller of bricks = Rs. 3000. Answer. 

Example 4: What error in the common logarithm of a number will be produced 
by an error of 1% in the number. 

Solution: Consider x as any number and, let 


y =log,)x 
Then dy = ове 5x 


бх 
=—log,,e 
x 


5x 1 
= E x 100 | ов геј 


1 ӧх . 
= ——]logiee  ..as given — х100 = 1 
100 57 “ашиг 


_ 0.43429 

НТ: 

-0.0043429 

which is the required error. Answer 

Example 5: A balloon is in the form of right circular cylinder of radius 1.5m and 

length 4m and is surmounted by hemispherical ends. If the radius is increased by 

0.01 m and length by 0.05m, find the percentage change in the volume of balloon. 
(U.P.T.U. 2002, 2005) 


Solution: Here given, 

radius of the cylinder (r) = 1.5m 
length of the cylinder (h) = 4m 
dr = 0.01m, 5h = 0.05m 
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Let V be the volume of the balloon then. 
V= volume of the circular cylinder + 2 (volume of the hemisphere) 


= nr?h + 4 3аг | 


= nr?h + T nr? 
3 


Now бУ = n2rórh, h + nr? 5h + i п.Эт2 Sr 


= nr[2hőr + róh + 4rór] 
8v nr[2(h + 2г)дг + róh | 
— eS ————————————————— 
nr’h + E 
_ 2(h + 2r)8r + róh 
rh+ ip 
3 
_ 2(4+3)(0.01) + (1.5)(0.05) 
DUE CREDE oe ај 
- (15) 
5 (15) 
_ 0.14+0.075 0.215 
~ 6+3 9 


К х100 = тас x 100 = > = 2.389% Answer. 
V 9 9 


(1.5х4)+ 


Example 6: If the base radius and height of a cone are measured as 4 and 8 inches 
with a possible error of 0.04 and 0.08 inches respectively, calculate the percentage 
(%) error in calculating volume of the cone. 

[U.P.T.U. (C.O.) 2003] 


Solution: 
Volume У= ; nr?h 


Taking log, 
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log У = log = + log n+ 2logr + log h 


Differentiating, we get 
БАКЕ: 


бу | 0.04 | (22) 
=> — =2| —— |+| — 
V 4 8 
= 0.03 
2. Percentage (76) error in volume 
= 0.03 x 100 
= 3% Answer. 
Example 7: Find the percentage error in the area of an ellipse when an error of +1 
percent is made in measuring the major and minor axes. 
Solution: If x and y are semi-major and semi-minor axes of ellipse. Then its area 
A is given by 


A = пху 
Taking log, 
log А = Іорл + log x + logy 
Differentiating, we get 
5A =0+ бх + бу 
А х у 
ог бА „100 = 5х (1004 x 100 
A x y 
=1+1 
=2 
2, Error in the area = 2% Answer. 


Example 8: Find the possible percentage error in computing the parallel 
resistance r of three resistance гү, го, гз from the formula. 
1.1 1 1 
ret. & d 
If ri, r2, тз are each in error by + 1.2% 
(U.P.T.U. 1999) 
Solution: we have 
–=—+—+— (i) 
тт 1.8 
Differentiating, we get 
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1 1 1 1 
E mero --20h =. 
1 2 3 
= 225 sam) [хло |-Ц 28. «100 + | #® x100) 
rir I, | 1, Dir nita 
2 (поје ај (12) 
т D Ln 
ад 
n n 
1 : 
= ЫН from (i) 
r 
=> 8r 100 =1.2 
r 
Hence % error inr = 1.2 Answer. 


Example 9: The angles of a triangle are calculated from the sides a,b,c. If small 
changes ба, 5b and 8c area made in the sides, find 5A, 68 and 5C approximately, 
where A is the area of the triangle and A, B, C are angles opposite to sides a, b, c 
respectively. Also show that 5A + 5B + 8C = 0 

(U.P.T.U. 2002) 
Solution: We know that 
a? = b? + с2 -2абс cos A (i) 
Differentiating eqn (i), we get 
2аба = 2bdb + 2сӧс - 2bóc cos А - 2 cb cosA + 2bc sin AS А 
or bc sin A 8A = aĝa- (b - c cos А) db - (с - b cos A) ёс 
or 2A6A = ада - (а cos С + c cos A - c cos A) db - (a cos B + bcos A - b cos A) dc 


or A= он (ба - 5b cos C - óc cos В) (ii) 
similarly, also by symmetry, we have 

5B = x (6b - 8c cos A - ба cos C) (iii) 
and 6C = T (ёс - ба cos B - db cos A) (iv) 


Adding equations (ii), (iii) and (iv) we get 

БА + 8B + 8С == [(a - b cos C - c cos В) ба + (b-ccos А - a cos С) бб + (c- a cos 
В - bcos A)àc] 

=> [la-a) a+ (b - b) 8b + (c - с) &c] 
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1 
= — (0+0+0 
ЗАС ) 


-0 

Thus, 5A + 6B + 5C =0 Hence Proved. 

Example 10: Two sides a, b of a triangle and included angle C are measured, 
show that the error 5c in the computed length of third side c due to a small error 
in the angle C is given by 

5С (a sin В) = ёс 

Solution: we know that 


2 2 2 

cosC = — , Where a, b are fixed while c and C vary 
a 
гял С6С = -2сёс 
2ab 

= бе = Рат СВС (i) 

с 
Again by sine formula, we have 

b c 

sinB sinC 
=> sin B = bsinC 
>dc=asinBiC Proved. 


Example 11: If A be the area of a triangle, prove that the error in A resulting from 
a small error in c is given by 

А|1 1 1 1 
бА=—|—+—+———— c U.P.T.U. C.O. 2006-0 

AE s-a s-b + ( 7) 
Solution: we know that 


А = ys‘s—a)(s—b)(s—c) 
=> log A = [log s + log (s - а) + log (s - b) +log (s - c)] 


Differentiating w.r.t.c, we get 
184 11168, 1 (s-a) 1 8(s-b) 1 6(s-c) 
А ӧс 2|86с (s-a) ӧс  (s-b) ӧс (з-с) ёс 


Now s = ХЭС 
68 1 
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Alsos-c= > (a+ b-c) 


.9(s-c) 1 
“ фес 2 
good 1 8(8-а) 1 

А = ==: b+ = = — 
similarly, s - a 23 с-а) > БС 2 
debs esos st 

2 dc 2 

From (i) 
18^ 1 (3) 1 (2) 1 (5) 1 Ю 
—— ==] -| = |+——] – |+—| = |+ -> 
А ёс 2|5\2/ s-a\2) s-bi2) (s-c) 2 
eee Mp ioe бс Proved. 

4|8 s-a s-b 5-с 


Example 12: If the kinetic energy T is given by T = my? find approximate the 


change in T as the mass m change from 49 to 49.5 and the velocity v changes from 
1600 to 1590. 
Solution: Here given 


а нн 
2 
287 = 5 (бт) v? + га (2969) 


or ôT = 29 dm + mv бу (i) 


It is given that m changes from 49 to 49.5 

2. 6m = 0.5 (ii) 

Also, v changes from 1600 to 1590 

2. бу = -10 (iii) 

Hence, from (i) 

8Т -2 (1600) (0.5) + 49(1600) (-10) 

= – 144000 

Thus, Т decreases by 144000 units. Answer. 

Example 13: Find approximate value of [(0.98)2 + (2.01)? + (1.94)2]1/2 
Solution: Let f(x, у, 2) = (x? + у? + 22)1/2 (i) 

Taking x 71, у =2 and z = 2 so that dx = - 0.02, dy = 0.01 and dx = - 0.06 from (i) 


Sax (e+ ye 72) 1/2, Шо, 22)1/2, x. 2 (x2 + у? + 22) -1/2 
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Now df = Яах + Siy + az (by total differentiation) 


= (x2 + у? + 22)1/2 (хах + ydy + 242) 
= Ž (0.02 + 002 - 0.12) 


= - 0.04 

“. [(0.98)2 + (2.01)? + (1.94)2]:/2 = f (1,2,2) + df 
= 3 + (-0.04) 

= 2.96 Answer. 


Example 14: In determining the specific gravity by the formulaS = x where 
- УУ 


A is the weight in air, w is the weight in water, A can be read within 0.01 gm and 
w within 0.02 gm. Find approximately the maximum error in S if the readings are 
A = 1.1 gm, w = 0.6 gm. Find also the maximum relative error. 


Solution : Given 
Su A 
А-у 
Differentiating above, we have 


(A - w)8A – A(8A - 8w) 


85 = (Aw) (i) 
Maximum error in S can be obtained if we take 5A = - 0.01 and 5w= 0.02 
-. From (i) 
55= (1.1 -0.6)(-0.01) – (1.1)(-0.01 — 0.02) 
(1.1- 0.6). 
= 0.112 


Maximum relative error in 
ёс (85)max 0112 


© S 1.1 
1.1-0.6 


= 0.05091 Answer. 


EXERCISE 

1. The deflection at the centre of a rod, of length ! and diameter d supported at its 
ends and loaded at the centre with a weight w varies as wP 44, What is the 
percentage increase in the deflection corresponding to the percentage increases in 
w, land d of 3%, 2% and 1% respectively. 
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Ans. 5% 

2. The work that must be done to propel a ship of displacement D for a distance S 
2үү2/3 

in time t is proportional to go Find approximately the increase of work 


necessary when the displacement is increased by 1%, the time diminished by 1% 
and the distance diminished by 2%. 


4 
Ans. –—% 
3 


3. The indicated horse power of an engine is calculated from the formula 


PLAN : 
= A , where A= m, Assuming that errors of r percent may have been 


made in measuring P, L, N and d, find the greatest possible error in 1%. 
Ans. 5r%. 
4. In estimating the cost of a pile of bricks measured as 6m x 50m x 4m, the tape 
is stretched 1% beyond the standard length. If the count is 12 bricks in 1m? and 
bricks cost Rs. 100 per 1,000 find the approximate error in the cost. 
(U.P.T.U. 2005) 
Ans. Rs 43.20 
5. If the sides and angles of a triangle ABC vary in such a way that its circum 
ба Ь b | ёс. 
cosA cosB cosC | 
6. Compute an approximate value of (1.04)3 


radius remains constant, Prove that 


Ans. 1.12 
7. Evaluate [(4.85)2 + 2(2.5)2]:/5 


Ans. 2.15289 


8. The focal length of a mirror is given by the formula LUN E : . If equal errors 6 
v u 
are made in the determination of u and v, show that the relative error in the 


focal length is given by ЈЕ + 1) : 
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Extrema of Functions of Several 
Variables 


Introduction : There are many practical situations in which it is necessary or 
useful to know the largest and smallest values of a function of two variables. For 
example, if we consider the plot of a function f(x, y) of two variables to look like a 
mountain range, then the mountain tops, or the high points in their immediate 
vicinity, are called local maxima of f(x, y) and the valley bottom, or the low points 
in their immediate vicinity, are called local minima of f(x, y). The highest 
mountain and deepest valley in the entire mountain range are known as the 
absolute maxima and the absolute minimum respectively. 


Absolute maximum 


Local maximum 


AT} " 
МОДА VT VA AAD 
AX СХ; 


T YAT КАЛЕДОН 
RTT ИЕЛ LY МА ДРЕ 
MAT DNAX ОКА А САЛСА 918525 d 

L^ 


Local minimum 


Absolute minimum 


Definitions 


Definition (i): A function f of two variables has a local maximum at (a, b) if f(x, y) 
< f(a, b) when (x, y) is in neighbourhood of (a, b). The number f(a, b) is called 
local maximum value of f. 


115 


A Textbook of Engineering Mathematics Volume - I 


If f(x, y) < f(a, b) for all points (x, y) in the domain of the function f, then the 
function has its absolute maximum at (a, b) and f(a, b) is the absolute maximum 
value of f. 

Definition (ii) 

If f(x, y) 2 f(a, b) when (x, y) is near (a, b) then f(a, b) is the local minimum value 
of f. If f(x, y) 2 f(a, b) for all points (x, y) in the domain of f then f has its absolute 
minimum value at (a, b). 

Theorem: If f has a local maximum or minimum at (a, b) and the first order 
partial derivatives of f exist at a, b, then (а, b) =0 and f, (a, b) =0 

Definition (iii): A point (a, b) in the domain of a function f(x, y) is called a critical 
point (or stationary point) of f(x, y) if fx (a, b) =0 and f, (a, b) =0 or if one or both 
partial derivatives do not exist at (a, b). 

Definition (iv): A point (a, b) where f(x, y) has neither a maximum nor a 
minimum is called a saddle point to f(x, y). 

Necessary Condition for Extremum Values of functions of two Variables: 

Let the sign of f(a + h, b + k) - f (a, b) remain of the same for all values (positive or 
negative) of h, k. Then we have 

(i) For f (a * h, b * k) - f (a, b) «0, f (a, b) is maximum 

(ii) For f (a + h, b + k) - f (a, b) 20, f (a, b) is minimum 

By Taylor's theorem for two variables, we have 

f(a + h, b + k) = f(a, b) + 


әк дї are ЛЭ, 
Цорос опко 
| ax К & Әх? фу К 


or Ка+ћ, b+k) - f(a, b) = (ћ x) + к ИТТЕ terms of second and 
. Ox Ja b) ду a 
higher orders in h and k (1) 


By taking h and k to be sufficiently small, we can neglect the second and higher 
order terms. Thus, the first degree terms in h and k can be made to govern the 
sign of the left hand side of equation (1). Therefore the sign of [f (ath, b*k) - f(a, 


of of 
b)] = the sign of «(S | LE (2) 
дх (a,b) ду (a,b) 
Taking К =0, we find that if (= +0 the right hand side of equation (2) 
x (a,b) 


changes sign whenever h change sign. Therefore, f(x, y) cannot have a maximum 


or minimum at x =a, y = bie (5) #0 
(a,b) 
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similarly, taking h =0, we can find that f(x, y) cannot have a maximum or a 


minimum at x =a, y = vir [2] #0 
У Даљу 


Thus, the necessary condition for f(x, у) to have a maximum ог a minimum at x = 
a, y =bis 


(à) -oa ма (| -0 
дх (a,b) ду {a,b) 


This condition is necessary but not sufficient for existence of maxima or minima. 
Now, from equation (1) 


ФЕ əf ФЕ 

2 

5 - +k? — 

f(ath, b+k) - Қа, b) al sd RS. a 

f(ath, b+k) -f(a, b) = È [h?r + 2hks + k^ (3) 
д2 of 


o 
€ nd == at (a,b 
ax? Мар aye 


since, we assumed that the sign of the LHS of equation (3) is the sign of the RHS 
of the equation (3) i.e. 
sign of LHS of equation (3) = sign of [rh? + 2hks + k?t] 


= sign of : [г2Һ2 + 2hkrs + k?rt] 
r 


where r= 


= sign of 4 “10218 + 2hkrs + les?) + (Kis? + ker) 
= sign of — 2 |(ћг + ks) +k?(rt-s? )] 


= sign of — Li (rt - 52)] 
r 
w (hr + ks)? is always positive 
= sing of r if rt - s? >0 
Hence, if rt - s? 70, then f(x, y) has a maximum or a minimum at (a, b) according 
to r < 0 or r > 0 respectively. 


Working rule to find Extremum Values: 


The above proposition gives us the following rule for determining the maxima 
and minima of functions of two variables. 
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Find а and Ž ie. p and q equate then to zero. Solve these simultaneous 
х 


ду 


equations for x and y Let a1, bi; az, bz; ......... be the pairs of roots. 

Find bas gi E (i.e. r, t and s respectively) and substitute in them by 
Әх? дхду’ ду?” í 

turns ал, bi; ал, Ь»;......... for x, y. Calculate the value of rt - 52 for each pair of 


roots. 

If rt - r? > 0 and r is negative for a pair of roots, f(x,y) is a maximum for this pair. 
If rt - r? > 0 and r is positive, f(x, y) is a minimum. If rt - s2 < 0, the function has a 
saddle point there. 

If rt - s2 =0, the case is undecided, and further investigation is necessary to decide 
it. 

Example 1: Find the local maxima or local minima of the function f(x, y) = x2 + y2 
-2x - бу + 14 

Solution: We have 

f(x,y) = x2 + y2 - 2x - бу + 14 

Therefore 

f(x, y) = 2x -2 and (х, у) = 2y - 6 

If we put f(x, у) = 0 we have 

2x -2 =0 

=x =1 

If we put f,(x,y) =0, we have 

2y - 6 =0 

=>y=3 

we get x =1 and y = 3 as critical points of function f(x, y). Now, we can write 

f(x, y) as 

f(x, у) = 4 + (x -1? + (у - 3): 

since (x -1)? > 0 and (у - 3)? > 0, we have f(x, у) > 4 for all values of x and, 
therefore, f(1, 3) =4 is a local minimum. It is also the absolute minimum of f. 
Example 2: Find the extreme value of f(x,y) = y? - x? 

Solution: we have 

f(x, y) = уг - хг 

Differentiating partially with respect to x and y, we get 

fx = -2x, fy = 2y 

which follows fx(0,0) =0 and fy (0,0)=0 

Therefore, (0,0) is the only critical point. 

However the function f has neither local maximum nor a local minima at (0,0). 
Thus (0,0) is called saddle point of f. 

Example 3: Find the maximum and minimum of the function f(x,y) = x3 + y3- 
3axy 
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(U.P.T.U. 2004, 2006; U.P.P.C.S. 1992; B.P.S.C. 1997) 
Solution: Given that 


f(xy) = x° + y? - 3 аху (i) 
Therefore 


p= Ž = 3x? Say, а= = 3y? - Sax 


926 gf 9 
=—= ,5= шо- 3 j t = — = 
E ын дхду a ду? бу 
for maxima and minima, we have 
= = 0 3x? - Зау =0 => x? = ау (ii) 
x 
of m 
— =0 >3y? - Зах =0 => y? = ах (iii) 


putting the value of y in equation (iii), we get 

хі = a3 x 

=x (x? - a3) =0 

=x (x - a) (х2 + ax + a?) =0 

=>x=0,x=a 

Putting x =0 in (ii), we get y =0, and putting x =a in (ii) we get y =a. Therefore 
(0,0) and (a, a) are the stationary points (i.e. critical points) testing at (0, 0). 

г =0, t= 0,5 = -3a => rt -s? = Negative 

Hence there is no extemum value at (0,0). 

Testing at (a, a) 

r = ба, t =6a, s = -3a 

=> rt-s?= ба х ба - (-3a)? 

= 36a? - 9а? 

= 27a? > 0 and also г = ба > 0 

Therefore (а, a) is a minimum point. 

The minimum value of f(a, a) = a3 + a3 - 3a3 

=-a> Answer. 

Example 4: Test the function f(x, y) = x? y? (6 - x - у) for maxima and minima for 
points not at the origin. 


Solution: 
Here f(x,y) = x? y? (6 - x - y) 


“р -2 = 18x? y? - 4 x3y2 - Зхгуз 
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E 12 x3 y - 2xty - Зхзуг 
= 9f = 2 292 3 
r= od -12 xy? - бху 


= 6xy? (6 - 2x -y) 


2 


Ба 36 x?y - 8x3y - 9x2y? 


дхду 
= хгу(36 - 8x - 9y) 


2 
t= Sp = 1230-24 - 60у 
y 


$ = 


= x3 (12 -2x - бу) 
Now, for maxima or minima, we have 


51 =0=> у: (18- 4x- 3y) =0 @ 
х 


of 
and —-=0 
ду 


=> x3y(12 - 2x - Зу) =0 (8) 
From (i) & (ii) 
4x + Зу =18 
2x + Зу =12 and x =0 =y 
solving, we get x = 3, y =2 and x =0 = y. Leaving x =0=y, we get x =3, y =2. Hence 
(3, 2) is the only stationary point under consideration. 
Now, 
rt - 52 = 6x4 y4 (6 - 2x -y) (12 - 2x - бу) - x4 y? (36 - 8x - 9у)? 
At (3, 2) 
rt- 52 = + ive (> 0) 
Also, г = 6(3) (4) (6 - 6 - 4)= - ive (< 0) 
^. х,у) has a maximum value at (3, 2). 
Example 5: Examine for minimum and maximum values. sin x * sin y * sin (x * 
y) 
(U.P.P.C.S. 1991) 
Solution: Here, f(x,y) = sin x + sin y + sin(x + y) 


p= = cos x + cos(x + y) 
ца шоу ЦОМ 
ду 


225. sin x - sin(x + у) 
о | 
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5= = -sin (x + y) 
y 


2 


кетт -siny -sin (x+ y) 


Now 9f oand Е o 
Ox 


=> cos x + cos (x + y) =0........... (i) and cos у + cos (x + y) =0........ (ii) 
subtracting (ii) from (i) we have 

cos x - cos y =0 or cos x = cos y 

>x=y 

From (i), cos x + cos 2x =0 

or cos 2x = - cos x = cos (Л - x) 

or 2x=n-x х= 1 
3 


л. В | 
Ххжуз 3 is a stationary point 


3'3 2 2 E 2 
43 45 
ф=-27-2— = - 3 
2 2 v3 
ПРИЕ 
4 
Aslo r < 0 


2. f(x, y) has a maximum value at (к, 


лл 

Maximum value = f| —,— 
3 4 

‚т ‚л . 21 
=sin— +sin— + sin — 
3 3 3 


„УЗ УЗ , v3 _ 3v3 
2 2 2 2 Answer. 


Example 6: Test the function f(x,y) = (х2 + угје "^? for maxima or minima for 
point not on the circle x? + уг =1 


Solution: 
Here f(x, y) = (х2 + у?) e C 
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of 


1 Sm (2+ ya) еэ (Ca ох etn 
x 


= 2x (1- x2 - y2) et^? 
2 (x2 + y?) e^? (-2y) + 2y e? 


= 2у (138 - y?) e? 
Now for maxima and minima, we have 
LN 0 and Lim 0 

дх ду 
= 2х (1- x? - y?) eV") 2 0and 2y (1-x? - y?) eU nl ag 
= х =0, у =0 and x? + y? =1 
Leaving x? + y? =1 as given, take х =0, y =0 
Hence (0,0) is the only stationary point 
fx = (2x - 2x3 - 2xy2) e ^*^ 

9f (ху?) -(x +y?) 
r= 3d -(2-62-2y?)e"""' + (2x - 2x3 -2xy2) е " **' (-2x) 
= p (4x4 - 10 x2 + 4х2у? - 2y2 +2) 
s = Бу= (- Axy) е 777) + Qx - 2x3 - 2xy?) e^? (-2у) 
= (- 8xy + 4 x3y + ахуз) e "^ 
2 2 SER) 
- ын = eC 9^ (2 -2x2- буг) + eC? (ду - гухг - 2уз) (-2y) 
у 

= eC? (2. 2x2 - 10y2 - 4x2y2 + 4y*) 
At (0,0), г =0, s =0, t =2 
rt-s?=4>0 
Also r = 2 (> 0) 
2. f(x, y) has a minimum value at (0,0) 
-. Minimum value = (0*0) e-? =0 Answer. | 
Example 7: A rectangular box, open at the top, is to have a given capacity. Find 
the dimensions of the box requiring least material for its construction. 
Solution: Let x, y and z be the length, breadth and height respectively, let V be 
the given capacity and S, the surface 
V is given => V is constant 


V = xyz 
ог 2 = ВА (i) 
xy 


S = xy + 2х2 + 2yz 
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xp. f(x, y) using (i) 


Sf avo. д _ 
ox? x'' дхду 


From (i) y - 2 
х 
4 


х 
3E ii), x- 2V —-- = 0 

rom (ii), x дү? 
3 
ог (1-5 }-0 
2V 


or x = (2V)!/3 (As x = 0) 


2V 2V : 
and у=” уут = )^ 


“. x =y = (27 )1/3 is a stationary point. At this point, г = i =2>0,s=1, 


6225-5 
2V 
So that rt - 52= 4 -1 = 3 > Јапаг> 0 
:55 is minimum when x =y = (2V)1/ 
V V 

AI = — = ———— 

50 2 5 буу? 

yis- (20) 
722957 2 

у 


2 
Hence 5 is minimum when x =y = 22 = (2V)!/9 Answer. 
Example 8: Find the semi-vertical angle of the cone of maximum volume and of a 
given slant height. 
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(U.P.T.U. 2005) 
Solution: Let 1 be the slant height and Ө be the semi - vertical angle of the cone. 
Then, radius of the base, г = ОС = 1 sin® and height of the cone, h = ОА = | cos0. 


Let V be the volume of the cone then V - nr?h 


= 210 ѕіпӨ)2 (1 сов0) 


= in 13 sin?0 соѕӨ 


à ы п 12{51п20 (- 51пӨ) + cos8. 2 ѕіпӨ сов0) 

40 3 
= in 13800 (2со520 - 51120) 
dV ү. : ; NE 
dors n 13 [sinO (- 4 cos sin8 - 2 ѕіпӨ cos0) + (2 cos?0 - 51120) сов0| 
- ал I? [- 6 sin?0 сов0 + cos (2 cos?0 - sin?0)] 


For max and min. ау =0 
49 


Which gives either 5110 =0 or tan20 =2 
so that 0 = 0 or 0 = stan! 2 
when Ө = 0, volume of cone becomes zero and the cone becomes a straight line 
which is not the case, when Ө = tan /2 , we have 
dv - lap E + ] 
de? 3 3 У 
=-ive 
Hence the volume of cone is maximum when Ө = tar! 4/2. 


When Ө = – tan! /2 , volume of cone becomes negative which is meaningless, 
hence is not the case. Answer. 
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Example 9: Find the volume of largest parallelopiped that can be inscribed in the 
ellipsoid 


(U.P. T.U. 2001) 
Solution: Let (x,y,z) denote the co-ordinates of one vertices of the parallelopied 
which lies in the positive octant and V denote its volume so that 
V = 8xyz As 2x, 2y and 2z be the length, breadth and height respectively 
s. № = 64х? у? 22 


х? 
= 64 өис|1-5-8| 


b? 
of 4x*y?  2xy! 
eor 64c? [239° a ee 
of 2х*у 4х?у? 
апа Эу = 64с? Ёо = ес 


Now putting 2 =0 and of = 0 we get 
x 


dy 


, Фу: 2xy 
=> 2ху 22 p 0 
2x? 2 
-1-2- 2. =0 (i) 
4 2.,3 
and у-у Y. 0 
x 2y : 
=> 1– zT Ar - (ii) 
Now multiply (i) by 2, we have 
2 2 
2 A = x =0 (iii) 
subtracting (iii) from (ii) we have 
2 
W142 20-932 =a’ 
a 
х=-2 апі y= E 
V ES 
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2 p? 
д? 2 8х7у 8ху 
= =64 4 у n 
j дхд с | а? b? 
2 4 2x?y? 
E 222 ы | 
4 2,,2 2.2 
and rt - s? = (64 c?) [2 2 гу -27 је ЈЕ 2 2x ша 


ве - 5-807 


At ,rt- 2» 0andr«0 
Е Ф) 
Hence f(x,y) is max “| 4. + 

7 43” 


3 v3 
^p 1 at b 1 а: b 
Wh ese | Ss uel „ав. 
= Vmax С Ё 3 a? 9°3 p 3 9 
_ 64a? ХЭ 
27 
=> Vix = T Answer. 
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Lagrange's Method of Undetermined 
Multipliers 
In many problems, a function of two or more variables is to be optimized, 


subjected to a restriction or constraint on the variables, here we will consider a 
function of three variables to study Lagrange's method of undetermined 


multipliers. 

Let 

u=f (x,y, 2) (i) 

be a function of three variables connected by the relation 
ф(х, y, 2) =0 (ii) 

The necessary conditions for u to have stationary values are 
ди ди Ou 

—=0,—=0,—=0 

Ox ду д2. 


Differentiating equation (i), we get du =0 i.e. 
du du du 


du == dx pe ee 0 (iii) 
Differentiating equation (ii) we get do =0 i.e. 
do = axs 98 ape =0 (iv) 


ду 02 


Multiplying equation (iv) by A and adding to equation (iii) we get 
ЕЭ: ГУ EE 0 
дх 


дх ду ду д 
This equation will be satisfied if 
du, 0b | 
дх Pus 2 (У) 
ди дф : 
=—=0 (vi) 
ду ду 
az” д2 
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where A is the Lagrange multiplier. On solving equations (ii), (v) (vi) and (vii), we 
get the values of x, y, z and A which determine the stationary points and hence 
the stationary values of f(x, у, 2). 

Note: (i) Lagrange's method gives only the stationary values of f(x, y, z). The 
nature of stationary points cannot be determined by this method. 

(ii) If there are two constraints $1(x, у, 2) =0 & фә (x, у, 2) =0, then the auxiliary 
function is F(x, у, 2) = f(x y, z) +A, 0, (x, у, 2) + А ф (x, у, z) here М and А are the 
two Lagrange multipliers. The stationary values are obtained by solving the five 
equations F, = 0, Fy = 0,Е, = 0, E, =0and F, =0 

Example 10: Find the volume of largest parallelopiped that can be inscribed in 
2 2 id 


2 
the ellipsoid ын + E * ын =1 using Lagrange's method of Multipliers. 
a с 


(1.А.5. 2007; U.P.T.U. 2001, 2003) 


2 2 
Solution: Let — + У, +®у=1 
с 
x? у? 22 | 
e(oyz)- tut u-170 (i) 


Let 2x, 2y, and 2z be the length, breadth and height, respectively of the 
rectangular parallelopiped inscribed in the ellipsoid. Then 

V = (2x) (2y) (22) = 8xyz 

Therefore, we have 


284328 =0 ә Byz eA IE =0 (ii) 
thee 0 = 8х2 2+225=0 (iii) 
Vat = 0 по Bey + А I =0 (iv) 
д2 92 


Multiplying (ii), (iii) and (iv) be x, y апа 2 respectively, and adding, we get 


x? 2 
24 ЫГ Hi 55-0 
24 xyz +2A (1) =0 
=> X= - 12 xyz 
putting the value of À in (ii) we have 


8yz * (-12 xyz) a =0 
a 
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Similarly, on putting Х = - 12 xyz in equation (iii) and (iv) we get 


a oe: 
Y" 45 


Hence, the volume of the largest parallelopiped = 8xyz 
Cos) 
V3 Луз Луз 


=— Answer. 


Example 11: Find the extreme value of x? + у? + 22, subjected to the condition xy + 
yz + Zx =p. 

(U.P.T.U. 2008) 
Solution: Let f = х2 + у2+ 22 апа = xy + yx + zx -p. 
Then for maximum or minimum, we have 


eA 02 2x+A(y+z)=0 (i) 
а 0 2у +А(х+2) = 0 (ii) 
: ду 

дф - 
Ed =0=> 2z+A(xt+y)=0 (iii) 


Multiplying equation (i) by x, equation (ii) by y and equation (iii) by z and 
adding we get. 
2(х2 + y?* 22) + 2A (xy + yz + zx) =0 
=> 2f + 2Ap =0 


on putting this value of A in (i) (ii) and (iii), we get 
f 
2x - — (y + 2) =0 
р (у 
f 
2y - —(x + 2) =0 
Р 


f 
2z - — (x + y) =0 
Р 
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f 
or 2x - 2y + —(x-y) =0 
Р 


(2 јек-уј о 


== 2 апах=у 


Similarly, we get у = z, therefore, f = 3x? 
But 
xy + yz + 2х =p 
=> 3x = p >x =p/3 
Therefore, extrema occur if 
х + y2 + 22 = p Answer. 
Example 12: Show that the rectangular solid of maximum volume that can be 
inscribed in a given sphere is a cube. 
(U.P.T.U. 2004) 
Solution: Let 2x, 2y, 2z be the length, breadth and height of the rectangular solid 
and r be the radius of the sphere 
Then x? + y? + z? = R? (i) 
Volume V= 8xyz (ii) 
Consider Lagrange's function 
F(x,y,z) = 8xyz + A (х2 + y? + 22 - R2) 


For stationary values, 

dF =0 

=> {8yz + А (2х)) dx + {8х2 + А (2у)) dy + {8ху + A (22)) dz =0 
=> 8у2 + 2Ax =0 (iii) 

8zx + 2Ху =0 (iv) 

8xy + 2Az =0 (v) 


From (iii) 27 x? = – 8xyz 

From (iv) 2Ay? = – 8xyz 

From (у) 2122 = – 8xyz 

2. 2) х? = Ay? = 2722 

огх?=у?=22огх=у=2 

Hence rectangular solid is a cube. Hence Proved. 


EXERCISE 


1. Find all relative extrema and saddle points of the function. 
f(x,y) = 2x2 + 2xy + y2- 2x -2y +5 
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2. A rectangular box, open at the top, is to have a volume of 32 cc. Find the 
dimensions of the box requiring the least material for its construction. 
(U.P.T.U. 2005) 
Ans. l = 4, b = 4 and h = 2 units 
3. Divide 24 into three parts such that the continued product of the first part, the 
square of the second part, and the cube of the third part is maximum. 
Ans. x = 12, у = 8,2 =4 
4. Show that the rectangular solid of maximum volume that can be inscribed in a 
given sphere is a cube. 
(U.P.T.U. 2003) 
5. The sum of three positive number is constant. Prove that their product is 
maximum when they are equal. 
6. Find the maximum and minimum distances of the point (3, 4, 12) from the 
sphere. 
Ans. Minimum distance = 12 
Maximum distance = 14 
7. The temperature T at any point (x, у, z) in space is T = 400 хуг2. Find the 
highest temperature at the surface of a unit sphere x? + y? + 22 =1 
Ans. 50 
8. A tent of given volume has a square base of side 2a and has its four sides of 
height b vertical and is surmounted by a pyramid of height h. Find the values of a 
and b in terms of h so that the canvas required for its construction be minimum. 


45 


Ans. а= —h 
2 
and b- 2 
2 
x? у? 22 
9. Prove that the stationary values of 15-14 w t 
a с 


3 z 


2 
x 
where Ix + my + nz =0 and“; ++ ^r = lare the roots of the equation. 
a с 
Pat ть пе 
zd 2 ;--0 
1-au 1-bu 1-cu 


(B.P.S.C. 2007) 
10. Use Lagrange's method of undetermined multipliers to find the minimum 
value of x? * y? * z? subjected to the conditions. 
х+у+2=1, xyz+1=0 
Ans. 3 
11. Find the minimum value of x? + y? + 22, given that ax + by + cz =p 
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Р 
р a +b? + с? 
12. Find the maximum and minimum distances from the origin to the curve. 
х2 + Аху + бу? = 140 
[U.P. T.U. (СО) 2003] 
Ans. Maximum distance = 21.6589 
Minimum distance = 4.5706 
13. If и = ax? + by? + cz? and x? + y? + 22 =1 and Ix + my + nz =0 are the 


constraints, Prove 

2 2 2 

$2 p шу 
a-u b-u c-u 
OBJECTIVE PROBLEMS 


Four alternative answers are given for each question, only one of them is correct, 
tick mark the correct. 
1. Maxima and minima occur - 
(i) Simultaneously (ii) Once 
(iii) Alternately (iv) rarely 

Ans. (iii) 
2. The minimum value of | x? - 5x * 2] is 

(М.Р.Р.С.5. 1991) 

(i) -5 (ii) 0 
(iii) -1 (iv) -2 

Ans. (ii) 


1 
3. The maximum value of —— (sin x ~ cos x) is 
7 ( ) 


(М.Р.Р.С.5, 1991) 


(i)1 (ii) 42 
o d : 
(iii) 5 (iv) 3 
Ans. (i) 
4. The triangle of maximum area inscribed in a circle of radius r is 
(LA.S. 1993) 
(i) A right angled triangle with hypotenuse measuring 2r 
(ii) An equilarteral triangle 
(iii) An isosceles triangle of height r 
(iv) Does not exist 
Ans. (ii) 
5. Let f(x) = | x |, then 
(1.А.5. 1993) 
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(i) #00) =0 

(ii) f(x) is maximum at x =0 
(iii) f(x) is minimum at x =0 
(iv) None of the above. 


Ans. (iv) 
(L.A.S. 1990) 
6. If y = a log x + bx? + x has its extremum value at x = -1 and x = 2 then 
(i) a =2, b= -1 (i)a=2 b=-Ż 
(iii) a = -2, b = : (iv) None of these 
Ans. (iii) 
7. The function f(x) = x? - 6x? + 24x + 4 has 
(LA.S. 1990) 
(i) A maximum value of x 72 
(ii) A minimum value of x =2 
(iii) A maximum value at x =4 and minimum value at x =6 
(iv) Neither maximum nor minimum at any point 
Ans. (iv) 


8. The function sin x (1 + cos x) is maximum in the interval (0,1), when - 
(U.P.P.C.S. 1994, M.P.P.C.S. 1995) 


(i) х= n/4 (ii) x = n/2 
" T : 2n 
(iii) х= 3 (iv) x = 3 
Ans. (iii) 
9. A necessary condition for f(a) to be an extreme value of f(x) is that 
(R.A.S. 1995) 
(i) f(a) =0 (ii) f(0) =0 
(iii) Ё(а) =0 (iv) f"'(a) =0 
Ans. (ii) 


10. The value of function 
f(x)=x+ | 
x 


at the points of minimum and maximum one respectively 
(М.Р.Р.С.5. 1995) 
(i) -2 and 2 (ii) 2 and -2 
(iii) -1 and 1 (iv) 1 and -1 
Ans. (iv) 
11. The profit function is 
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P(x) =- ; х2 + 32x - 480 


then the profit is maximum if the number of item (x) produced and sold is 
(U.P.P.C.S. 1991) 


(i) 18 (ii) 17 
(iii) 24 (iv) 32 
Ans. (iv) 
12. The value of x for which the function f(x) = x Ух has a maximum is given by 
(R.A.S. 1993) 
"МЭ xcd 
(i) x =e (ii) x = 
ay : 1 
(iii) x = -e (iv) x2-— 
e 
Ans. (i) 


13. The maximum value of 2 15 
х 


(M.P.P.C.S. 1994) 
(i)e (ii) ee 
(iii) e -t/e (iv) e1/e 
Ans. (iv) 
14.If x + y = k, x 0, y >0, then xy is the maximum when 
(M.P.P.C.S. 1991) 
(i) x = ky (ii) kx = y 
(iii) x = y (iv) None of these 
Ans. (iv) 
15. Maximum value of a ѕіпӨ + b cos is 


(i) Va? +b? (ii) Va b 
(iii) Va - b (iv) 2Уа? +b? +a+b 


16. Maximum value of sin x + cos x is 


(M.P.P.C.S. 1992) 


Ans. (i) 
(M.P.P.C.S. 1992) 


(i) 2 (ii) 42 
(iii) 1 (iv) 1+.V2 

Ans. (ii) 
17. If the functions u, v, w of three independent variables x, y, z are not 


independent, then the Jacobian of u, v, w with respect to x, y, z is always equal to 
(LA.S. 1995) 
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(i) 1 (ii) 0 
(iii) The Jalonbian of x, у, z w.r.t u, v, w 
(iv) infinity 


Ans. (ii) 

18. The maximum rectangle, inscribed in a circle of radius 1, is of area 
(U.P.P.C.S. 1995) 

(i)1 (ii) 2 
(iii) 4 (iv) 8 

Ans. (ii) 
19. The derivative f'(x) of a function f(x) is positive or zero in (a, b) without 
always being zero. Then, which of the following is true in (a, b) 


(i) f(b) < f(a) (ii) Ка) < f(b) 
(iii) КБ) -f(a) = f(c) (iv) f(b) = f(a) 
Ans. (ii) 
20. The conditions for f(x, y) to be maximum are 
(i) rt- s? > 0, r >0 (ii) rt-s?>0,r<0 
(11) rt- s?<0,r>0 (iv) rt - s? «0,r «0 
Ans. (ii) 
21. The conditions for f(x, y) to be minimum are 
(i) rt - $2» 0,r «0 (ii) rt- 2» 0,r»0 
(iii) rt - $$ « 0,r» 0 (iv) rt - 52<0,г<0 
Ans. (ii) 
22. The stationary points of f(x, y) given by - 
(i) fx =0, f, =0 (ii) fx #0, fy =0 
(iii) fy + 0, fo) = 0 (iv) None of these 
Ans. (i) 
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Chapter 9 
Matrices 


INTRODUCTION : Today, the subject of matrices is one of the most important 
and powerful tool in mathematics which has found application to a large number 
of disciplines such as Engineering, Economics, Statistics, Atomic Physics, 
Chemistry, Biology, Sociology etc. Matrices are a powerful tool in modern 
mathematics. Matrices also play an important role in computer storage devices. 
The algebra and caluclus of matrices forms the basis for methods of solving 
systems of linear algebraic equations, for solving systems of linear differential 
equations and for analysis solutions of systems of nonlinear differential 
equations, 

Determinant of a matrix : - Every square matrix A with numbers as elements has 
associated with it a single unique number called the determinant of A, which is 
written det A. if A is n x n, the determinant of A is indicated by displaying the 
elements а; of A between vertical bars 


au a5 ретте ain 

“Эг d'une a, 
det А = |. ° ы 

ёл, “ам ләк ann 


The number n is called the order of determinant A. 
Non Singular and singular Matrices : 


A square matrix А = [а] is said to be non singular according as |A| #0 or |A| = 
0 
Adjoint of a matrix : Let A =[aij] be a square matrix. Then the adjoint of A, 


denoted by adj (A), is the matrix given by adj (A) = ГА, 1: , where A, is the 


cofactor of ai in A, i.e. if 


а. T ах 
Хе азы до шш: a», 
CREE Р a 
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Азу Ау. tense Ал 

i Bc Aye делен Aes 

Then adj(A) = | 
Pi ENG > оный Аһ 


Inverse of a matrix : Let A be square matrix of order п. Then the matrix В of 
order n if it exists, such that 

АВ-ВА-1 

is called the inverse of A and denoted Бу A-! we have 

A(adjA) = |A|I 

(adja) 


ЈА] 


ог А“ = ЛАГ” if |A|#0 
Theorem : The inverse of a matrix is unique. 
Proof : Let us consider that B and C are two inverse matrices of a given matrix, 


or A =I, Provided |A|#0 


say A 

Then AB = BA =1 2. Bis inverse of A 
апа АС = CA-I 2. Cis inverse of A 
C (AB) = (CA) B by associative law 

or CI=IB 

or C=B 


Thus, the inverse of matrix is unique. 
Existence of the Inverse : Theorem: A necessary and sufficient condition for a 
square matrix A to possess the inverse is that | A | 0. 

(LA.S. 1973) 
Proof : The condition is necessary 
Let A be ann x n matrix and let B be the inverse of A. 


Then AB = Ii 
7. ЈАВ|= [In|] =1 
|А||В8|=1 ТАВ [= |А [В| 


' |A| must be different from 0. 
Conversely, the condition is also sufficient. 
If | А | # 0, then let us define a matrix B by the relation 


1 
Ped 
Then вз o [di | 
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1 1 
—(adj.A)=—|A|I, =1, 
А) a] 
Similarly BA = adj A JA - (adj АЈА 
ЈА ^| 
1 
= — ЈА, =I, 
А! 


Thus АВ = ВА = 1, 
Hence, the matrix А is invertible апа В is the inverse of A. 
Reversal law for the inverse of a Product, Theorem: If A, B be two n rowed non- 
singular matrices, then AB is also non - singular and 
(AB)? = B! A3 
ie. the inverse of a product is the product of the inverse taken in the reverse 
order. 
(Т.А.5. 1969, U.P.P.C.S. 1995) 
Proof : Let A and B be two n rowed non singular matrices, 
We have | AB| = [А | [В| 
Since | A| 20 and |В|+0 
therefore | AB | + 0. Hence the matrix AB is invertible 
Let us define a matrix C by the relation С = ВТА“ 
Then C (AB) = (В Ал) (AB) = B! (АЗА) В 


= B- In B 

-BiB-I, 

Also (AB) C = (AB) (B? АЛ) = A (ВВ) АЛ 
= Al, А"! = AA! 


=I, 

Thus С (AB) = (AB) С = In 

Hence С = B? А-1 is the inverse of АВ. 

Elementary Row Operations and Elementary Matrices 

When we solve a system of linear algebric equations by elimination of unknown, 
we routinely perform three kinds of operations: Interchange of equations, 
multiplication of an equation by a nonzero constant and addition of a constant 
multiple of one equation to another equation. 

When we write a homogeneous system in matrix form AX = 0, row k of A lists 
the coefficients in equation K of the system. The three operations on equations 
correspond respectively, to the interchange of two rows of A, multiplication of a 
row A by а constant and addition of a scalar multiple of one row of A to another 
row of A. We will focus on these row operations in anticipation of using them to 
solve the system. 
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DEFINITION: Let A be an nxn matrix. The three elementary row operations that 
can be performed on A are 

1. Type I operation : interchanging two rows of A. 

2. Type II operation : multiply a row of A by a non zero constant. 

3. Type III operation : Add a scalar multiple of one row to another row. 

The rows of A are m - vectors. In a type II operation, multiply a row by a non 
zero constant by multiplying this row vector by the number. That is, multiply 
each element of the row by that number. Similarly in a type III operation, we add 
a scalar multiple of one row vector to another row vector. 

Inverse of Non - Singular Matrices Using Elementary Transformations : 

If A is non singular matrix of order n and is reduced to the unit matrix In by a 
sequence of E - row transformations only, then the same sequence of E - row 
transformations applied to the unit matrix In gives the inverse of A (i.e.A*). 

Let A be а non singular matrix of order n. It is reduced to unit matrix In by a finite 
number of E- row transformations only. Here, each E - row transformation of the 
matrix A is equivalent to pre - multiplications by the corresponding E - matrix. 


Therefore, there exist elementary matrices say, E, E»,................ E, such that 
[Ej Eb se actos eon Е, E1] A = In 

Post-multiplying both sides by Ал, we obtain 

[Бе Epp dent Ez E1] A A1 = АЛ 

ЗЭ Ep Белу ieas Е E1} h = Ал 

v ААЛ-1, 

I; A7 = Ап 

or АЛ = [Е,, Ez, .......... eres Ez, E1] In 


Working rule to find the inverse of a non - singular matrix : 
Suppose A is a non singular matrix of order n, then first we write 
A=hA 
Next, we apply E row transformations to a matrix A and ҺА till matrix A is 
reduced to In. Then B is equal to A”, i.e. 
В= Ал 
Example 1: Find by elementary row transformation the inverse of the matrix 

01 2 

123 

31 1 

(U.P.T.U. 2000, 2003) 

Solution : The given matrix is 


01 2 
A=|1 2 3 
31 1 
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we can write the given matrix as 
A=IA 
Applying elementary transformations, we have 
01 2] [10 Д 
А 


1 2 3. [8 10. 1 0 
31 1| |00 1] 
2-3] [o1 0 
2/01 2|=|1 0 0|А,К, eR, 
11 НЕ 
2 3) T0 d 0 
=> 1 2,11 0 ОЈАК ОК, -3ЗЕ, 
14 0 -3 1 


-4 3 -1 |A,R,>R,-3R,R, OR, -3R, 
5/2. -3/2 1/2 


Е -1/2 172 


3110 1 0 
21-11 0 O|A,R, ЭВ, +58, 
AME EE E 
3] [fo — 31 0 
EN 1 1 0 0 |A, R, /2 
1l 45722342. 1/2 
0 
0 


| 11/2 -3/2 


+å 3 -1 ДАЗВ >R, -2R, 
5/2. S372 1/2 


Goss тет Ae cee alee ee IM ee get dN 1T 1 
oO FPF со о = СО О5О –~ OOR © О5О зоо н 


onm © © кык М су кыю МЮ су = м 


к о o 
| 


іе. І = BA where В = A 
1/2 -1/2 1/2 
or А" =|-4 3 -1 |Answer 
5/2 -3/2 1/2 
Example 2 : Find by elementary row transformations the inverse of the matrix 
3 -3 4 
2-3 4 
0 -1 1 
(U.P.T.U. 2002) 
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Solution : The given matrix is 


3 -3 4 
A=|2 -3 4 

0 -1 1 
we can write the given matrix as 
А = IA 


3 -3 4 [10 0 
іе. 12 -3 4|=|0 1 ОА 
o -1 1! |00 1 


Applying elementary transformations, we get 
1 B. 0| |1 -1 0 


s12: <3 4|-10 1 O|A,R, —R, -R, 
0 -1 1 0 0 1 
1 0 0 1-1 0 
3/0 3. 4|s|-2- 3 ОАВ, 
0 -1 1 0 0 1 
1 0 0 1 -1 0 
э|0 -1 -4/3|-|2/3-1 0|A,R, /-3 
0 -1 1 0 0 1 
1 о о E wp a) 
sig sa E 2/3 24. 0: 1A, R73 Ri  R, 
(s uo З lays sed. ud 
10 © L- 53. uj 
—|0 1 -4/3|=|2/3 -1 0OJ|A К, Е, х(-3) 
0 1 1 -2 3 -3 
1 00 1 -1 0 
aux = А,В, >R, +5, 
0 0 1 -2 3 -3 
І= ВА 
Where В = Ал 
1-1 0 
A'- 2 3 -4] Ans. 
-2 3 -3 
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Normal Form: 


Every non - zero matrix of order m x n with rank т can be reduced by a sequence 
of elementary transformations to any of the following forms 

1. Ir 

2. [I:, 0] 


: ME 
0 0 


The above forms are called normal form of A. r so obtained is a number called the 
rank of matrix A. 


Equivalence of matrix : 

Suppose matrix B of order mxn is obtained from matrix A (of the same order as 
B) by finite number of elementary transformations on A; then A is called 
equivalent to B i.e A~ B. Matrices A and B have same rank and can be expressed 
as B = РАО, where P and О are non singular matrices. If A is of order mxn, then 
P has order mxm and has nxn such that 


В = РАО 

Working rule : Let A be a matrix of order mxn 

1. we write А = 1. A In 

2. Next, we transform matrix A to normal form using elementary 
transformations. 

3. Elementary row transformation is applied simultaneously to A and Im i.e. 


the prefactor matrix. 
4. Elementary column operation applied to A is also applied to In i.e. the post 
factor matrix. 


5, Finally, we find B= PAQ, where В is the normal form of A. 
Example 3: Reduce matrix A to its normal form, where 
1 2 -1 4 
2 4 3 4 
маг 
-1-2 6-7 


Hence, find the rank. 
(1.A.S 2006; U.P.T.U. 2001, 2004) 
Solution : The given matrix is 
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1 2-1 4 
2 4 3 4 
A71 2 8 4 
-1-2 6 -7 
Applying elementary row transformation, we have 
я 5 E: Ro > R2- 261 
А = 1 Кз > R3-Ri 
00 4 0 К ә Ra + Ri 
0 0 5 -3 


Now, applying elementary column transformation we have 


1 0 0 UL бео 
00 5 -4 Сз э Сз + С, 
0 


Е Оо. 2052: 
0 0 5 -3 
Interchanging C2 and C3, we have 
1 0 0 0 
a-lo : : pi , дес 
0 5 0 -3 
1 0 0 0 4 
^ 0 5 0 2d Кз > Баас 
0 0 0 16/5)" RR, 
0 0 0 1 
1 0 0 0 
0 5 -4 0 
А ~ 0 0 16/5 ој Ci €» Сз 
0 0 1 0 
1 0 0 0 
0.5 0 0 R2 > R2 + 4R4 
UE E MER EU 
000 0 Б 
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1 
R2 DOE 


о Ф н © 
о = о о 
о о о о 


Ка See 
16 


NE 
0 0 


which is the required normal form. 
Here, we have three non zero rows. Thus the rank of matrix A is 3. Ans. 
Example 4 : Find non - singular matrices P,Q so that PAQ is a normal form, 
where 
2 1 -3 -6 
А-13 -3 1 2 
1 1 1 2 


(U.P.T.U. 2002) 
Solution : The order of A is 3 x 4 
Total number of rows in A = 3, therefore consider unit matrix 1. 
Total number of columns in A = 4, hence, consider unit matrix I4 
M Азха= In A Ig 


2 1 -3 a ton lee T9 
2 Ar cipe Pals еони 
1 1 b 255110 620 
L 0001 
1 1 1 ЗГ Үй ин 
3 -3 1 ЕТА 
= 5 boo Ol 
ME NS = 100 
- 0001 
1000 
Те» ep. 1 20 UE. АРМ RU. 
-6 -2 -4|=|0 1 -3|А ‚раса 
i 00 10 Кз Ка - 261 
0 -1 -5 -10| |1 0 -2 
0001 
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Tug 5 
1 0 0 0 0 0 1 0 1 0 0 C2 > С›-С‹ 
0 -6 -2 -41401 -3ļA GG -C 
00 10 
0 -1 -5 -10| |1 0 -2 Ci C20 
0 0 0 1 
100 0 бф desee 
0100| BR-R 
0 1 5 101-1-1 0 2 А Кз > -R3 
00 1 0 
0.6 2 4 0 -1 3 Кә > Кэ 
00 0 1 
Pot 241242: 
1 0 0 0] 0 0 1 ЭМЭ 
0 1 5 3ólsl- 0 21А|, ах: by Rs > R3 - 6 R2 
0 0 -28 -56 6 -1-9 
0.0 0 1 
{ый ҮЙӨ d dev uite VE 
i 0 ol ко 
0 0 -28 sl. 6 -1-9 22 
4-1 0 0 0 1 


Ав by Сз > C3 - 5C2 
& C4 ә Са - 10C2 


1 0 0 0 g^ dw mue zem 
ЖЕЕ сш Yo. Se: 07 2 MAR Lu 
0 0 1 2 ОВ А nue оов 
728 28 28 0 0 0 1 
1-1 4 0 
1 0 0 0 0 0 1 
ОТГ 709 | Ave ewe 
C DRM цал DES 
28 28 28 0 0 0 1 
N-PAQ 
x x 1-1 4 Q0 
Р=|-1 0 2 У ан А 
үй : манж 1-2 nswer 
Soa oe oe ооо 1 


Example 5 : Find the rank of the matrix 
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& 
W м E 

ON 

| 

m 


16 4 12 15 


Solution : Sometimes to determine the rank of a matrix we need not reduce it to 
its normal form. Certain rows or columns can easily be seen to be linearly 
dependent on some of the others and hence they can be reduceds zeros by E - 
row or column transformations. Then we try to find some non-vanishing 
determinant of the highest order in the matrix, the order of which determines the 
rank. 

We have the matrix 


6 1 3 | 

hele “Ж. Мо Кэ- К-К 
0 0 0 OM Re Res Ree Ry 
0 0 0 0 

‚ 6 1 

Since 1, "ший 

Therefore rank (A) = 2 Answer 

Alter 


The determinant of order 4 formed by this matrix 
6 1 3 8 


4 2 6 -1 
“103 9 7 
16 4 12 15 
6 1 3 a 
4 2 6 -1 ay ins 
= 6 1 3 & R4, > Ка - Кз 
6 1 3 8 
-0 2, Ra and Ry are identical. 
A minor of order 3 
6 1 3 6 1 3 
=|4 2 6 j=|4 2 6 |byR ә - 
103 9 6 1 3 
=0 


In similar way we can prove that all the minors of order 3 are zero. 
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A minor of order 2 
18: =8+0 
42) 


Hence rank of the matrix = 2 Answer. 
Example 6: Prove that the points (xi, уз), (x2 , у»), (хз, уз) are collinear if and only 


ж y» 1 
if the rank of the matrix | x, у, 1 | is less than 3. 
X3 у; 1 


(U.P.PC.S. 1997) 
Solution : Suppose the points (х1, ул), (x, у»), (хз, уз) are collinear and they lie on 
the line whose equation is 
ax + by+c=0 
Then 
axi + Бу +с= 0 (1) 
ах: + ру + с= 0 (ii) 
ахз + by3 +c =0 (iii) 
Eliminating a, b and с between (1), (ii) and (iii) we get 
х у d 
Х, Уг 1|=0 
X; Уз 1 
Thus the rank of matrix 
х y 1 
А=|х, у, 1 
X3 у, 1 
is less than 3. 
Conversely, if the rank of the matrix A is less than 3, then 


х, yi 1 
х: У, 11-0 
X Уз 1 


Therefore the area of the triangle whose vertices are (x1, уз), (xo, уз), (xs, уз) is 
equal to zero. Hence three points are collinear. 

Consistent system of Equations: 

A non -homogeneous system AX - B is said to be consistent if there exists a 
solution. If there is no solution the system is inconsistent. 

For a system of non - homogeneous linear equations AX = B (where А is the 
coefficient matrix) and C = [A B] is an augmented matrix : 

1. If r (A) = r (C), the system is inconsistent 


150 


Matrices 
2. If r (A) = r (C) = n (number of unknowns) the system has a unique 
solution. 


3. If r (А) = r (C)< n, the system has an infinite number of solutions. 
The above conclusions are depicted in figure as given below 


A system of non homogeneous lineur equations 
AX-B 


Find r(A) and r(C) 


т (А) = т (О) 


Solution exists system 
is consistent 


r (А) er (С) 


No, solution exist system 
is inconsistent 


r(A)=r(C)<n 


Infinite number of 
solutions 
Example 7: Using the matrix method, show that the equations 3x + Зу + 22 = 1; 


x + 2у = 4 10у + 32 = -2 2x - Зу - 2 = 5 are consistent and hence obtain the 
solution for x, y and z 


Unique solution 


(U.P.T.U. 2000) 
Solution : The given system of linear equations can be written as 
AX = Bie. 


3 3 2 1 
x 

1 2 0 _ 4 

о 10 31711-2 

$us нар 85-15 

The augmented matrix is 
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3 3 2 1 
1 2 0 4 
СЕВ A, у 90220 


2 --3 -1 5 
Applying elementary row transformations to C, we have 


1 2 0 4 
"A R> Rə 
0 10 3 -2 
2 ез up 5 
1 2 0 4 
T 0 -3 2-11 К э R2-3Ri 
0 10 3-2! Ry > R4 - 28; 
0б а a 
1 2 0 4 m 
0 -3 2 -11 R> Ка + Ra 
7|0 0 29/3 -116/3 7 
0 0-17/3 68/3 Ка Ка - Re 
1 2 0 4 
2 
40 93. 2 -1 | 3-9 55 
0 0 1 -4 3 
0 0 1 -4 Бен 
1 2 0 4 
0 -3 2-11 
E : RR -R 
0 0 1 -4 
0 0 0 0 


Thus r(C) = r (A) = 3 hence the given system is consistant and has a unique 
solution 


1 2 0 4 
х 
Q6 cr ЕП 
о о 1V -4 
о 0 ој“ 0 


or z = - 4, -3y + 22 = -11, x + 2y = 4 
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orz=-4,y= = 02+ 1) =1,х=4-2у=2 


Thus, the solution is 
х= 2,у = 1,2= - 4 Answer. 
Example 8 : Examine the consistency of the following system of equations and 
solve them if they are consistent x; + 2x2 - хз = 3 ; 3x1 – X2 + 2x3 = 1; 2x1 - 2x2 + 3x3 
=2;х1-х2+ х3 =-1 

(U.P.T.U. 2002) 
Solution : The given system of linear equatins can be written in matrix form as A 
X= Bie. 


1 2 -1 3 
х 

3 -1 217 1 
х, |= 

ee 3 2 
Х, 

Losp cp 21 


The augmented matrix is 


C = [A : B] 
1 2 -1 3 
: 3 -1 2 1 
ie, C= ЗЭРЭГ 
1 -1 1-1 


Applying elementary row transformations to the augmented matrix, we obtain 
1 2 -1 3 


0 -6 5 -4 Ra > R-R 
0 -3 2 -4 
1 2 -1 3 

3 0 -7 5 -8 о бо -2 о 
0 0 5/7 20/7 3 
0 0 -1/7 -4/7 Ке > Raz R 
Eo NES. 3 ? 

410 -7 5 -8 Кз > Б 
0 0 1 4 1 
0 0 0 0 сага 


i.e. r (О)= 3 = r (А) 
Hence, the system is consistent and has a unique solution, thus 
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1 2-1 3 
х 

0-7 51 | |-8 
х, 

0 0 1 4 
X3 

0 0 0 0 


> х1 + 2х2- хз = 3, - 7x2 + 5x3 = -8 and хз = 4 
=> 7 x2=5x3+8 


x= 2 (5x4+8)=4 


and xı = 3 - 2x2 + x3=3-8+4=-1 

Thus, the solution is x; = -1 x2 = 4, хз = 4 Answer 

Example 9 : Examine the consistency of the following system of linear equations 

and hence, find the solution 4 xı - x2 = 12; - xı + 5x2 - 2 хз = 0; - 2 x2 + 4x3=-8 
(U.P.T.U. 2005) 

Solution : The given equations can be written in matrix form as 


4 -1 olx] [12 


0 -2 4|х, -8 
i.e. AX = B where 


4 -1 0 х, 12 
А-|-1 5 -2|,Х=|х,|,В= 0 
0 -2 4 х, -8 
Now the augmented matrix С 15 
С = [А : В] 


4 -1 0 12 
іе. С=|-1 5-2 0 
0 -2 4 -8 
Applying elementary row transfomations to matrix C to reduce it to upper 
triangular form we get 
1 14 -6 12 


В-1-1 5 -2 0 1, RR *3R 
0 -2 4 -8 
1 14 -6 12 

~| 0 19 -8 12 |, В > 22 + Ri 
0 -2 4 -8 
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-1 0 19 -8 12 7 Rs Ву? LR 
0 0 60/19 -128/19 


Hence, we see that ranks of A and C are 3 i.e. г (A) = 3 = г (C). The the system of 
linear equations is consistent and has a unique solution. Thus, the given system 
of linear equations is 


1 14 -6 х, 12 

0 19 -2 X, |= 12 

0 0 60/19 |х, -128 / 19 
i.e. ху + 14 x2 - 6 x3 = 12 


19 x2 - 8x3 =12 
60 -128 -128 
and —x,-- => x, =—— 
19 19 60 
32 
ie. x, =-= 
15 


on putting the value of хз in 19x2 - 8 хз = 12 


х, aree) 


4 
=> X, “718 


Lastly, putting x», x3 in xı + 14 x2- 6 хз = 12 we have 


15 15 
44 
>x === 
15 
Therefore, the solution is 
44 -4 -32 
: , X, ===, X, =——— Answer 
15 15 15 


Example 10: For what values of à and y, the equations x ту + 2=6;х +2у + 32 
= 10; x + 2y + Az = и have (i) no solution (ii) unique solution and (iii) infinite 
solutions. (1.А.5 2006, U.P.T.U. 2002) 
Solution : The given system of linear equations can be written as 

1 1 14x 6 


1 2 3|у|4110 
1 2 41182 її 
ie. AX=B 
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1 1 1 6 
C-[A]-|1 2 3 10 
1 2 X ки 


Applying elementary row transformations to C, we get 


i 1 1 6 E 
В-10 1 2 4 R> RS-R 
0 1 А-1 и-6 
1 1 1 6 


-|0 1 2 4 , Кз ә Кз- К 
0 0 А-3 џ-10 

(i) For no solution, we must have 

т (А) #т (С) 

іел-3 =0 огл = Запар- 10+ 0 = р #10 

(ii) for unique solution, we must have 

r(A)=r(C)=3 

ie. -3202 X23 

andi -10z0— џи + 10 

(iii) for infinite solutions, we must have 

(А) = r (C) «3 

ie.A-3=0>A=3 

and u - 10 =0 > p =10 Answer. 

Solution of Homogeneous system of Linear - Equations : 


A system of linear equations of the form AX = 0 is said to be homogeneous where 
A denotes the coefficient matrix and O denotes the null vector i.e. 


âii Xi + à12 Xo + ................. + аһ Xn =0 
a21X1 + a22 X2 +................. + аһ Xn = 0 
ag Xp As Хә +...................... taa X, =0 
ie. AX=O 

Ay, eee а, | х, 0 

амс тараа ал || X2 0 
or = 

а, Анн amn || Xn 0 


The above system has m equations апа n unknowns. We will apply the matrix 
method to find the solution of the above system of linear equations. For the 
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system АХ = O , we see that X = О is always a solution. This solution is called 
null solution or trivial solution. Thus a homogeneous system is always consistent. 
We will apply the techniques, already developed for non homogenous systems of 
linear equations to homogeneous linear equations. 

(i) Иг (А) = n (number of unknown) the system has only trivial solution. 

(ii) If (А) <n, the system has infinite number of solutions. 

The figure as given below shows a flow chart which depicts the procedure for the 
solution of a homogenous system of linear equations. 


A system of homogeneous linear equations 
AX =O 


Always has a solution 


r (A) <n 


Unique solution or Infinite no. of nontrivial 
trivial solution solution 
Example 11 : Find the solution of the following homogeneous system of linear 
equations 
Xi + х2 + 2x3 + 3x4 =0; 3 ху + 4x2 + 7x3 + 10x4 20. 
5х1 + 7x2 + 11x3 + 17x4 20; 6 xı + 8x2 + 13x3 + 16x4 =0 
Solution : The given system of linear equations can be written in matrix form as 
1-1 2 У | 0 


Applying elementary row transformations, we get 
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1 1 2 Ээх] [O] pip sp, 
0. TE Libel [OL aes Rear, 
0 2 1 2 х, 0 Ra > R4 – 6Ri 
0 2 1 -2|х,| |0 
1 1 2 3 Ы (0 
0 1 1 0|»х,|(0| Rs—-+Rs-2R2 
"о 0-1 olx] |0| R2R-R 
0 0 0 -4 LX, | |0 


i.e. r(A) = 4 = number of variables 

Hence the given system of homogeneous linear equations has trivial solution i.e. 
х= 0 = x27 хз = x Answer. 

Linear Combination of vectors : 

Let» хо ................ xx be a set of К vectors іп В". Then the linear combination of 
these К vectors is sum of the form 01X1 + Q2 x2 + ...................... + Ок хк, in which 
0, is a real number. 


Linear Dependence and Independence Vectors : 

Let Xp 9 aen xk be a set of k vectors in R^. Then the set is said to be 
linearly dependent if and only if one of the k vectors can be expressed as a linear 
combination of the remaining k vectors. 

If the given set of vectors is not linearly dependent, it is said to be set of liearly 
independent vectors. 

Example 12 : Examine for linear dependence (1, 0, 3, 1), (0, 1, -6, -1) and (0, 2, 1, 0) 
in R*. 

Solution : Consider the matrix equation 01x1 + 02 хә + 03 хз = 0 

i.e 01 (1, 0, 3, 1) + ог (0, 1, -6, -1) + оз (0, 2, 1, 0) =0 

=> (оз + 002*005,001*02*205,3a1-601-602* 05,01- 0,2 + 005) =0 

=> ол =0 

ог + 203 =0 

3a - 602+ Q3 =0 

and oa - oo =0 


1^4 0 
ee a ul: 
16 3 E 1 e. = 0 

jm 0] 54-10 
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1 0 0 0 ons 
х 3 Аз- ЭК 
0 T. 2\77 0 
22 Un = Ва > Ва - Ri 
0 -6 1 0 
0 -1 0833 |o 
1 0 0 0 
0 1 2 о 0 R3 > Вз + 66; 
ОЕ ж ee 
=, 
0 0 2 0 


i.e. од 70, a2 + 202 =0 => O2 =0 
13 оз =0 => оз =0 
іе. оп =0 = 02 = 03 
Thus, е given vectors аге linearly independent. Answer. 
Example 13 : Examine the following vectors for linear dependence and find the 
relation if it exists. 
Xi = (1, 2, 4), X2 = (2, -1, 3), Xs = (0, 1, 2) and Xa = (-3, 7, 2) 
(U.P.T.U. 2002) 
Solution : The linear combination of the given vectors can be written in matrix 
equations as 
ол Ху + а2 X2 + оз X3 + 04 Ха = 0 
=> qı (1, 2, 4) + 2 (2, -1, 3) + оз (0, 1, 2) + a4 (-3, 7, 2) =0 
=> (01+202+ 003-3 04,2 01-02 +03+704,4014+3G2+ 203+ 2 04) =0 
=> 01+ 202+003-304=0 
201- 0 + 03 +704 = 0 
401+302+2 003 + 204 = 0 
This is a homogenous system i.e. 


QO, 

1 2 0 -3 0 
Q5 

2 -1 1 7 -10 
a, 

4 3 2 2 ` 0 
04 


Applying elementary row transformations we have 


=, 
1 2 0 -3 3 0 Rp > Rə- 2 
5" 0 -5 1 13 а, E 0 Кз > Ез -4Ri 
0 -5 2 14 P 0 
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а. 
1 2 0-3 E 0 
~| 0 -5 1 13| 21-10|,83-» R -R2 
0 0 1 1 0 


Hence the given vectors are linearly independent 
іе. 01+202-3 04 =0 

-5 02 + 03 + 13 04 =0 

03+ 04 =0 | 

putting a, = Кіп оз + 04 70 we get a3 = -k 
-5a2-k+13k=0 


T S kanda: + 2x Zk-3k-0 


=O, --2k 


Hence the given vectors are linearly dependent substituting the values of о. in 
Q1 X1 + ах Xo + Q2X2 + Q4 X4 70 we get 
Ку +k 5 Ex, +kX, =0 

5 5 


or 9X; - 12 X2 + 5X3 - 5X4 =0 

Characteristic Equation and Roots of a Matrix : 

Let A = [ai] be an n x n matrix, 

(i) Characteristic matrix of A : - The matrix A - М is called the characteristic 
matrix of A, where Lis the identity matrix. 

(ii) Characteristic polynomial of А : The determinant |А - AI| is called the 
Characteristic polynormial of A. 

(iii) Characteristic equation of A : The equation |A - AI| =0 is known as the 
characteristic equation of A and its roots are called the characteristic roots or 
latent roots or eigenvalues or characteristic values or latent values or poper 
values of A. 

The Cayley - Hamilton Theorem : Every square matrix satisfies its characteristic 
equation i.e if for a square matrix A of order n, 


|A-AI| = (-1) [Ап + ај Aet + a2 А2 +................... + ал] 
Then the matrix equation 

Xn + ау Хт1 + а; Хг-2 + аз Хп +...................... anl=0 

is satisfied by X = A 

іе. Аг + aj А"! + аз Ап2 + .................. +a,1=0 


(U.P.P.C.S. 2002: B.P.Sc 1997) 
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Proof : Since the element of A -А are at most of the first degree in A, the elements 
of Adj (A - AI) are ordinary polynomials in А of degree n -1 or less. 

Therefore Adj (А -А) can be written as a matrix polynomial in А, given by 

Adj (A - М) = Воп] + B1AP2 +................. +Bn-2A + Вал where Bo, Вт1.............. Вал 
are matrices of the type n х n whose elements are functions of ai, s 

Now (А - А) adj. (A - А) = |А -АЦІ 


 Aadj A= |A] Is 
^ (А - AI) (Bo Aet + Ва + ............ +В, + Ва) 
= (Ay [дл аи ин. + an] I 


Comparing coefficients of like powers of X on both sides, we get 
-I Во = (-1)^I 

АВо - IB; = (-1)" ai I 

АВ; - ТВ; = (-1)" ar I 


Premultiplying these successively by Ал, A™ .................... I and adding we get 
0 = (-1)^ Ат а А + ар AP? +.............. + ail] 
Thus, 
АЗАТ F ау Pe ал redet +aniAtanl=0 Proved. 
Example 14 : Find the characteristic equation of the matrix 
2 -1 1 
А-1-1 2 -1 
1 -1 2 


and verfy that it is satisfied by A and hence obtain А-1. 
(U.P.P.C.S1997; U.P.T.U. 2005) 

Solution : We have 

2-% -1 1 
|А-М=| -1 2-A -1 

1 -1 2-% 

= (2-A) { (2-A)? -1} + 1{-1(2 -2) +1} + { 1- (2-A)} 
=(2-A)(3-4A+ А2) + (A-1)+(A-1) 
=- 3+ 652-9), + 4 
we are now to verify that 
АЗ - 6А2 + 9A - 41=0 (i) 
we have 
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1 0 0 2 -1 1 
1-10 1 0, А=|-1 2-1 
1 и е] 2 
6 -5 5 
A! ZAxA|-5 6 -5 
5 -5 6 
22. -2 21 
A'A'xAj-21 22 -21 
21 -21 22 
Now we can verify that A? - 6А? + 9А -41 
2 -2 21 6 -5 5 2 -1 1 1 0 0 
=| -21 22 -211-6|-5 6 -5 |+9|-1 2 -1 |-40 1 0 
21 -21 22 5 -5 6 1 -1 2 0 0 1 
0 0 0 
-10 0 0 
0 0 0 


Multiplying (i) by A-1, we get 
А2 - 6А + 9I - 4А =0 


МАЛ -1 (A? - 6A + 91) 
Now A2 - 6A + 91 


6 -5 5 -1 6 -6 9 0 0 
=|—5 6 -5 |+| 6 -12 6 |+0 9 0 
5 -5 6 -6 6 -12 0 0 9 
3 1 -1 
=| 1 3 1 
-1 1 3 
3: "Wo md 
fu = 2 1 3 1 Answer. 
л 1 3 


Example 15 : Use Cayley - Hamilton theroem to find the inverse of the following 
matrix 
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4 3 1 
А=12 1 -2 
1 2 1] 


and hence deduce the value A5 - 6A: + бАЗ - 11A? + 2А +3 

(U.P.T.U. 2002) 
Solution : The characteristic equation of the given matrix is 
|А -А|= 0 


4-А 3 1 

2 1-A -2 140 

1 2 1-3 
їе. (4 – à) [(1 - A)? + 4] - 3 [2 (1 - à) + 2] + 1[4-(1-A)] =0 
or À? – 62 + 6A – 11 =0 
By Cayley - Hamilton theorem we have 
АЗ-6А246А-111-0 
Multiplying Бу A-1, we have 
Ап A? - 6A A? + 6A1 A- 11 A711 =0 
or A? - 6A + 6I - ПА =0 
11 A7 = А2- 6A + 6I 


4 3 1 4 3 1 4 3 1 1 00 
=| 2 11-21 2 1 -2 {-6 2 1 -2 +60 1 0 
1 2 1 1 2 1 1 2 1 0 0 1 
23 17 -1 24 18 6 6 0 0 
=| 8 3 -2 |-| 12 6 -121+10 6 0 
9 7 -2 6 12 6 0 0 6 
5 -1 -7 
-1-4 3 10 
3 -5 -2 
Therefore 
5 -] -7 
4 41 
А =—|- 3 10 
11 
3 -5 -2 
Now 


AS-6A4+ бАЗ - 1142 + 2A + 3 = A2 (АЗ - 6А? + 6A - 1) + 2A + 31 
= А2 (0) + 2А + 31 
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4 3 1 1 0 0 
=2 2 1 -2 +30 1 0 
1 2 1 0 0 1 
8 6 2 з 0 0 
=| 4 2 -4|+0 3 0 
2 4 2 0 0 3 
11 6 2 
-|4 5 -4 Answer. 
2 4 5 


Eigen vectors of a Matrix : 

Let A be an п х n square matrix, А be the scalar called eigen values of A and X be 
the non zero vectors, then they satisfy the equation 

AX = AX 

or [A - IA] X =0 

For known values ОЁХ, one can calculate the eigen vectors. 

Eigenvectors of matrices have following properties. 


1. The eigen vector X of a matrix A is not unique. 

2. If Ad Ад. eed An be distinct eigen values of n х n matrix then the 
corresponding eigen vectors Xi, Хә ................. Xn form a linearly independent 
set. 

3. For two or more eigenvalues, it may or may not be possible to get linearly 
independent eigenvectors corresponding to the equal roots. 

4. Two eigenvectors X; and X; are orthogonal if X:X2 =0 

5. Eigenvetors of a symmetric matrix corresponding to different eigenvalues 


are orthogonal. 
In this section we will discuss four cases for finding eigenvectors, namely. 


1. Eigen vectors of non-symmetric matrices with non - repeated eigenvalues. 
2. Eigenvectors of non-symmetric matrix with repeated eigenvalues. 
3: Eigenvectors of symmetric matrices with non - repeated eigenvalues. 
4. Eigenvectors of symmetric matrices with repeated eigenvalues. 
Example 16 : Find the eigenvalues and eigenvectors of the matrix 
з 1 4 
A=|0 2 6 
0 0 5 


(IAS 1994; U.P.P.C.S 2005; U.P.T.U. (C.O.) 2002) 


Solution : The characteristic equation of the given matrix is 
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[А -А |= 0 
ЗА 1 4 
0 2- 6 1-0 
0 0 8-4 
ог (3 -à ) (2-2) (5 - à) =0 
г. A =3,2,5 
Thus the eigenvalues of the given matrix are 
№ = 2, А№ = 3З, Аз = 5 
The eigenvectors of the matrix А corresponding to A = 2 is 
[A - Ail] X 2 0 
3-2 1 4 |х 0 
је | 0 2-2 6 |»х,1 5-0 
0 


1 1 4]x] [o 
0 0 é|x |-|0 
0 0 3]|»x| |0 


i.e. х + х2 + 4x3 =0 

6x3 =0 => ха =0 

ха + x2 =0 

=> x1 =-x2 =k; (say), ki 0 
Thus, the corresponding vector is 


X, К; 1 
Х,-1х,1-1-К, |=- К | -1 

х, 0 0 
The eigenvector corresponding to eigenvalue A2 = 3 
[A -A2 I] X=0 


3-3 1 4 1х1 fo 
0 2-3 6 |х,(-10 
0 


0 1 4|х, 0 
0 -1 бјх, |=|0 
0 0 2')%х, 0 
i.e. x2 + 4x3 = 0 

-x2 + 6x3 = 0 

and 2x3 = 0 > хз =0 
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іе. x2 =0 (7. хз =0) 

Now let x1 = К, we get the corresponding eigenvector as 
х, k, 1 

X, =|x, |=| 0 |=К,|0 
х, 0 0 


Again when A = 5, the eigenvector is given by 
[A - за I] X= 0 
3-5 1 4 |х; 0 

0 2-5 6 


о о 0|х,| |0 


i.e. -2 ху + хә + 4x3 =0 


- 3x2 + 6x3 =0 
or х2 = 2x3 = ka (say), Ка + 0 
Then 
2x1 = x2 + 4x3 = ka + 2k3 
= ЗКз 
NT 38, 
Thus, the corresponding vector is 
3 
x a 3 
X,=|x, |=] К, =k, 2 
х, | 1 
2 
Example 17: Find the characteristic equation of the matrix 
1 2 2 
0 2 1 
-1 2 1 


(U.P.P.C.S 2000; U.P.T.U. 2007) 
Also find eigenvalues and eigenvectors of this matrix. 


Solution : 
The characteristic equation of the matrix is 


166 


Matrices 


| A -AI|X =0 
1-1 2 2 
0 2-4 1 -0 
-1 2 2-4 
с> А-5 А + 8А - 4 =0 
=> (A – 1) (2 - 47 + 4) =0 
01:А25:1,2,2 
The eigenvectors corresponding to A; = 1 is 
[A - 1] X =0 
1-1 2 2 Tx] [о 


0 2 2 |x, 
0 1 1 |х, |=|0 
-1 2 1 |x, 

2x2 + 2x3 =0 


x2 + хз = 0 => х = – хз = kı (Say), Ка + 0 
- X1 + 2x2 + x3 =0 

xı = 2x2 + хз = 2К - ki = ki 

Hence, the required eigenvector is 


х, К, 1 
Х,=|х,]=| К,|=К| 1 

х, -К, -1 
Now, for the eigenvector corresponding to % = 2 
[A - 21] X =0 


1-2 2 2 Ре fo 
0 2-2 1 |х,|1-10 
0 


-1 2 e dM 0 
0 0 1 |х,|=|0 
-1 2 0 іх, 0 

i.e. – ху + 2х2 + 2х3 =0 

хз =0 

- х1 + 2x2 =0 


xı = 2x2 = Кә (say), k2 + 0 
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х1 = ko, х = > ka, x0 = 0 


Hence, the corresponding vector is 


k, 
^ | [1 1 
X, = Х, = 25 =5 а 1 
х, 0 


Diagonalization of Matrices : 

We have referred to the elements ан of a square matrix as its main diagonal 
elements. All other elements are called off- diagonal elements. 

Diagonal Matrix : - Definition 

A square matrix having all off - diagonal elements equal to zero is called a 
diagonal matrix. 

We often write a diagonal matrix having main diagonal elements di, 


О а 
with O in the upper right and lower left corners to indicate that all off - diagonal 
elements are zero. 

Diagonalizable Matrix : Ап п * n matrix A is diagonalizable if there exists an 
n x n matrix P such that P-! AP is a diagonal matrix. 

When such P exists, we say that P is diagonalizes A. 

Example 8: Diagonalize the following matrix 


A -1 4 
[03 
Solution : The eigenvalues of the given matrix are -1 and 3, and corresponding 
1 1 
eigenvectors | Ч апа H respectively 
From 


им 


Because the eigenvectors are linearly independent, this matrix is non singular 
(as | Р | = 0), we find that 


32211 = 
“10 1 
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Now compute 
ae 4! EE |! 1 
0 Iq. 30 1 
-1 0 
UE 
which has the eigenvalues down the main diagonal, corresponding to the order 


in which the eigentvectors were written as column of P. 
If we use the other order in writing the eigenvectors as columns and define 


9 o 


then we get 
ОАО = l | 
0-1 
Example 19 : Diagonalize the matrix 
1 6 1 
1 2 0 
0.0 3 


(U.P.T.U. 2006) 
Solution : The characteristic equation of the given matrix is | A - А |= 0 i.e. 
1-4 6 1 
1 2-Х 0 |=0 
0 0 3-4 
A=3,4,-1 
Now, eigenvectors corresponding to 
=> À= -lis 
[A - Ail] Xi =0 
1-1 6 1 [x 0 
је. | 1 2+1 0 |х, |=|0 
0 0 3+1|х, | (0 


2 6 1|х, 0 
э(1 3 0|%х, [=|0 
0 0 4|х, 0 
ie.2xi + 6x2 + хз =0 
x1 + Зх = 0 


4x3 =0 => x3 =0 
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x1=- 3x2 
suppose x2 = k, then xı = - ЗК, k #0 
The eigenvector is 


х, -3К -3 
Х,=|х, |=| К |= К 1 

х, 0 0 
Eigenvector corresponding to A2 = З is 
[A - №] =0 


1-3 6 d Tx [0 
{е | 1 2-3 0 |х, |=|0 
0 о 3-3|х,| (0 


-2 6 1|х 0 
=| 1 -1 0|х,|=|0 
0 0 еро 


іе. -2 ху + 6x2 + x3 =0 

xi-x270 x1= х = К (say), k + 0 
хз = 2х1 -6x2 = 2k - 6k = - 4k 
The eigenvector is 


х, К 1 
X,z|x,|*| К |=К| 1 

X, -4k -4 
Eigenvector corresponding to Аз = 4 is 
[А - А1] X3 =0 


1-4 6 1 x, 


0 0 –1|х,]| |0 
<. -= 3x1 + 6x2 + хз =0 
ха - 2x2 = 0 => х = 2x2 
- хз =0 => хз =0 
Let x2 = k then x; = 2k, Thus, the eigenvector is 
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X 2k 2 
X, =| x, |=| k |-k| 1 
х, k 0 
Thus, modal matrix P is 
3 1 2 
Р-11 1 1 
0-4 0 
4 -8 -1 
Now bts} gp 5 
-4-12 -4 
For diagonalization 
D = Р1АР 


4 -8 -111 6 1|-3 1 
zadig u- 511. 1 1 


о 


2 
1 
20l 4-12 -4|0 о 3], 0-4 0 
4-840 24 - 16 «0 440-3 -3 12 
aa 0+0+0 0+0+0 0+0+15 1 11 
с: -4-12-0 -24-24-0 -4+0-12 || 0-40 
-4 8 1:1-9-1 2 
TES 0 0 15111 
20 
-16 -48 -16| 0-40 
12+8+0 –4+8-4 -8+8+0 
Ec 0-040 0-- 0 — 60 0-04 0 
^ 48 — 48 -16-48-64 -32-48-0 
20 0 01-1 0 0 
шаа 0 -60 0| 0 3 0 
x: 0 0 -80| 0 0 4 
D = dia (-1, 3, 4) Answer. 
Complex Matrices : 


A matrix is said to be complex if its elements are complex number. For example 


42 243i 4i 
21-22 -i 


is a complex matrix. 
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Unitary Matrix : 

A square matrix A is said to be unitary if 

A*A =1 

Where A? = (А) i.e transpose of the complex conjugate matrix. 
Example 20: Show that the matrix 


1 1 1-1|. it 
— . is unitary 
43|11-1 -1 
(U.P.T.U. 2002) 
Solution : 


1 1 1+i 1 1-i 
А=—= | and А!-| , 
43 11:34:41 Їнэ 1 


4 1} 1 1+1| 111 1-1 
саз Ни -1 IR -1 | 
~ ЕР је) 1(1+i)+(1+i).1 
E PM Mem on 
1114-1-Г 0 
-x 0 Bd 
1/3 0 
ar И 


=> А is unitary matrix. Proved 


Hermitian matrix : 
A square matrix A is said to be a Hermitian matrix if the transpose of the 
conjugate matrix is equal to the matrix itself i.e 


Ад = А => aij = aji 
where A =[а Јах; аң ЕС 
For example 
. 1 2-3 3-- 4i 
GEIL ES, 4-5 
b-ic 4 | . 1 
3-41 4-51 2 
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are Hermitian matrices. 
if Ais a Hermitian matrix, then 


ai = ai > а -iB- aif 
= 2-0 
=> В =0 
ган = a+ i (0) 
ay = а 
= which is purely real 
Thus every diagonal element of Hermitian Matrix must be real. 
(U.P.P.C.S 2005) 
Skew - Hermitian Matrix : 
A square matrix A is said to be skew - Hermitian if A? = - A => aj = -aij 
For principal diagonal 
j=i 
> "m —-&üi 
= an ан =0 
=> realpart of ан =0 
= diagonal elements are parely imaginary 
Thus the diagonal elements of a skew - Hermitian matrix must be pure imaginary 
numbers or zero. 
For example 


0 -2-111-1 344i 
2-i 0 ||-3+4 0 


are Skew - Hermitian matrices. 


Problem set 


Exercise 
1. Using elementary transformations find the inverse of matrix A where 
1 2 3 
A=|2 4 5 
3 5 6 
[U.P.T.U. (C.O.) 2007] 
-1/4 3/4 0 
Ans. A! =| 3/4 -1/4 0 
-1/4 -1/4 1 
2; Using elementary transformations, find the inverse of the matrix A where 
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1 3 
A=|1 4 3 
1 3 4 
7. => --3 
Ans. A! =| -1 1 0 
-1 0 1 
3. Using elementary transformations, find the inverse of the matrix A where 
i - 2i 
А=| 2 0 2 
-1 0 1 


0 1/4 -i/2 
Ans. |-1 (3/4)i 1/2 
0 1/4 1/2 


4. Using elementary transformations, find the inverse of matrix A where 
2 5 3 3 
2 3 3 4 
“13 6 3 2 
4 12 0 8 


-144 36 60 21 
11 48 -20 -12 -5 . 


-1 
аав ask, 412 ъв 
0 12 -12 3 
5. Find the rank of the following matrix by reducing it to normal form. 
l. 2 17.5 
| 4 1 2 1 
UV. Bet дь! 
1 2 0 1 
(U.P.T.U. (C.O) 2002) 
0 1 2 -2 
(i) ^ А=|4 2 


N 
= о 
о 
- 


(U.P.T.U. (С.О.) 2007) 
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~ 
| 

rary 
| 

m. 


ai) јаза 3 42 
(U.P.T.U. 2006) 
E- Z3 
(iv) Find the rank of the matrix, A=|2 3 5 1 
1 3 4 


(U.P.T.U. 2000, 2003) 


Ans. (i) 3 (ii) 2 (iii) 3 (iv) 2 
3 -3 4 

6. IfA=|2 -3 4 |, find 
0 -1 1 


two non - singular matrices P and Q 
such that PAQ =I Hence find A". 
(U.P.T.U. 2002) 


Te f 0 1 0 0 
Ans. Р=| 0 0 1 (ага Q| 0 -1 1 
-2 3 -3 0 0 1 
1 -1 0 
and A! =QP =| -2 3 -4 
-2 3 -3 
7. Find the non singular matrices P and Q such that PAQ in the normal form 
for the matrices below. 
1 2 3 -2 
(i) 2 -2 1 3 
3 0 4 1 
1 -3 1 2 
(ii) 0 1 2 3 
3 4 1 - 
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T ae 1 1 | 3 4 A -1/3 
0 -1/6 -5/6 7/6 
Ans. (1) Р-|-2 1 0j], Q= 0 0 1 : 
-1 -1 1 
0 0 0 1 
0 
(ii) 0 
К i -1/28 
ES s7 21/28 
0 1 -2 10 / 28 
О” o 1 47/28 
0 0 0 1 
8. Use elementary transformation to reduce the following matrix A to upper 


triangular form and hence find the rank A where 
2 8—1 c 
1-1-2 -4 

А= 3 1 3 2 (U.P.T.U. 2005) 
6 3 0 -7 


Ans. 3 
9. Check the consistency of the following system of linear non-homogenous 
equations and find the solution, if it exists. 
7x1 + 2x2 + 3x3 = 16; 2x1 + 11 x2 + 5x3 = 25, х + 3x2 + 4x3 = 13 
(U.P.T.U. 2008) 


95 100 197 
Ans. x= Х, ===, XQ =-—— 
91” 91 91 
10. For what values of А and и, the following system of equations 


2x + Зу + 5z =9 , 7x + Зу - 22 =8, 2x + Зу + Àz =u 
will have (i) unique solution and (ii) no solution 
Ans. (i)A #5 (ii) #9,A=5 


11. Determine the values of А and и for which the following system of 
equations 

Зх - 2y + 2 = р, 5x – Ву + 92 = 3, 2x + у + Ал = -1 has 

(i) Unique solution (ii) No solution and 

(iii) ^ Infinite solutions. 

Ans ()ХА-3 (ü)À--3, us : (Н) А=-3,и=1/3 
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12. Verify the Cayley - Hamilton theorem for the following matrices and also 
find its inverse using this theorem 


Ји: 38 
(i) A=|2 4 5 
3 5 6 
(U.P.T.U. 2007) 
2 2 1 
(ii) А-10 1 -1 
3 -1 1 
(U.P. T.U. (CO) 2007) 
1 -3 2 0 3 3 
Ans. (i) А' =|-3 3 -1 (ii) А = l 3 1-2 
2 -1 0 : 3 -8 -2 
13. Find the characteristic equation of the symmetric matrix 
2 -1 1 
-1 2 -1 
1 -2 2 


and hence also find Ал by Cayley - Hamilton theorem. Find the value of Аб - 
6A5 + 9A4 – 2A? - 12A? - 23А - 91 
(U.P.T.U. 2003, 2004) 


0 - 
3 
3 3 
84 -102 80 
and Value = | -80 106 -80 
102 -138 106 
14. Find the characteristic equation of the matrix 


2 1 1 
A=|0 1 0 
11 2 


verify Cayley-Hamilton theorem and hence evaluate the matrix equation 
A8 - 5A7 + 746 – 3A5 + Аз – 5A3 + BA? - 2A + I 

(U.P.T.U. 2002) 
Ans. А - 542+ 70-3 = 0 
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8 5 5 
andj0 3 0 
5 5 8 
15. Find the eigenvalues and corresponding eigen vectors of the following 
2 1 1 
0) 23 2 
3 3 4 
-2 2 -3 
(ii) 2 1 -6 
-1 -2 0 
3 10 5 
(iii) 1-2 -3 -4 
Эс e X 
0 1 
Ans. (1) 1,1,7; | 1|,| 0|12 
-1 E 3 
111013 
(ii) 5, -3, -3; | 2,310 
-111211 
-11|-5 
(ш) _ 2,2,3, -1|,-2 Dependent eigenvectors. 
2||5 
16. Diagonalize the given matrix 


| 0 -1 
Ж 
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1 0 0 0 
| 04 1 0 
б) lo o -3 1 
0 0 1-2 
3+ УЛ 4 
- 2 
Ans. (i) D = P'AP = 
0 3-471 
0 
2 
(ii) P^AP “> 
п = 
0 6 
0 0 
(iii) P"AP=|0 5 
0 0 -2 
1 0 0 0 
0 0 0 
(9) ОРТАР-Ї0 o 295 o 
2 
0 0 0 m 


10 
17. Prove that È 1 | is not diagonalizable. 


OBJECTIVE PROBLEMS 
Each of the following questions has four alternative answers, one of them is 
correct. Tick mark the correct answer. 


1-3 2 
1. The rank of the matrix А-| 3 -9 6 | is 
-2 6 -4 


(U.P.P.C.S. 1990) 
(А) 0 (B) 1 
(C) 2 (D) 3 

Ans. (B) 

2. The equations 
х-у+22= 4 
3x ty + 42= 6 
х+у+2 = 1 have 
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(A) | Unique solution (B) Infinite solution 
(C) No solution (D) None of these 
Ans. (B) 
5 0 2 
3. If A=} 0 1  OjandI be 3x3 unit matrix. If M-I- A, then rank of 
-4 0-1 
I-Ais 
(LA.S. 1994) 
(A) 0 (B 1 
(C) 2 (D) 3 
Ans. (B) 
4. If p(A) denotes rank of a matrix A, then p(AB) is 
(LA.S. 1994) 
(А) (A) (B (В) 
(C) Is less than or equal to min [р(А), p(B)] 
(D > min [p (A), p(B)] 
Ans. (C) 
5. If 3x + 2y + 2 =0 
x+4y+z=0 
2x+y+4z=0 
be a system of equations then 
(LA.S. 1994) 


(A) 1615 inconsistent 
(B) It has only the trival solution x =0, y =0, z = 0 
(C) ^ Itcan be reduced to a single equation and so a solution does not exist. 
(D) Тһе determinant of the matrix of coefficient is zero. 
Ans. (B) 

6. Consider the Assertion (A) Reason (R) given below : 
Assertion (A) the system of linear equations 
x-4y + 52 =8 
Зх + 7y - 2 =3 
x + 15y - 112 = -14 is inconsistent. 
Reason (R) Rank p(A) of the coefficient matrix of the system is equal to 2, which is 
less than the number of variables of the system. 

(LA.S. 1993) 
The correct answer is - 
(A) Both A and R are true and R is the correct explanation of A. 
(B) Both A and R are true but R is not a correct explanation of A. 
(C)  Aistrue but R is false. 
(D)  Aisfalse but R is true. 
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Ans. (B) 
7. Consider Assertion (A) and Reason (R) given below : 
Assertion (A) : The inverse of p | dose not exist 
Reason (R) : The matrix is non sigular. 
(1.А.5. 1993) 
The correct answer is 
(A) Both A and R are true and R is the correct explanation of A. 
(B) Both A and R are true but R is not a correct explanation of A. 
(C) A is true but R is false. 
(D) Ais false but R is true. 
Ans. (D) 
8. If A = Diag (Ал, Às,........... An), then the roots of the equation det (A - xI) =0 
аге__ 
(1.А.5. 1993) 
(А) _ All equal to 1 
(B) All equal to zero 
(C) №,1<і<п 
(D) -м,1< 1<п 
Ans. (С) 
1 1 1 
9. The matrix |2 5 7 |then inverse matrix is given by 
2 1 -1 
3 1/2 1/2 
(A) 4 3/4 -5/4 
2 1/4 -3/4 
3 -1/2 -1/2 
(B) - 3/4 5/4 
2 -1/4 2374 
3 1/2 1/2 
(C) | 3/4 5/4 
2 -1/4 -3/4 
3 1/2 1/2 
(D) 4 3/4 5/4 
2 1/4 3/4 
Ans. (B) 
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3 1 2 
10. The rank of the matrix A = | 2 4 | ріуеп by 
Ї 12 
(А) 0 (B) 1 
(C) 1 (D) 3 


Ans. (B) 
11. The value of A for which the system of equation x + 2y + 32 = Ах, Зх + y + 
2z = hy, 2x + 3y + z = Ax, have non - trival solution is given by 
(А) 1 (B) 2 
(С) 4 (D) None of these 

Ans. (D) 


1 
1 | which опе of the 


1 1 
12. Let the matrix be a-l; Я2 84| 


following is true. 
(A) A” exists (B) В” exist 


(C) AB=BA (D) None of these 
Ans. (D) 
13. The equations 
х+у+2=3 
x + 2у + 32= 4 
2х + 3y + 42 = 7 
have the solution - 
(А) x=2,y=1z=1 
(B) x-Ly-2z-1 
(С) x=3,y=1z=1 
(D) х=1,у=0,>=3 
Ans. (С) 
14. If А and В are square matrices of same order, then which one of the 
following is true. 
(A (АВ) = A'B (B (AB) = АВ" 
(С) (А?) = (Ау (D) BIAB=BA'B 
Ans. (С) 
100 
15. The inverse of the matrix |0 2 0 is 
00 3 
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1 15 
Ї 0 0 10 0 
1 1 
A 0 — 0 B 0-0 
(A) > (8) Е 
0 0 2 00 1 
L 3 | | 2 
[i 0.3 
2 
(C) 0 1 0 (D) None of these 
05:40:22 
3 
Ans. (A) 
1 -2 
16. The rank of the matrix -2 4 lis 
-1 2 
(А) 0 (B 1 
(C) 2 (D) 3 
Ans. (B) 
17. Let A be ann х n matrix from the set of real numbers and A? – 3A? + 4A - 
61 =0 
where I is п x nis unit matrix if А-1 exists, then 
(LA.S. 1994) 
(A) | A!'-A-I 
(B A =A+6I 
(С) А? =3A-61 
(р) А" = = (А? - ЗА + 41) 
Ans. (О) 


18. Consider the following statements. Assertion (А): If a 2 х 2 matrix, 
commutes with every 2x2 matrix, than it is a scalar matrix. 
Reason (К) : A 2 х 2 scalar matrix commutes with every 2 х 2 matrix 
of these statements - 

(L.A.S. 1995, 2007) 
(A) | BothA and R are true and R is the correct explanation of А; 
(B) Both A and R are true but R is not a correct explanation of A. 
(C)  Aistrue but R is false. 
(D)  Aisfalse but R is true. 
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Ans. (B) 
-05 0 0 
19. The inverse of the matrix | 0 4 0 |іѕ 
0 0 1 
05 0 0 05 00 
(А) 0 -4 0 (B) 0 -4 0 
0 0-1 0 0 1 
-2 0 0 2 0 0 
(C) 0 025 0 (D) 0 -025 0 
0 0 1 0 0 -1 
Ans. (D) 
20. The system of equation 
x+2y+z=9 
2x + y + 3z =7 


can be expressed as 
(1.А.5. 1995, 2004) 


(D) None of these 
Ans. (D) 
21. The points (ху, ул), (x2, y2), (хэ, уз) are collinear if the rank of the matrix. 
х у 1 
Az|x у, 115 
X, у 1 
(А) lor2 (В) 2or3 
(C) 1065 (D) 2 
Ans. (A) 
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22. To convert the Hermitian matrix into. Skew Hermitian one, the Hermitian 
matrix, must be multiplied by 

(A) -1 (B) i 

(C) -1 (D) None of these 


Ans. (B) 
1 i+1 3 
23. -2 1 5+i/is a3 x3 matrix over the set of 
42. 3-i 0 
(A) Natural numbers (B) Integers 
(C) Real numbers (D) Complex numbers 
Ans. (D) 
24. The system of equations 
х + 2y + 32 = 4 
2х + Зу + 82= 7 
x-y + 92 = 1 have 
(А) Unique solution (B) No solution 
(C) Infinite solution (D) None of these 
Ans. (C) 
25. А system of equation is said to be consistent if there 
eXISE cs code solutions for the system - 
(A) No (B) One 
(C) Atleastone (D) Infinite 
Ans. (C) 
26. If the determinant of coefficient of the system of homogeneous linear 
equation is zero, then the system have - 
(A) Trivial solution 
(B) Non - trivial solution 
(C) Infinite solution 
(D) None of these 
Ans. (B) 
27. Who among the following is associated with a technique of solving a 
system of linear squations ? 
(А) баггиѕ (B) Cayley 
(C) Cramer (D) Hermite 
Ans. (C) 
3 2 0 
28. Matrix A-|2 0 i jis 
0O -i 0 
(A) Unitary (B) Hermitian 
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(C) Skew-Hermitian (D) None of these 
Ans. (B) 
-1 0 3-1 
29. Given matrix} 0 1 О js 
3-1 0 0 
(A) Hermitian (B) Non - Hermitian 
(C) Unitary (D) None of these 
Ans. (A) 
i 1 0 
30. Matrix |-1 0 21 |15 
0 2i 0 
(А) Hermitian (B) Skew-Hermitian 
(C) Unitary (D) None of these 
Ans. (B) 
31. Characteristic roots of the matrix 
| со80 -sin | | 
А= { 15 
-sinO -—cos@ 
(А) +i (B) +1 
(C) +2 (О) None of these 
Ans. (B) 
32. The eigen values of the matrix 
-2 2 -3 
A=| 2 1 -6118 
-1-2 0 
(А)  5-3,-3 (В) -5,3,3 
(С) -5, 3, -3 (0) None of these 
Ans. (A) 
33. The matrix A is defined by 
-1 0 0 
A=| 2-3 0 |the eigenvalues of A? is 
1 4 2 
(А) -1,-9,-4 (B 1,9,4 
(C) -1, -3, 2 (D) 1,3, -2 
Ans. (B) 
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34. 


(А) 
(С) 


35. 
ате 


(А) 
(С) 


36. 


(А) 
(С) 


Matrices 


-1 2 3 
If the matrixisA=| 0 3 5 |then the eigenvalues of A? + БА + 81 are 
0 0-2 
-1, 27, -8 (B) -1,3,-2 
2, 50, -10 (D 2,50, 10 
Ans. (C) 
The eigenvalue of a matrix A are 1, -2, 3 the eigenvalues of 3I - А + A? 
2, 11,6 (B) 3, 11, 18 
2,3,6 (D) 6,3,11 
Ans. (A) 
3i 0 0 
The matrix |- 0 118 
0 -i 0 
Unitary (B) Hermitian 
Skew - Hermitian (D) None of these 
Ans. (D) 
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Multiple Integrals 


"This page is Intentionally Left Blank" 


Chapter 10 
Multiple Integrals 


Introduction: The process of integration can be extended to functions of more 
than one variable. This leads us to two generalizations of the definite integral, 
namely multiple integrals and repeated integrals. Multiple integrals are definite 
integrals of functions of several variables. Double and triple integrals arise while 
evaluating quantities such as area, volume, mass, moments, centroids and 
moment of inertia find many applications in science and engineering problems. 


b 
Double Integrals: The definite integral f£(x)dx is defined as the limits of the 


sum f(x1) 5x1+ f(x2) бхэ + хз) 6x3 + ............ + f(x») бхд when n -> œ and each of 
the length ôx, 8x2, ӧхз............... 5xn tends to zero. Here 6x, 5x2, 
ONG инн: бхд are n sub intervals into which the range b - a has been divided 
and ху, Xo Xn are values of x lying respectively in the first, second, 
атау аон nth sub-interval. 

a х, х, x. b 

< бху-><— ӧх,-> < ôx, > 


A double integral is its counterpart of two dimensions. Let a single valued and 
bounded function f(x, y) of two independent variables x, y are defined in a closed 
region R of the xy - plane. 

Divide the region R into subregions by drawing lines parallel to Co-ordinate axes. 
Number of rectangles which lie entirely inside the region R, from 1 to n. Let (xr, 
yr) be any point inside the rth rectangle whose area is А. 


Consider the sum 
ху, yı) ÔA + хо, y2) ФА + ........... +£(Xn, ул) 5An 
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= (х,у, )8А, (i) 


Let the number of these sub-regions increase indefinitely, such that the largest 
linear dimension (i.e. diagonal) of 5Ar approaches zero. The limit of the sum (i), if 
it exists, irrespective of the mode of subdivision is called the double integral of 
f(x, y) over the region R and is denoted by 


[| f (x,y)dA 
R 
In other words 


lim Ý f(x х,,у,)6А, “|| лу 


ВАГЭ0 г=1 

which is also TURN as 

[уша ог |] боу)дуах 
Ve 4удх 

Example 1: Evaluate [А | [per 


(P.T.U. 2006) 
Solution: Since the limits of y are functions of x, the integration will first be 
performed w.r.t y (treating x as a constant). Thus 


го шог, тах? 
ET Ee ED sje 


Чи 


- Цээнэ ш} 


121 4 T 
= {ап tan—dx 
| dx? 4 


1 
2L (959) | =“ log(1 +2) Answer 
4 o 4 
Example 2: Evaluate |А ЈЕ е““дудах 


Solution: |, | е"”4удх = ЈЕ чуј“ e" dx 
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= fray {yer} 
Let Ž =t 
y 
=>dx=y dt 
ese] 
E [; уду (е? - 1) 
= j: yle - 1)dy 
-[rte nh -[ е -у)®% 


Answer. 


Example 3: Evaluate |- ү, Ма? - х? - y! dydx 
Solution: Let the given integral be denoted by I 
4141, цай „(а -x -y? dy dx 
ШЕЛ (erg eg te 
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ш-- Answer. 


Example 4: Evaluate ff (x? + у*)ахау over the region in the positive quadrant for 
which x фу <1 

OR 

Evaluate е +у? )dxdy , where A is the region bounded by x =0, y =0, x + y =1. 


Solution: The region of integration is the triangle OAB, for this region x varies 
from 0 to A i.e. from x =0 to x =1 and for any intermediary value of x at N. say y, 
varies from the x axis to P on the line AB given by x + y =1 i.e. y varies from y =0 
toy =1 -x 


Hence the given integral 


= IMS 4 у“ )dx dy 


з \1-х 
=f i 25 dx 
0 
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1 


+501 =») |а 
1-9» аг» 


| Ш 
© be^ e хэн 
~ ma 
х 
~ 
— 
— 
| 
х 


= [1(1-3х+в - 4x? )dx 
03 
1 

23122 2x! -xt 

2 2 ò 
-Ц1-3на-1| 

3 2 
| Answer. 

6 
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: ху T . 
Example 5: Evaluate [== ах dy over the positive quadrant of the circle x2 + 
4-9) 


Solution: The region of integration here is the quadrant OABO of the circle ав 


shown in figure. 


Here, the Co-ordinates of A and B are (1, 0) and (0, 1) respectively as the radius of 


the given circle is 1. 


Y 


Here the given integral 
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Answer. 


Example 6: Evaluate ff xy (x + y)dxdy over the area between у = x? and y = x 


(B.P.S.C. 2005) 
Solution: Here x? =y represents a parabola whose vertex is the origin and axis is 
the axis of y. The equation y =х is a line through origin making an angle of 459 
with x axis solving y = x? and y = x, we find that the parabola y = x? and the line y 
=х intersect in the point (0, 0) and (1, 1) 


Required value = [ a xy (x + y)dxdy 
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= [| бу o9? јахау 


1,1! 
714 24 6 
= = Numerically Answer. 


Example 7: Evaluate ff x’y? ахау over the region x? + y2<1 


Solution: 
М2 
I= ЈЕ ах per х?у? dy 


2 „ЕЗ (1-x?) 
TARA а 


= 2 | sin? Өсов” 040 
3 Jo 
putting x = зтд 
= 4 ^ sin? Өсов: 040 
3 Jo 


214 


a 
3 
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205 Answer. 
24 


Example 8: Evaluate [х+у) dxdyover the area bounded by the ellipse 


(U.P.T.U. 2004) 


2 2 
Solution: For the ellipse ын + =1, we have 
a 


b 
See ET 
yst- (a? - x!) 
2. Region of integration is for x from -a to + a and for y from 25 (a? -x?) to 
a 


bp 
2 [а =) 


b 
2. the given integral [ „| 
БЕРТ РИЧ 


(7-5) 
Р (4-4 


(8-9) 


(х+у) ахау 


b [суз 
= хүйс ту em)axty 
b 5 
а а (a?-x?) 
ep Teen) aay 
(The third integral vanishing as 2xy is an odd function of y) 
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ze = x? )[ 3a?x? + b’a? – b?x? Јах 


= Ab ("02 асоавГЗа“ sin? 6 + b'a! -Б 4 sin Ja созде 
За? Je=0 
putting x = a sin 


= 2 ва| [заз sin? 0 + b? – b? sin? ө] cos? 0d0 
3 Jo 


E bal (3a? - b?) |7? sin? 0 cos? өдө + b? [| cos? odo] 
3 0 0 


мэт 


_ Tab Fos 5 eb 


E lab (a? + b°) Answer. 
4 


Example 9: Find the area lying between the parabola y = 4x - x? and the line y = 
х. 

ee The two curves intersect at points whose abscissa are given by 

4x - х = 

i.e. x = » or3 
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O Х 


The area can be considered as lying between the curve y =x, у = Ах -х2, х =0 and x 
=3. So, integrating along a vertical strip first, we see that the required area 


2 
Ax-x* 


3 рах-х? : 
E |, f dxdy = [у] dx 
0 x 


= 27 д = 2 Answer. 
2 2 


Change to Polar Co-ordinates: 


We have x = r соб, у = r sin 
Therefore 


cos0 -rsinO 


sinO  rcosO 


SE 


=> Ї f[x, ујахау = [| £[rcos8,rsin@]J 404г 
R R' 

= [[f[rcose,rsino]rdodr 
д 


Note: In polar dx dy is to be replaced by r 40 dr. 


200 


Multiple Integrals 


Example 10: Evaluate [^ он ? + y? дуйх by changing to polar Co-ordinates. 
y jay y ging to p 


: 24 Vax? 2 2 Petes М 
Solution: Let I = |. [^ Г +у d dx, upper limit of y is 


х2 + y?-2ax =0 
(x-a)? + уз = аз @ 


2 2 2; 
r-2acosQ X + У - 2ах = 0 


ЭГ: 


This equation represent a circle whose centre is (a, 0) and radius a. Region of 
integration is upper half circle. Let us convert the equation into polar Co- 
ordinates by putting 

x = г cos0 and у = г sin 

=> r? – 2а r cos0 =0 


=> г=>а cos0 — (ii) 
ле рр (x? +у?)ауах 


п/2 


Ө=0 =0 
/ 
= 4а* | ? cos* 040 
0 
4 
B = Answer. 


Example 11: Transform the integral f° j* ne ly? fpe + y!)dx dy by changing to 


polar Co-ordinates and hence evaluate it. 
Solution: The given limits of integration show that the region of integration lies 
between the curves 


у=0,у= (а? - x?) , x =0,x =a 
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Thus the region of integration is the part of the circle x2 + у? =a? in the first 
quadrant. In polar Co-ordinates, the equation of the circle is 
т? cos?0 + r? sin?0 = a? 


је. г=а. 


Hence in polar Co-ordinates, the region of integration is bounded by the curves 
г =0, r =a, 0 20,6 = n/2 
Therefore, 


ik f e y Joe +y’) dxdy = a r’ sin? Gr. rdOdr 
= sf sin? 45 - | do 


- а ы л? 040 

МЕН 

5 
5. 

Ево a’ Answer 
52 2.1 20 


Example 12: Evaluate Ї [57 (x? + у“ )ах dy by changing to polars. 


Solution: The region of integration is given by у = х,у = (2x s x!) ‚х *0,x =1. 


Thus, the region of integration lies between line y = x, a part of circle (x -1)? + y? 
=1, x 70 and x 71. 
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The diameter of the circle is 2 with its end at (0, 0) and (0, 2). Its equation is r = 2 
cos0 and Ө varies from 7/4 to 1 (у =x to x =0) 


Now the given кр in polar Co-ordinates takes form 
ИМЕ: 2 гаө di ME * [qe 


n/4 т/4 


E "^4 cos* 040 
4v 
saf’ cos! 049 


1 + сов 20) 40 


~ 
552552 
> мм 


1 + 2с0520 + cos 220)40 


idi E жга ч eus 40 ao 
ма | 2 2 


л/2 


6 
a 
= [7 1 + 2с0520 + а de 
J 
ab 


Ө + sin 20+ — 1 00s 40) 
2 8 


л/4 
л X 1 
-1-|--214(0- 2(0- 
33 ЭН )+10-0) 

=== Answer. 


Example 13: Evaluate |, a хоу by changing to polar Co-ordinates. 
р зу у ging ор 
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Solution: In the given integral, y varies from 0 to (2x - х?) and x varies from 0 


to 2. 

y =V2x-x? 

=> у2 = 2x - x? 

=> х? + y? = 2x 

In polar Co-ordinates, we have 
т? = 2r cos 

=> г = 2050 


2. For the region of integration г varies from 0 to 2 cos0 and Ө varies from 0 to 2 : 


In the given integral replacing х by r совв, у by г 51100, dy dx by г dr dO, we have 
pepe гсоѕӨ.г drd0 
- | | 


т 


= lg ЈЕ гсоѕӨагаө 


n 2 2cos8 
«| со «15 | 49 
2 0 
- | 2cos? 040 = 22 = i Answer 


Example 14: Evaluate |” f et "ахау by changing to polar Co-ordinates. 
Ул. 


Hence show that [ пез dx= 
0 2 


(U.P.T.U. 2002) 
Solution: ~ that 


I= [fret “97ахду 


Here we see that the integration is along a vertical strip extending from у =0 юу 
= oo and this strip slides from x =0 to x = o 
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Hence, the region of integration is in the first quadrant, as shown in figure (i) 


Fig. (i) 
The region is covered by the radius strip from г =0 to г = and it starts from Ө =0 
to Ө = 1/2 as shown in figure (ii). Thus 


И [rer ак dy = [fe габаг 

5 = [I7 f" Care агад 
1300-2217 

= “| "Te | аө 


1 re? 
- 227 (0-1)40 


= | 140 = - Answer 
240 4 

Now, let 

I= J, er dx (1) 


Also Т= | е“ ду (2) 
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(by property of definite integrals) 
Multiplying (1) and (2) we get 


2. оо poo -(х?+у?) НАС 

Ї =[ [е хайы 

=> [= (z) as obtained above 
Мт 


= 1=— Proved. 
2 


CHANGE OF ORDER OF INTEGRATION 
b ed d eb 
Introduction: We have seen that [ 1 f(x,y) ахау = f |А f(x,y) dy dx, provided 


a, b, c, d are constants. 

Here we see that the limit of x and y remain the same whatever order of 
integrations are performed. In case, the limits are not constant the limits of x and 
y in both the repeated integrals will not be the same. 


[ | f(x,y) dxdy 

Means integrate f(x,y) first w.r.t y from y = c to y = d treating x as constant and 
then integrate the result obtained w.r.t x from x =a to x =b. 

Sometime, the evaluation of an integrated integral can be simplified by reversing 
the order of integration. In such cases, the limits of integration are changed if they 
are variable. A rough sketch of the region of integration helps in fixing the new 
limits of integration. 


Note: In some books particularly American 122 f(x, y)dy dx is written instead 


of Г | f(x,y) dx dy where the first integration performed w.r.t у and then after 


W.r.t.x. 

However in this book we shall generally use the notation given in the beginning 
of the introduction. 

Example 15: Change the order of integration in the integral 


pe [КЛ 


tana 


f(x,y) dxdy 


Solution: The given integral f i f(x, y)dxdy 


tana 


Here the limits are given by x =0, x = a cosa; y = x tana, y= (а? – х2), 


у = (а? - х?) gives х2 + y? = a? i.e. circle with centre at origin. 


To find intersection point of 
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хе + уг = а? (i) 
and 
y =x tana (ii) 


Now from (1) and (ii) => x? + x? tan? a = a? 
=x = а cos а 
put this in (ii), у = a соз а, tan а. 
= аѕіп о 
2 (a sin а, а cos а) is the intersection point A of (i) апа (ii) 


у = хала 
х = а сова, 


C 


Through A draw a line AN parallel to x-axis. Evidently the region of integration 
is OAMO. 

In order to change the order of integration let us take elementary strips parallel to 
x-axis. Such type of strips change their character at the point A. Hence the region 
of integration is divided into two parts ONAO, NAMN. 

In the region ONAO, the strip has its extermities on the lines x =0 and y = x tan a. 


y 


г, limits of x in term of y are from x =0 to 
tana 


(or y cot a) limits of y are form 0 


to a sin a. 
In the region NAMN, the strip has its extremities on the line x = 0 and the circle 


-. limits of x in term of y are from 0 to (a? я х?) and limits of y are from a sin a 


toa. 
[mpg (x, y )4хду = Тон | (х, у )dy dx + «pups f(x, y )dy dx 
Answer. 


Example 16: Change the order of integration in the following integrals. 
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@ |, | ө(х,у)ахау 


(ii) Ї [^ l (x, y )áxdy 
Solution: (i) We denote the given integral by I. Here the limits are given by 
x 70, x 22a; y = За -x 
S p ac ads 
or na aor tu or x? - 4ay 
For intersection point of 
y “За -x and x? = 4ay we have x? = Да (За -x) 
or (x + 6a) (x -2a) =0 
or x 7 2a, - 6a 
Put in y = 3a -x we get y = a, 9a 
2. (-6a, За) (2a, а) 


Range of integration is OABO. In order to change the order of integration, we 
take elementary strip parallel to x axis, such type of strips change their character 
at A. Hence we draw line CA parallel to x axis. Thus the range is divided into two 


parts OACO and CABC. 


In the region OACO, any strip parallel to x axis has its extremities on x =0 and x? 
= Дау. ;. For such strips, limits of x in term of y are from 0 to J(4ay) and limits of 


y are from o to a. 


In region CABC, any strip parallel to x axis has its extermities on x =0 and 


x = 3a-y and y varies from у =a to y = За. 


I= f p $(x, y)dy dx + | Ж (x, y)dy dx Answer. 
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(ii) Limits x =0, x =a; y =0, у= (a? - х?) or x? + у? =а2 


pe is OABO. 
. on changing the order of integration, we get 


Бэл 
ЇГ 
каше 17: 2 the order of integration of 

2a 
Ё [6 2ах-х (х, y. )dxdy 
Solution: Limits of integration are x 70, x 22a, у = (2ax - x?) ‚у = (ах) 


у = Угах => у? = 2ax, parabola 


y-N2ax- x =x? + y? - гах =0 


=> (х - а)? + (у - 0)? = a2, is circle with centre at (а, 0) and the radius a 


f(x ‚у )ду dx Answer. 


-x-tat (а? - y") 

intersection of x = 2a and y? = 2ax is C (2a, 2a). 

Range of integration is OABCO. Through A draw a line ED parallel to x axis. 
Thus the range is divided in three parts namely. 

(1) OAEO 

(2) ABDA 

(3) EDCE 
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B (2a, 0) 


Range No (1) for the region OAEO strip parallel to x axis lies its one end on x = 
у2/2а and the other end on x z a - (а: – y?) . For this strip y varies from у =0 to 
y =a. 

Range No (2) for the region ABDA, the limits for x are froma+ (а> -у) to 2a 


and that for y are from y =0 to y =a. 

Range No (3), for the region EDCE, the limits for x are from y?/2a (from 
parabola) to 2a and that for y are from y =a to y = 2a. 

Hence the transformed integral is given by 


ee el йү ff tay ax Рр “(хай 4У4х+ |, "Г fdydx 


2ax-x? 


Answer. 
Example 18: Change the order of integration in 


f Siem = 6(x,y)dx dy 

a. We denote the given integral by I. Limits of integration are x =0, x =a; 
y= (а: -x’), y =x + 2a, y= (a? -x!) gives x? +у? = a? circle. y = x + 2a is 
expressible as 


x у_ 
(-2a) “а 
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The range is ABCDA. Any strip parallel to x-axis change its character at D and C 
both. Hence we draw two parallel lines DN and CM. The range is divided in 
three parts namely (1) DAND (2) DNMCD, (3) CMBC 


Range (1) one end of the strip lies опх = (a? — y?) and the other end on x = a. For 


this strip y varies from y =0 to y =a. Similar calculations are done for range (2) 
and (3) 


E ES Ї Ics фауах + н | 1 ody dx + M a odydx Answer. 


өө» У 
Example 19: Change the order of integration in Ї [| S dx dy and hence find its 
Ted 


value. 
(1.А.5. 2006) 


Solution: Let I = [^ [^ —dxdy 
ny 


Here the limits are 
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The range of integration is OABO. In order to change the order of integration, let 
us take an elementary strip parallel to x axis. One end of this strip is on x =0 and 
the other on x =y. For this strip y varies from y = 0 to y = со 


BU NE dy = ЈЕ 


= 1-0 =1 Answer. 

x-x? fa 

97 f(x, y)dxdy 

Solution: The limits of integration are given by the parabolas i.e. x2/a = y; i.e. x? 


=ay; х-х2/ а =y іе. ax - х? = ay and the lines x =0; х= 


Example 20: Change the order of integration in [^ 


x 


Also the equation of parabola ax -x? = ay may be written as 
2 
[x-3] = y -2) i.e. this parabola has the vertex as the point (24) and its 


concavity is downwards. 
The points of intersection of two parabolas are given as follows ax - x? = x? or x= 


0, ; and hence from x? = ay, we gety = atx =0 and y == at х=5. 


Hence the points of intersection of ће two parabolas аге (0,0) (2,2) : 


Draw the two parabolas x? = ay and ax = x? - ay intersecting at the point О (0,0) 
and (2.2 : 
24 


Now draw the lines x =0 andx = 5. Clearly the integral extends to the area 


ONPLO. 
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Now take strips of the type NL parallel to the x axis. 
Solving ау = ax - x? i.e x? – ax + xy =0 for x, we get 


-tat (a? - 4ay) | 
-5[a- (a? = 4ay) | (1) 


xad TER А | а 
rejecting the positive sign before square root, Since x is not greater шаа, for the 


region of integration. 


Again the region ONPLO, the elementary strip NL has the extermities N and L 


on ax - x = ay and x? = ay. Thus the limits of x are from Za- (a? -4ay) | to 


(ау). For limits of y, at 0, y = 0 and at P, у= г Hence changing the order of 


integration, we have Io 5 ^t f(x, y)dxdy = da Nec fen) dye Answer. 


Example 21: By changing the order of integration, bs 


ET ? шоо dy 
y jà ax y 
(L.A.S. 2003, U.P.T.U. 2002) 


Solution: The given limits show that the area of integration lies between x = у2/а, 
x =y, y 70, y =a since x = y?/a, y? = ax (a parabola) 
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and y = x is a straight line, these two intersect each other in the point 0 (0, 0) and 
A (a, a). The area of integration is the shaded portion in the figure. 


Y A (а, а 


X! 


У 
We can consider it as lying between y = x, у = Мах X =0, x =a. 
Therefore by changing the order of ен уге һауе 

y dy dx 


hhinn uenis IN 22-06 
- [- шэг E 


put x =а sin?0 
2. dx = За ѕіпӨ cos0 40 


А ‚ол \!/2 
: 1 = У . 2a sin cos0 ад 


acos? 0 


n/2 . 2 
= |, 2а51п° 040 = 2a. 
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Example 22: Changing the order of integration of Ї | E sin nx dxdy show that 


[Г sin nx dx- £ 
9 х 2 
(U.P.T.U 2003, 2009) 
Solution: The region of integration is bounded by x =0, x = ~, y = фу = с. 
i.e., the first quadrant, as shown in figure. 


Thus 
Jp es sin nxdxdy = [dy е” sinnxdx 


joo 


DES Та гуяа ncosnx}] dy 
-po ze 
=] 

= @ 


on changing the order of integration, we get 
Г e" sinnxdxdy = Ї sin nxdx[ е”"ду 


о 


215 


A Textbook of Engineering Mathematics Volume - I 


" е5 | 
=Í sin пх dx 
0 =х 
0 
=вїппх 1r 
Jic 
x e" | 


Г sin nx 
E 0 


dx[- 0 « 1] 


_ Г sinnx 4. (ii) 
© X 
Hence from equations (i) and (ii) we have 


ЈЕ sinnx 1 


8 х 2 
Example 23: Find the area enclosed between the parabola y = 4x - x? and the line 
у=х. 

(U.P.T.U. 2008) 

Solution: The given curves intersect at the points whose abscissas are given by у 
= 4x - x? and у = x, Therefore 
x = 4x - х2 
or 3x - x? = 0 
=> x (3 - x) =0 
—x-0,3 


The area under consideration lies between the curves y = x, у = 4x - x2 x = 0 and x 
=3. 
Hence, integrating along the vertical strip PQ first, we get the required area as 


Area = [i p dy dx 
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зу 
3g B 
203) 2 | 
-2-9-2 Answer. 


Example 24: By double integration, find the whole area of the curve 
a? x? = уз (2a - y) 

(U.P.T.U. 2001) 
Solution: The region of integration is shown in figure. Here, we have 
Area = 2 х area of the region OAB 


=2f" {axa 
i yz04x-0 2 у 
у”? /(2а- y) 


where f(y)- – 


Consider the horizontal strip PQ with a small area, we get 
уз Хасу 
А 2a гу / XD 
Area = = 2r | ахау 


-2 | > dy 


2 pa 
„ар vey 
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putting у = 2a sin?0 
i.e. dy = 4a ѕіпӨ cos0 40 we get 


Area = 2 ["" (2asin? ө) : (2a - 2asin? 0) Да 819 cos0 ад 
a 0 


= 32а? [es sinf Өсо5? 040 


HE 
=32a? 1212 
214 


31 axon 
=16a 2—2. 2 
6 
= ла? Answer. 
EXERCISE 
1. Evaluate the integral by changing the order of integration 
Г; хе““ 'Уду dx 
(U.P.T.U. 2006) 


Ans. 1 
2 


2. Evaluate 
1 x у/х 
J, dxf, e” *dy 
1 
Ans. — (e - 1). 
ns. = (е-1) 
3. Evaluate | xy ахау where К is the quadrant of the circle x? + y? = a? where x > 
R 


0 and y 20 
4 


Ans. a 
8 


4. Evaluate the following integral by changing the order of integration 
f, f dy dx 
0 Је" log y 


Ans. e” 
5. Evaluate by changing the order of integration 


|| ЇЁ е“ dx dy 
e* -1 
4 


Ans. 
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6. Evaluate [; ү IN log zdz dx dy 


Ans. TG - 8e + 13) 
7. Change the order of integration in 


Гээд 


and find its value. 


Ans. Ї [^ + y)dx dy = Ї INC + y)dy dx qur (x + y)dy dx and its value is 
oo 


8. Change the order of integration of the integral 


a pb/(b+x) 
f, f, f(x, y)dxdy 
Ans. pump f(x, y)dy dx + за 237 Цх,у)дудх 


9. Transform | | = 449 by the substitution x = sing созӨ, у = sind ѕіпӨ 
in 


and show that its value is 1. 


| (U.P.T.U. 2001) 
10. Let D be the region in the first quadrant bounded by x = 0, y =0 and x + y =1, 
change the variables x, y to u,v where x + y = u, y = uv and evaluate 
1/2 
хуй -Х- у) ахау 


р 


(U.P.T.U. 2002) 
16 


` 945 
11. Determine the area of the region bounded by the curves xy = 2, 4y = x2, у = 4. 


Ans. = -4log 2 
12. Find the volume of the cylindrical column standing on the area common to 


the parabolas x = у?, у = x? as base and cut off by the surface z = 12 + y - x? 
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(U.P.T.U 2001) 


OBJECTIVE PROBLEMS 


Four alternative answers are given for each question, only one of them is correct. 
Tick mark the correct answer. 


1. НАС, +е* Юу dx is equal to 


(i) 5+ e (11) 2(9 + е?) 
(iii) 2(7 + е?) (iv) None of these 
Ans. (ii) 
2. f [^ (x? + у“ )dy dx is equal to 
MÀ „ү 44 
0-5 DUE 
а Ө4 : 
(iii) — (iv) None of these 
105 
Ans. (ii) 
3. If К 5 the region bounded by x =0, у =0, x + у =1, then ffe * y? )dxdy is equal 
R 
to 
05 (i) = 
ер: алс b 
(111) 2 (ту) 15 


Ans. (iii) 
4. The area bounded by the parabola у? = 4 ax, x-axis and the ordinates x =1, x =2 
is given by 


sa 
(i) а (v2-1) 

(ii) = va(2v2 -1) 
(iii) за (22 +1) 


(iv) None of these 

Ans. (ii) 
5. The area above the x - axis bounded by the curves x? + y? = 2ax and y? = ax is 
given by 


220 


Multiple Integrals 


TZ oG 
(1) а? E - У (iv) None of these 


Ans. (iii) 
6. The area bounded by the curev xy = 4, y axis and the lines y =1 to y =4 is given 
by 
(i) 2 log 2 (ii) 4 log 2 
(iii) 8 log 2 (iv) None of these 

Ans. (iii) 
7. The volume of the area intercepted between the plane x + y + z = 1 and the Co- 
ordinate planes is 


05 СЕ 
(iii) Z (iv) None of these 
Ans. (iii) 
8. Ї |А E xdz dy dx is equal to 
1 me! 
06 (ii) 10 
ЕЕ. 1 
(8) 50 ЧУ) 15 
Ans. (iii) 


9. The volume of the tetrahedron bounded by the Co-ordinate planes and the 
plane x + у + z = 4 is equal to 


07 we 692 w+ 
Ans. (i) 
10. The volume of 
x? у? z? 
ur + ге + po) = 11$ 
(i) 5л abc (ii) on abc 
(iii) Ér abc (iv) 2л abc 
Ans. (ii) 


11. f f Ї ех dx dy dz is equal to 
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(i) (e -1» Gi) 564) 
(iii) (e - 2 (iv) None of these 
Ans. (i) 


12. The volume of the tetrahedron bounded by the plane ын У +Ž=1,a,b,c>0 
a c 
and the Co-ordinate planes is equal to 
@ : л abc (ii) i m abc 
(iii) Я п abc (iv) None of these 
Ans. (iii) 
13. The value of 
lel рї1-х 
Í, f. Í, xdzdxdy is 


(U.P.P.C.S. 1994) 
Ol WF WE WE 
Ans. (i) 
14. The value of fet У ахау 


(U.P.P.C.S. 1995) 
(i) 


(iii) 3 (iv) None of these 


Nia 


(i) 7 


Ans. (ii) 
тел 3 . 
15. The value of the integral Ї | (x? +у? )ах dy is 
(U.P.P.C.S. 1995) 


(i)1 (ii) 0 
sud TC 
(iii) = (iv) = 
Ans. (iv) 
16. The surface area of a sphere of radius r is 
(R.A.S 1995) 
(i) 4лг (ii) 4лг? 
(iii) блт (iv) 811? 
Ans. (ii) 


222 


Chapter 11 
Beta and Gamma Functions 


Introduction: Beta and Gamma function are improper integrals which are 
commonly encountered in many science and engineering applications. These 
function are used in evaluating definite integrals. In this chapter we will study 
the beta and gamma function and apply them to some common problems. 
Definition: The first and second Eulerian integrals which are also called Beta 
and Gamma functions respectively are defined as follows 


B(m, n) = f x"! (1- х)" dx 


and n) = [etx ах 


B(m, n) is read as Beta m, n and In is read as Gamma n. 

Properties of Beta and Gamma Functions: 

Property I: B(m, п) = B (n, m) i.e. Beta functions is symmetrical with respect to m 
andn., 

Proof: We know B(m, n) 


ES 1 m-i пет 
= | x" (0-х) dx 
1 Ш n- 
-[0-3""D-(-3] ах 
by the property |- f(x)dx = [ба -х)4х 
= 1-1 2 т-1 
= f, x"'(1-x)" dx 
= Bin, m) Hence Proved 


Property II: In = (n - 1)|(n - 1), for all values of n. (U.P.P.C.S. 1992) 
Proof: We know that 


[п = | ex" 'dx 


= | (-е“ Л - INC -1)x"? (-e")dx 
integrating by part taking х"! as first function 
=0+(n- 1)|, хе" ах 


=(n-1)}(n-1) Hence Proved 
Replacing n by (n + 1), we get |(п +1)=nln 
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Transformations of Gamma functions: 


@ [(n)= f, [вез 
Proof: We have 


[(п) = [ет "dx 


write ех =y Then -e* dx = dy 
—-xloge-logy 


=лору 
Now the oe y reduced to 


(n) = f, (-log y)" (-ау) 
[(n) = ЈЕ C 1) dy Hence Proved 


(ii) Prove that 

[n =k" f; eydy 

Proof: Since we know that by definition of Gamma function 
= [etx dx (i) 

Suppose x =ky then dx = k dy 

Now the equation (i) takes the form 


[(n) = fe (ку/” kdy 


= к" fe *y""dy 


- к" f e "y""dy Hence Proved. 
Transformation of Beta functions: 
(i) Prove that 
Г y" 
B(m,n)= | —— dy 
° (1+y) 


(1.А.5. 1998, B.P.S.C. 2007, 1.А.5. 2005) 
Proof: Since we know that 


B(m,n) zf x™"(1—x)"" dx (i) 


write x = 1 Шеп а dy 
*y 


(1« y) 


with these values (i) becomes 
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sme (Y 2 2 


n-l 
or B(m,n) = | els ay (8) 


"(1+у) 
Interchanging т апа п, observing that В (т, п) = В (п, m) we have 


B(m,n)= | ———— dy (iii) 


(1+y) 

Adding (ii) and (iii) we get 

m-1 + n-1 
(пул) [УСЭ 

1+y) 
do -1 + х"! 

or 2B(m,n) = | RU. di 

° (14x) 
Relation between Beta and Gamma Functions: 
To Prove that 


B(m,n) ДРЕ [(m)|(n) 
(m+n) 
(1.A.S. 1990, 1.А.5. 1991, В.Р.5.С. 1993,97, 2005, U.P.T.U. 2001) 
Proof: We know that 


[(n) = | ex" ах (i) 


put x =ay then dx = ady 
3, (п)= fre ( ay) аду 
(n) fre -ау ГАН ‘dy 


or 19. 


dy 


(1.А.5. 2005, U.P.T.U. 2001) 


ог D -| е-*х"'ах (ii) 
or [(п) =a" Г х" ах 


Putting a =y, we get 


[(а) = у" |, ex" ах 


Multiplying both sides by еу y™! dy and integrating, 
(CUN ey" 'ду = ЈЕ е 2h ao 'y"dy f e -yx x" "dx 
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or In m= f n (e 9 oy men 'dy)x "ах 
“ше Gu 


| "ах using (ii) 


1 +x m+n 
Rm p ае 
[m+n °° (1+x) 
= B(m, n) 
[m [n 
Thus B(m,n)= Hence Proved. 
uM [m+n 
Some Important Deductions 
T е that In|(1- 
(i) To prov n) ga 


(1.А.5, 1990) 
Proof: We know that 


B(m,n)- (тул 
(m+n) 
Putting m+n =1 or m = 1- n, we get 
(1-8) _ g Ле И 
~ Та) -- = В(п,1 –п) 
we have В(ш,л)= f, ayer у 


А X "У 4 
.В(п,1-п)= [е nel 


(i) 


. From (i) we E 


2] pan ~ sinna 
(ii) To prove that |( f 1+п )K 1-n) 


Proof: Since we и 


lek J n) “ sinnz 


Multiplying je хэв by n, we get 


anj- 


Hence Proved. 


~ sin пл 


sin nī 


226 


Beta and Gamma functions Functions 


пл 
or [(1+n)[(1-n)= a Hence Proved 
(iii) To prove that 
22122) 
[^ sin" Өсоѕ" 040 = Rese GR RU 
0 2 (= +n+ 2) 
2 


Proof: we know that 
B(p.q)- f, xP"! (1- x)*' dx 


_ tea) 


(р+а) 
putting x = ѕіп20 => dx = 2 sin0 cos0 аб, we get 
1/2 


f xP! (1-x)" ах = |, (sin? eJ" (1- sin? ej" 2sinOcos0d6 
- ar. sin?" Өсов ч 040 
3 [” 511777 0cos?*" 0d0 = 28 (p.q) 
or re sin" 0cos?*' 040- Pl 
2\(p +q) 


putting 2p-1 =mand2q-1=n 
п+1 


т +1 
or p= 


we get 


(s: (823) 
[ "sin" Өсоѕ" өаө = м2 N27 
0 (ez) 

2 


Legendre's Duplication Formula 
To prove that 


е) = asm 


Hence Proved. 


(1.А.5. 1993,1997, U.P.PC.S. 1996, U.P.T.U. 2000) 
Proof: Since we know that 
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fs Ч sin?" Өсов2" 040 = Да) 
+n 


putting 2n-1 =0 or n = 2 , we get 


[ал 2m-1 gqg = ЕВ 


4-3 


(i) 


(m) (n) 


m 


putting n =m in (i), we get 


(ii) 


i 


2, 2 2 
f sin?™™! Өсоѕ2"-' ӨӨ = 


ie. ч] (їп28) 0248- 
putting 20 = ф апа 240 = d$, we get 
2 
n?" 1 фаф = = Ки) 
sah, 212) 
( 


2 үз 


от 555 Ja sin?" odo = 2m) 
, 22т-1 m 2 
ог |" эш" odo = = - a (ii) 


Equating two values of [ n^"*' 040 
from (ii) and (iii) we get 
ze] [mj 


ELEM Н 
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Hence |(m) (m + z) = эг (2m) Hence Proved 
Example 1: Prove that 
ex dx = Ул, 

0 2 


Solution: Since we know that 


[(n)= [rete tat 


putting t = x? in Gamma function, we get 
(п)= 2| mte ах 
0 


Putting n= Zwe have 


( рэг 


or Vn = 2| е “ах 
Мт 


ог [ге “ах = E Hence Proved 


Example 2: To prove that (3) = Ут 


(I.A.S. 1990) 
Proof: We know that 
Inft-n= - z 
sin пл 


Putting n= Z, we get 


B tiers "a 


ог B = Hence Proved. 


Example 3: Show that 
(U.P.P.C.S. 1995) 
B(m, n) = B(m+1, п) + B(m, n*1) 
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Solution: R.H.S. = B(m+1, п) + Bim, n*1) 
т( в а) 


(m+n)(m+n) (т+п)|(т+п) 


mín | m , n | 
(n«n)m-*n m+n 
dm 
| (m+n) 
= B(m, n) 
= LHS. Hence Proved 


Example 4: Show that 


ЇЕ х° (с+1) 


— 1 
ос (log с) Ы 


Solution: 


- t Y1 dt 
шин | ГЭ е! logc 
1 = 
z———.c41| е та 
(log j c+ |А е 
1 
(ов с) 
(с+1 
(log сў“ 
Example 5: 
Prove that 


c+ пета 


— 


Hence Proved. 
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ЭД =” 
Solution: LHS. [2-х|2+х)-[1-х][1-}[1+х][т+х 


(а +1) = па 


п 
.. 1-n)= 
8) | п) sin nt 
= | -x° | 3 
4 Е - m) 
2 
= E -х }sec(nx) Hence Proved 


=RHS. 
Example 6: Show that 


[is tan” 040 = ase] 
0 2 2 


Solution: We have 
n/2 n/2 -n 
Ї, tan" edo = f" sin" 6(cos0) " 40 
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з (n—n+2)} 


1] 
оја Nia Nia 

© 
o 
Ф 
R Nime 
| 
+ 
Е 

мы „ә 


sec ЕЗ Hence Proved. 


Example 7: Show that 


(пп) = У). 


Proof: We know that 
©. 1 m-1 №) 

B(m,n)= |, x"'(1-x) dx 
put x = ѕіп20 => dx = 2 sin cos0 40 
-. B(m,n)- [ (sin ӨР” (сов0)” .2sin0 cos0d0 
-2| sin?" Өсов'"-! ӨӨ (i) 

16) 

(m+n) 


Hence B(m, п) = 


From (i) we have 
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B(n,n) = 2 [7 sin?" Өсовд ede 
0 


= | (2sin8cos 0)' de 
- 2 " sin?" 2040 

а эз СЭ 

5 ютеу? зам? odo 


22"! 
2 (а + У 
2 


Yn|in) 


gansi (n + i 
2 


Example 8: Find the value of В 


or B(n,n)- Hence Proved. 


Solution: we know that 
р+1|4+1 


Јел” Ocos* 0d0 = 2.2 — 
5 | р+а+2 
gir 129 
2 

putting р = q =0 we have 


Be 
n/2 2 12 
д0-1212 
0 21 
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25 E -Jn Answer. 


Example 9: To show that 


(n)cosn8 


(i) ЇР e "x" cos bxdx = - 
(а? +b”)? 
(U.P.T.U. C.C.O. 2004) 


(n)sin n8 


(ii) [; e" sinbxdx = 
(а +) 


(U.P.T.U. 2003) 
Solution: we know that 


(л) dz 


Ї e"x'"'dx- Ка) , where а, п are positive put ax =z so that dx = — 
a a 


ту dz 
| e "x'"dx == | е? hs игу 
0 0 а а 


2 1 ['e*z"'dz- (n) 


а а" 
Replacing a by а + ib, we have 


еви x dx = [(n) 
0 (a+ib)" 
Now e -4a + ib)x = e- ax, e- ibx 
= е -ax (cos bx - i sin bx) 
Putting а = г cos0 and b = г ѕіпӨ so that 


b 
r? = a2 + b? and Ө = tan! — 
a 


(a + ib)" = (т cos0 + ir 5110)" 
= гп (совд + i ѕіпӨ)" 
=r" (cos nO + i sin nO) 
(De Moivre's theorem) 
“. From (i) we get 


Ea (cos bx ~ isin bx)x""'dx = = |.) IM 
0 r" (cosn@ + isin n0) 
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(cosn@ +isinn6)” 


n 


(n) 
r“ 
Now equating real and imaginary parts on the two sides, we get 
fem cosbxdx = ln) os пө 
r 


(cos n8 -isin n8) 


and [је "x" sin bxdx = OR nd 
г 


b 
where r? = a? + b? and Ө = tan? — 
a 


Example 10: Prove that 
f[x^y""axdy = Ї Ї 
D 1+ ит +1 


where D is the domain x > 0, y z> 0andx+y<h 


h^" 


(U.P.T.U. 2005) 
Solution: Putting x = Xh and y = Yh, we get 
dx dy = h? dX dY 
Therefore, 
ху" ах dy = ff(Xh) (YR) n'ax av 
D р' 


where D' is the domain Х>0,Ү>0,Х+Ү<1 
1-1 „т-1 сайн f! ( S үг-түтл 
J^ y" dxdy=h |“ f, X Y" dXdY 


h 
- В(!. 1 
—B(Lm +1) 


_ hve [fm +1) 


m |(l+m+1) 
1 h" (тат 


ш|(1--ш-1) 
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Е һ""[(1)таїт 
| ((+т +1) 


Hence Proved. 


Example 11: Prove that ie == х e УѕіпӨ d0 = л 
sin 


Solution: 
fee аө 


948 251 (ne^ cos? 040 
sin 


p^ = x (їп Ө) do = a 2) 


T (0 
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Dirichlet's Theorem for Three Variables: 
If l, m, n are all positive, then the triple integral 


fff x"!y""!z""dxdy dz= mim _ 
V (Lm * n & 1) 


where V is the region x 20, y 20z2z0andx*y-*z«s1 


(U.P.T.U. 2005) 
Poof: Putting y + z<1-x=h.Thenzsh-y 


fff x"!y""!z"dxdydz = |; x"dx[" у"! Ф|, 
У 


= f х' "dx [[; ЇР у" а dydz | 
(put x = h) 


gd 
0 (m+n+1) 
mhn 

(m+n+1) 

[min 
Sese ened) 
_ mn Ш(ш+п+1) 
О[(т+п+1)((+т+п+1) 
Пола 


= [ffx yz" dxdy dz = === Hence Proved. 
JJ y 4 (l+m+n+1) 


limin hitmen 
[Lm + +1) 


Where V is the domain, x 2 0, y 2 0z20andx * y *zsh 
Note 2: Dirichlet's theorem for n variable, the theorem states that 


| em | Хо ац Xp TAX Axi cs dx, = 41.1, ph шанг 
(1+1 +l, +....+1,) 

Example: State the Dirichlet's theorem for three variables. Hence evaluate the 

integral ||ре "у" tz" "dx dy dz where x, y, z are all positive with conditions 


= 


-х-у 


2” 42 


f x"! (1 - x)" dx 


Note 1: fff x"!y""z"'dxdydz- 
M 


(U.P.T.U. 2005) 
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Solution: The required integral ЇЇ су?” а”ахду dz where the integral is 


extended to all positive values of the variables x, y and z subject to the condition 
р 4 г 
(5) 19 «(2 <1 Let us put 
a b с 
хү aya 
(х) -uie.x-auVP so that dx = B du 
a P 
yy b 
(2) = v i.e. у = bv1/4 so that dy = (2) у! dv 
q 


т 1 
Eos 
and B =w Le. 2 = cw!/' so that dx = (| dw 
с r 


Required integral 


: 
„ем“ pe es) 


whereutvtw x1 
| артс" 


© раг 


(ieee du dvdw 


RRE 


ly m n 
232: ыры... by Dirichlet's integral 
рат 


Answer. 
2 2 2 
Example : Find the mass of an octant of the ellipsoid T + 1. + = =1, the density 
at any point being p = kxyz 
(U.P.T.U. 2002, 2006) 
Solution: We know that 


Mass = ff [ рау 
= | (kxyz)dx dy dz 
=k fff (xdx)(ydy)(zdz) @ 
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2 2 2 


Putting Петар усу ewandutvtwel 
с 
T EX zd OY 20 2247, mM 
b c 
а?аш || Б4у 1 сам 
ӨӨД 
Ё кавс 


ff dudvdw мћете и + v +уу<1 


eve 


ЇЇ uv w "аду ду 
ГОЛ hhh 1 КаЬс 
8 (3+1) 8х6 
| ka?b/c 
48 


Answer. 


у 


Example: The plane~ +% += = 1meets the axes in A, B and C. Apply Dirichlet's 
a c 


integral to find the volume of the tetrahedran OABC. Also find its mass if the 
density at any point is kxyz. 


(U.P.T.U. 2004) 
Solution: The volume of the tetrahedron OABC is given by V = | dxdydz for ай 
D 


is positive values of x, y and z subjected to the condition шэн 
а с 


putting Х = u=>dx = adu, == у = dy = bdv and Ž = w = dz = сім, we get 
a с 


У- 1) abcdudvdw 


where и 20, v 2 0, w > 0 subjected to the conditionu+v+ws1 
V- abe [ur Лу ди дуу 


Бра, Dirichlet's integral, we get 


ППП ас 
М = abc m = -ү-- 
(1+1+1+1) 14 
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Now mass = fff xyzdx dy dz 
D 
Е К|Ї аш bvcw (abc)dudv dw 
2 
= Ка?р?с? ff uvw dudvdw 
5; 


_ Ка?Ъ2с2 [21212 — ka*b*c? 

[(20+2+2+1) 7 

_ ka? bc 
720 

Example: Evaluate I = Дре“у ју" х уйг 


Answer. 


where V is the region in he first octant bounded by sphere x? + y? + 22 =1 and the 
Co-ordinate planes. 


{U.P.T.U. (С.О.) 2003] 
Solution: 


Let x = u х= уи therefore dx= edu, y=vayaW, therefore 
u 


1 1 
dy = ——dv, 22 =w => 2 = Ју therefore dz = 
Y^ Ms 2/w 


Thenu*v-*w-1Alsou20,v20,w20 
Y! du dv а 
ЯПОН (ve) eee 


= sill аг” та wi dudvdw 


311 « 
“ЇР 2911) 


LIOUVILLE'S EXTENSION OF DIRICHLET THEOREM: 
If the variables x, у, z are all positive such the hi< (x + у + 2) < ћ; then 


Е ый [Im Їл 
[[[#(х+у+)х y z dxdydz= Prem реа) 


Proof: Let I = fff x'ly™12""!dx dy dz under the condition x + у + z < и then 


dw 


Answer. 


Ju^"*""du 
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(De e (i) 


(Lm * n 4 1) 


(by Dirichlet's theorem) 
if x+ y +z <u + би, then 


I=(u+8u) "" mino (ii) 
(l+m+n+1) 


Now if u< x + у + z < (u + би) then 


fffx Fiy""z"'dxdydz- [i Im In 


u+ ёи l+m+n = цін" 
тл ) | 


li [m Їл 


1 (l+m+n+1) 
Il [m Їл Їн мэл 
син 


E (Lm за 1) 
П Їл Гети 
и" "би 


 [(l+m+n+1) 


uh | s (xen) аны -1] 
u 


Mens 
u 


Now consider | Кх+у+2)х“'у"'2/"'ахауаг. Under the condition hi < (x + у + 


2) Sho. When x + у + z lies between и and u + би, the value of f(x + у + 2) can 
only differ from f(u) by a small quantity of the same order ав би. Hence 


[i [m In m | f(u) )u^"*""!8u 
[(+ш+п+1) 1+т+п +1) 


Where x + у + 2 lies between и апа и + du 


Therefore 
| Im In hy f(u)u"*""du 


(Пета и +1) 
Example: Evaluate 


fff log(x + y + z) dxdy dz, the integral extending over all positive and zero values 


fff x*y*z)x"!y""z"'dxdydz- 


ЇЇ х+у+2)х''у" 2" дхдудг = 


of x, у , z subjected toxty+z<1 
Solution: 0 <х+у+2<1 


B [| ов (x+y +z)dxdy dz = [ff xy" z^ log (x+y «z)dxdy dz 
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= Га) [xo (0) (0) (Dp tt! log tdt 
13) 0 


by Liouvill's extension of Dirichlet's theorem 


-lfe 
=>! log tdt 


3 1 
21 _1 t 2-4. Answer. 
21 313 18 


ах, ах,............. а 
ЇЇ аан г 


integral being extended to ай positive values of the variables for which the 
expression is real. 

(U.P.T.U. 2001) 
Solution: The expression will be real, if 
1:362 9 X265 oops not -x2?0 
ОГ 02 Esos eres + Xn? <1 
Hence the given integral is extended for all positive value of the variables ху, 
NO S rc Xn such that 


0 < XEXE ................. Xn? < 1 
| 1 
Let us put х1? = ш ie. x, = Ји, so that, dx, = du, etc 
2/u, 
Then the condition becomes, 0 < u + u» + ............ + л <1 


u™y™? 


1 
1, хөн 2217 


ЖЕ ТЕ. 3) "du 


By Liouville's Extension 
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22 
2° 


B 
211 e cde 
2' (п/2) 9 V1-sin?6 

putting и = 51120 


_1 (va) 
2" [(1/2) 


sin? өр” .2sin8cosdé 


K ? sin"'6d6 


EXERCISE 
1. Evaluate (i) (-2) (ii) (3) 
Ans. (i) -2V7 (ii) i 


2. |: x'(1- x) dx 


Ans. RS 
280 
uU n-l a (n) 
3. Prove that |: e" y" ау = ат 
л/2 8 
4. Show that | sin? хсо8” хах = — 
0 77 


х?ах 


41-x 


1 
5. Evaluate |, 
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Ans. 2 
3 


6. Ехрге55 |; Хх (1-х" y dx іп terms of the beta function, and hence evaluate 


[; х? (1 -х? )° ах 


т+1 


Ans. (i) ip E +1) б) ы E 


* (1456 ) 


€ 
+x)” 


7. Evaluate IN 


ns. —— 
5005 


8. Prove that (n 2) = Ул](2һ +1) 


+= |= 
2) 2™|(n+1) 
9. Evaluate f log [x dx 


Ans. log 2n 


= 6 
10. Evaluate ЇГ х эх 
0 1 


( +x)" 
Ans. 0 
(1 +х ') 
11. Evaluate 77 Eu) 
1+ х)” 
Ans 23 
` 63 
12. Evaluate | м cos = х?ах 
Ans. 1 
13. Evaluate 
(i) J, xe dx 
(ii) IN хє" dx 
Ans, E 
' 4a? 
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n-1 
14. Evaluate ЈА x (log 1) dx,m>0,n>0 
x 


Ans. In 
m 
15. Find the volume of the solid surrounded by the surface 
x 2/3 2/3 2 2/3 
ӨГЧ - 
а b c 
(U.P.T.U. 2008) 
Ans. 41abc/35 
x y 2 
16. Evaluate || | dxdydz where o'i 
Ans. Хас 


6 
dxdydz 


17. show that fff E "em тј 


= slog 2- = the integral being taken thought the 


volume bounded by the planes x = 0, у =0,2= 0,x +y + 2 +1 
OBJECTIVE PROBLEMS 


Four alternative answers are given for each question, only one of them is correct. 
Tick mark the correct answer. 


1. [o is equal to 
(i) 2 (ii) 4 


(ii) 6 (iv) None of these 
Ans. (iii) 
2. When n is a positive integer then f (tog N dx is equal to 
(i) In-1 (ii) [n 
(i) (851) v) 2(8-1) 
Ans. (ii) 


3.When alons Men the value of ED НЭГ 
2 2 2 2 

"E" unu b c sm 

(i) + л sec пл (8) 4^ T cosec пл 


(ii) (+ -n | п sin nz (iv) None of these 
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Ans. (i) 
4. The value of DLD) UM [(.9) 15 
2n)? 
() ои 
m | 
(ii) “19 (iv) None of these 
Ans. (iii) 
5. ЈА = is equal to 
: 4 11 
(i) B (1, 1) (ii) Е 
(ii) (o, >| (iv) 815) 
Ans. (iv) 
6. B(2, 3) is equal to 
Oc WF 
(ii) E (iv) None of these 
Ans. (ii) 
7. fe sin’ x dx is equal to 
à 2 @ = 
„ү 64 128 
(i) 315 ЫК 
Ans. (iv) 
8. [; si? x (1- cos x)? dx is equal to 
05 @ 2 
@ 5 (у) 5 
Ans. (iv) 


9. The value of 


| (axis 
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(M.P.P.C.S. 1995) 
os, a 
(ii) " 
(22 


Ans. (iii) 
(M.P.PC.S. 1995) 


10. [^ cos? Osin? 040 is equal to 


so T 
0) 55 ou 
(i) = v) 2. 
Ans. (iv) 
11. em dx is equal to 
| зү УЛ 
0) Ул (i) 5= 
a) YE v) 7 
Ans. (ii) 


(О.Р.Р.С.5. 1994) 
12. Match the list I with list II 


List I List II 
(а) [е”х'ах (1) = 

(b) [^ sin? xcos? хах (2) 24 

(с) | хЛ1-х ах (3) 5л/ 256 
ep (4) Jin 


The correct match is 


(20 Q O 4 
Шш (0 0) o (Q9 
ш) (2) 0) 0) @ 
i) (2) 0) (9 0) 
Ans. (iii) 
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13. Consider the Assertion (A) and Reason given below. 
Assertion (A) 
| sinxdx = 1 -cost 


Reason (К) sin x is continuous іп any closed interval [0, 1]. 


(i) Both A and R are true and R is the correct explanatation of A. 
(ii) Both A and R are true but R is not a correct explanation of A. 


(iii) A is true but R is false. 
(iv) A is false but R is true. 
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Ans. (i) 


UNIT - 5 
Vector Calculus 


"This page is Intentionally Left Blank" 


Chapter 12 
Vector Differential Calculus 


Introduction:- Let the vector r bea function of a scalar variable t, then 

r-f(t 

If only one value of r corresponds to each value of t, then r is defined as a single 
valued function of the scalar variable t. If t varies continuously, so does r.Asa 


result, the end pointr describes a continuous curve. 
The following illustration make the point clear : 


r-acosti *asint ] (Circle) 
r-acosti * bsin tj (Ellipse) 
r=at? і *2at j (Parabola) 
r-asecti *btant j (Hyperbola) 


All these are the vector equations of the curves. For different values of t, the end 
point of the vector describes the curve as mentioned above. 

The vector analysis consists of two parts (i) vector Algebra & (ii) Vector 
Calculus. Students have already studied vector algebra, so at present one shall 
study only the vector calculus which is very useful while solving problems of 
mechanics, fluid mechanics and other branches of Engineering and Technology. 
Differentiation of Vector :- 

Let the vector r be a continuous and single valued function of scalar variable t 
(i.e. length of the vector can be determined as soon as a value of t is given) with 


O as origin, let the vector r be represented by OA for a certain value of t and let 
r* ёт be represented by OB corresponding to the value t + St where ôt is a 


small increment in t. Then ôt produces an increment (т +ёг-г ) i.e. 6r in r. 
- га дг 
The increment ôr is equal to AB. There also the quotient > is a vector if 8t 0 


then ёг-» 0 and the point B moves towards A to coincide with it and then 
chord AB coincides with the tangent at P to the curve. 
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If the limiting value of the quotient F as бі» 0 exists, then this value is defined 
as the differential coefficient of r with respect to t and the vector r is to be 


d 
differentiable and is denoted by T This process is known as differentiation 


and the differential coefficient is known as the derivative or the derivative 
function. 

А 5; (ст+ёт)-т 
Thus — =lim —=lim ————— 

dt 6t-20 ót 95-90 8t 
2 d.. | | m d?r ; 
Since de? itself a vector function of t, its derivative is denoted by Ew and is 
t 


called the second derivative of r with respect to t. Similarly, we can define 


higher order derivatives of r. 
ILLUSTRATIVE EXAMPLES 


27 
d'r 


ae 


- : ee dr ат 
Examplel:If r- acost i * asint j * t k Find a m 


Solution : we have 
dr d . d а 
— = — (а cos #)і+ — (asin t) J+— (t) К 
dt ái ) à )] ac 


--asinti +acost j+k 
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d'r d . d П О 
—— = — (-a sin t) i+— (a cos t) j* —(k 
dt? FE ac 4 ар 
--acosti-asint j 


- 


2 


Hence ac = (a cost)? * (-asin 92 =а 
dA = = dB -- ром 
Example 2: т а гүн 5) 
(UPTU 2001) 
а = = - dB dA = 
Solution: — (A x B) = Ax—+—xB 
dt dt dt 


Ах(СхВ)+(СхА)хВ 

=(А.В)С- (A.C)B + (B.C)A - (B.A)C 
> ax(bxc) = (a.c)b—(a.b)c 

=(В.С)А - (A.C)B 


= (С.В)А - (C.A)B 
= Cx(BxA) hence proved. 


Example 3 : If T= (a cos t) i + (a sin t) j* (at tana) k then evaluate 


dr ат dr 
rrr 
dt dt dt 
Solution : Given г = (a cos t) i + (asin t) j + (at tano) k 


- 


4 Я A А 
B йн = (-asin t)i + (a cos t)j + (а (апо) (i) 
dir NR ES . 
ae = (-a cos t)i + (-а sin t)j + (ОЈК (ii) 
ын n ` 
ЯГ = (asin t)i + (-а cos t)j (iii) 
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А А А 


4, 2 | К 
аг dr | 
л-Х —; = |-аѕіпі а cost atana 
dt dt | 
-acost -asint 0 


= a?sinttana i -а2 cos t tanaj + а2 К 
dr. dr 


1245 2 2 2 0.232 
= 4 (af sint tana)” + (-а“ cos tana )* + (a^) 
dt dt? 


Ja'sin? ttan?a + а“ cos? ttan?a + а“ 
а? y tan°a +1 


= a2 sec Q 


Hy 85 43 
Also we know [àbé]- b, b, b, 
Ey o С Ry 

where à = aii + a2j + ask 
уж гуз 
E а2т ат 


— |-acost -asint 0 


-asint acost atang 
dt’ dt?’ dt? | 


asint -acost 0 


from (i) (ii) and (iii) 

= а tan а, (a? cos? | + a? sin? t) expanding the determinant 
= a? tan о. 

Example 4: If f is a unit vector show that 

dr 


(1.А.5 1971) 


А 


А А 


i : : аг . df A 
Where ñis a unit vector perpendicular to f as well as ao f "dt and n form 
t t 


a right handed triad of vectors 
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. df ја, |. s : 
or гх — = |—|п '“ | =1, r being unit vector 
dt ағ 
. di, |а |, uius : 
ог [rx —|-7|—|.-- [| 71, n being unit vector 
dt! ағ 


Hence proved. 

Example 5 :- A particle moves along the curve x = 4 cost, y = sin t, z- 6t Find the 
velocity and acceleration at time | = 0 and t = 1/2 

Solution :- The position vector of the particle at any time t is given by 

т=хї+ yj +zk 


^ie, f-(4cost) i+ (4 sin t) 186: 


- di 2 ФИ 
“velocity v= E =(-4 sin t) 1+(4 cost) j + 6k (i) 
and acceleration 
= d?r Е 2 Е 33 
See а АЊА (ii) 


From (i) and (ii) we have 
att=0, v=4j+6k and a=-4i 
att = 1/2. v-2-4i + 6k anda=-4j 
Example 6: A particle moves along the carve 
х= В+1,у = 0,2 = 2t+5 
Where t is the time. Find the components of its velocity and acceleration at time t 
= 1 in the direction i+ j -3К. 
Solution : Unit vector in the direction of i+ 133 k is 
i+j+3k i+ j+3k | 
ја ЭЙ @ 
(1) +@) +(3) H 


dr а . < А 
Now velocity — = —(xi+yj+zk 
ty dt FE yj ) 


d д ^ ~ 
5 Slt’ + Dis Oj + 2t+ si] 
=з 1+ 2tj + 2k 
= 31+ 2j+2katt=1 (ii) 


Hence the component of velocity at t =1 in the direction of the vector i+j+ 3k is 
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= (si + 2j+ 2k) ‚ (Unit vector in the direction of i+j+3k) 
„ү (i+j+3k) 


=< (3+ 24-28) 


=6ti+2j 
-6i42j att=1 


Hence, the component of acceleration at t = 1 in the direction of the 


vector i+ j +3k is 
= (61+2 J ). (Unit vector along ! + ] + 3k ) 
485 и 
11 
Mum Answer. 
num 


Example 7 : Show that f x df= - 


Solution: Since r= 


м | = 
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Therefore, 
жы 
#хар=? ЕЭ 
r r 
"A 
аа) 
Y r r 
PxdP тхї 
= - dr 
г? г? 
хаг a 
anl їхї-0 


Hence proved. 
Example 8: A particle P is moving on a circle of radius г with constant angular 


аө - 
velocity o = ас Show that the acceleration is -o? г. 
t 


Solution:- Let iand j be the unit vectors along two perpendicular radii of the 
circle. 


If P be any point on the circle such that OP makes an angle Ө with i then the 
position vector of P is give by 


г-ОР-ОМ-МР 
= (r cos0)1 + (r sin0) | 
Where г is the radius of circle and hence constant. 


А 


т 40. de ~ 
E= -rsino == {+тсовё ==) 


dt 


= (-r sind i+ г созд j ) о 
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2- 
- d 40. 40 - 

Непсе а= == (- гсоѕ9 — i-r sino os. ј) ю 

{ dt dt 
=-(rcosOitr 5їпӨ 1) o? 
=-wr 
TICK THE CORRECT ANSWER FROM THE CHOICES GIVEN BELOW 
(1) The necessary and sufficient condition for the vector function a(t) to be 


. da 
constant is — 
dt 


0) 0 (ii) a 
(iii) 2a (iv) 2a 
Ans : (i) 


- 


-_- > - 4 
(2) If r=a cos wt +b sin wt, then the value of DT is 
t 


(i) wr (ii) -w?r 
(iii) waxb (iv) wbxa 
Ans : (iii) 


– 


J di 5 42 
(3) If r=a cos wt * b sin wt, then the value of = is 
t 


0) wr (ii) -w?r 
(ii) waxb (іу) мБ ха 


Ans: (ii) 


(4) If ais a vector function of some scalar t such that a has constant magnitude, 


add 
then ac is 
dt 


(i) 0 (ii) a 
(iii) 2a (iv) 2a 
Ans : (i) 


= - da 
(5) If the direction of a vector function a (t) is constant, then a S^ 


(i) 0 (ii) a 
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(iii) 2a (iv) 2a 
Ans: (i) 

"mE БЭЭ A 
(6) If r=aert+ bert, where a,b аге constant vectors then am is 


() mr (ii) -п2т 
(iii) 0 (iv) nr 
Ans : (i) 


E М = ~ а 
(7) If r=sint 1+ cost j+ tk then quis 


(i) 0 (ii) 1 

(iii) 2 (iv) 3 

Ans : (ii) 

(8) A particle moves along the curve x=et, y = 2 cos 3t, z = 2 sin ЗЇ, where t is the 
time. The magnitudes of the velocity and acceleration at t = 0 is 


0 [|= 497, үе 
(ii) |v 17 |= /З25 


ao f= E ЫН 
(iv) 8 | 


Ans: (i) 


- 


(9) If т = (a cos t) i+ (asint) ј +tk then a is 


(i) 0 (ii) a 
(iii) 2a (iv) 3a 
Ans: (ii) 


(10) If U = tf- tj *(2t*1) Капа V = (263) i+ j - tk then 00.9) when t=1 is 
t 

(i) 0 (ii) 2 

(iii) -4 (iv) -6 
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Ans : (iv) 


(11) А = t" a+t"b, When a, bare constant vectors, show that, if A and ae 
t 


are 


parallel vectors then m + nis 
(i) 1 (ii) -1 

(iii) 2 (iv) 0 

Ans : (i) 


The differential Operator Del (V) 
The operator V is defined as 
Меј :9 + = + k 2 

дх ду əz 
Vis also known as nabla. It behave as a vector. 
SCALAR AND VECTOR POINT FUNCTIONS (UPTU 2001) 
A variable quantity whose value at any point in a region of space depends upon 
the position of the point, is called a point function. There are two types of point 
functions. 
(i) Scalar point function: Let R be a region of space at each point of which a 
scalar ф = ф (x,y,z) is given, then ф is called a scalar function and R is called a 
scalar field. 
The temperature distribution in a medium, the distribution of atmospheric 
pressure in space are examples of scalar point functions. 
(ii) Vector point function : Let R be a region of space at each point of which a 


vector V=V (x, у, 2) is given them V is called a vector point function and R is 


called a vector field. Each vector V of the field is regarded as a localized vector 
attached to the corresponding point (x, y, z). 

The velocity of a moving fluid at any instant, the gravitational force are examples 
of vector point function. 

GRADIENT OF A SCALAR POINT FUNCTION : 

10 (x, у, 2) is a scalar point function and continuously differentiable then the 


gradient of is defined as grad $ = Уф = {5% +ј— 29 +k 29 
əx ду az 
„аф 
= У 1--- 
i дх 


Thus Уф is a vector whose rectangular components аге 
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a Фа 2% 
Ox y 02. 

Geometrical Interpretation of Gradient : 

If a surface 0 (x, у, 2) = с is drawn through any point P such that at each point on 
the surface, the function has the same value as at P, then such a surface is called a 
level surface through Р, for example, if 0 (x, у, 2) represents potential at the point 
(x, у, z), the equipotential surface ф (x, у, 2) = c is a level surface. 


О ф+ёф=с 


ф - 
Through any point passes one апа only one level surface. Moreover, no two level 
surfaces can intersect. 

Consider the level surface through Р at which the function has value $ and 
another level surface through a neighbouring point О where the value is ф + 56. 


Let rand г + 8r be the position vectors of P and Q respectively, then PQ = ёт 


9 ~ д 22-04 : 
Now Уф. Sr = | 2. rs +k— æ) (ix + бу + köz) 


=6 i 

If о lies on the same level surface as Р, then оф = 0 М 

-. (i) reduces toVo.br =0 

ТћизУф is perpendicular to every à т lying in the surface. 

Непсеуф is normal to the surface ф (х, у, z) = С 

LetVo = Ive|N, Where Ñ is a unit vector normal to the surface. Let РА=бл be 
the perpendicular distance between the two level surfaces through P and Q. 
Then the rate of change of ф in the direction of normal to the surface through P is 


д $ Уф.дт 
25 = то — : -limg, 0 : - by (i) 
бп бп 
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DE = ве] со80 
- |82 | cose 


Hence the gradient of a scalar field ф 15 a vector normal to the surface ф = с and 
has a magnitude equal to the rate of change of $ along this normal. 

Directional Derivative : 

Let (x, у, 2) be a scalar point function and s represent a distance from any point 


А а 
Р(х, у, z) in the direction of a unit vector a, then - is called the directional 
5 


derivative of $ in the direction of а. 
The directional derivative of a scalar point function is a scalar and of a vector 
point function is a vector. 
Theorem :- The directional derivative of a scalar field ф at a point Р(х, y, 2) in the 
direction of a unit vector à is given by 
de à.grad $ 
ds 
= a.Vo 

Proof :- Since ais a unit vector at the point P(x, у, z), therefore 

2o 20x ~ dy + Ё dz 
ds ds 
Where s represents a distance from P in the direction of a. 
Now а. grad ф = a.Vo 


‚ах dy „42 d$ 200 + db 
„(фу р Ё 
(i Vas" FU ly * æ) 


_ dx 9% dy % dz 9ф 


ds Әх ds ду ds oz 


- de Hence Proved. 
ds 
Example 1: If r = хі + yj + zk show that 
(i) Vr= f (i) vl--— 
r 
(iii) Vr^ = nr? r 
(UPTU 2007) 
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Solution: -Since r = xi +y j +zk 


J- ree: 
= || х? +y +2 
| 2 

А 2Y 0 


= r? = хг+ у? +22 


m r? = x2+ y? +22 


ove- [12.12 42) 
Ox ду 


д2 => 2r— = 2x 
„Әг „дг „Әг дх 
"S e дг х 
əx ду 092 саа 
- 5 ox г 
r r r similarly га = — 
xi + yj+zk у 
or z 
т and — = — 
2 oz т 
E 
r 
=? 


20(1)\,2:9/f1),- 0/1 
=1-——|— |+] | |+к—| — 
ET У 13; 3 30 
ла lr ле 
rox Jr y г oz 
~~ бна) 
1 r r 
_xi+yĵ+zk 
r 
г 
2: 
Ї 
ј 
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i. -2 1 -2 È - 
= Баг" хи y +knr"?z 


=nr™? (xi +yj+ zk) 


- 


п-2 
= пг “r 
Example 2:- 1Ёф (x, у, 2) = Зхгу - y?z2, find Уф at the point (1, -2, -1) 
79 29 (19 % 3.2 
Solution:- Vo = | i—+j—-*+k— ||Зх у- 
5 (i2 гу 2 ову. 


= збу тузт) (ty гуза) (ty y) 


= 1(6бху)+ j(3x? - 3yz?) +k (-2y*z) 
.. At (1,2, -1) we have 
vé- i [6 (1) (-2] + j 1301)2-3(-2)2 (1] + [2 C2) (1) 
--12i- 9j-16k Answer 
Example 3 :- Show that V(a.r) - a where a is a constant vector. 
Proof : Let a= ari *a2j task 
Then аг = (aii *a;j *ask). (xi + yj +zk) 
зах +тагу+ a3z 


; -- : 29 ~ 
Therefore у (ал)= с ee (a,x +a,y+ а,2) 
ox ду az 1 


=іа +ја + Каз 
= a, hence proved. 
Example 4 : If.aand b be constant vectors, then show that grad [т а Б]=а хЬ 


Solution :- Let г = xityj+zk, а= aii taj +азК 
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and b= biitbojt+bsk 
х y z 
Then ф = [та b| гја а, a, 


b b, b, 
= x(azbs - asb?) + y(asbi - aibs) + z(aib2 - аы) 
Therefore grad $ = grad [та а b]- = (Ж 2, К 
ox Jay 02 

= i (abs - a3b2) + j (asbi - a1b3) + k (а162 - арт) 

д 
Е 9. a2b3 - asb2 

ox 

2 = азі - aıb3 

dy 


9 
апа Lae a1bo - a2bı 
д2. 


= ax b Hence proved 
Example 5 : If $ (x, y) = log x’ + y? show that 


r-(kr)k 
grad ọ = та 
{r-(k)k}.{r-(k.r)k} 
Solution : - we have r =xi +у ] +zk (i) 
Therefore r.k =z (ii) 


1 
Now ф = 5 9E (x? + y?) 


‚90 _ 1 mie: 
дх 2(xX^ + у?) х «y? 
д д 
similarly а Уу. "бш 

y x+y dz 
т9ф -ə 
Thus grad ф = 190, ав 
ду az 

== 1+ — =j+0k 


2222 
x фу х фу 
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_ xityj 
х + у: 
ax 
(xi+ yj).(xi+ y) 
r-zk 


Now by replacing z by r.k we get 
z-(ks)i 

вафаты 

{т-(кт)к}.{т-(кт)к} 
Hence proved. 
Example 6: Find the directional derivative of = xy + yz *zx in the direction of 
vector i+2 j +2Каї (1, 2, 0) 
Solution :- Since we know 
directional derivative = a. grad 
м ад а 
ox ду 092 
=(y+z)Î +(z+x)j+(x+y) К 
=2i+j+3k at (1,2, 0) 
i+2}+2k 


by (i) 


Now grad ф = i 


Also a= 


..directional derivative -; (1+2)+ 2k).(2i+ j+3 k) 


Example 7: Find the directional derivative of the function = x?- у? + 222 at the 
point P (1, 2, 3) in the direction of the line PQ, where О is the point (5, 0, 4). 

(UPTU 2000). 
Solution :- The position vectors of the points P and Q are respectively 


i+ 2j+3kand 51+4К 
РО = (pi 4K)- (1+ 2j * 3K) 


266 


A Textbook of Engineering Mathematics Volume - I 


-41-2)-К 
The unit vector a along PQ is given by 
iz 41-2)-К 4i-2jk 
Ма? +02 а“ 1 

СЭЭР 
ox ду dz 
= 2xi-2yj* 4zk 
directional derivative =a. grad 

То Ч К 2 М К 
ae ES oxi ке е 

421 


_ 8x+4y+4z 


Je 
_ 8.1+4.2+43 


/21 


= E Answer. 
3 


Example 8:- Find the directional derivative of $ = xi- 2y? + AZ? at (1, 1, -1) in the 
direction 21+) -k. In what direction is the directional derivative from the point 


Now grad $ - i 


at (1, 2, 3) 


(1, 1, -1) is maximum and what is its value? 

Solution :- We have, directional derivative in the direction of à is а. grad ф 
„9ф 4.00 „д 

Hence grad ф = js 15113 

ox ду oz 

= 2xi- 4yj+ 8zk 


-2i -4j -8kat(1 1, -1) 


Therefore, directional derivative 


(2 “| ы-н) 
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Again, directional derivative is maximum along the normal i.e. along grad 9 i.e. 
2i-4j- 8K and hence the maximum value of directional derivative is 


lgrado| = 4 +16 + 64 = 2421 Answer. 


Example 9 :- Find the values of the constants a, b, с so that the directional 
derivative of $ = аху? + Буг + cz?x? at (1, 2, -1) has a maximum magnitude 64 in a 
direction parallel to z-axis. 
(IAS 2002, 2006) 

Solution :- We know that the directional derivative is maximum along the 
normal i.e. along grad ф 
here, we have 
grad ф = (ay? + 3с22х2) 1+(2 аху + bz) j + (by + 2czx3) k 
= (4a +3c) i+(4a-b) j*(2b - 2с) К at (1,2, -1) 
But directional derivative is maximum along z-axis. Hence the coefficients of 
iand j should be zero. 
^. 4а + 3c= О and За - b = 0 
-.grad ф = (2b - 2c) К 
Also maximum value of directional derivative = | grado| 
“. 64 = 2(b - с) 
=> >—- с= 32 
Solving these three equations, we get 
a= 6, b = 24, с = -8 Answer. 
Problem 10 :- Find the angle between the normals to the surfaces 
x2+ уг+ 22= 9 and z = x? + y?- 3 at the point (2, -1, 2) 

(U.P.T.U 2002, I.A.S 1973) 
Solution :- Let the given surfaces represented by 
Qı = х2 + y?- 2-3 and ф = x? + y? + 22-9 

- : ~ д 
„леу = +] 20 рей 
дх yo д> 

= 2х1 +2у j -k 
=4i -2j -k at the point (2, -1, 2) similarly, we have 
по = Уф; = 41 -2 j +4k at the point (2, -1, 2) 


If n1 and nz be the normals to the surfaces $1 and z, then n= Уф: and n2 = Vi 
Let Ө be the angle between the normals to the surface at the given point then 


ni.n2 = | [na|cos e 
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_ (ai-2j-k) (4i- 2] + 4k) 
_ Ме+а+1 J16+4+16 


_16+4-4 


6421 


Problem 11 :- Find the directional derivative of a function ф = x? y? z* at the 
point (2, 3, -1) in the direction making equal angles with the positive x, y, & z 
axis. 
Solution :- Given ф = x?y3z! 

20> -9дф -9 
Now grad ф pia А ea 

ox ду 092 

= 2xy3z4 i +3x2y2z4 1 +4x2y3z3 К 
If à be the unit vector in the required direction and о be the angle which à 
makes with the axes, then 
а = (cos a)i + (cos a) j *(cos о) К 
where соѕ20 + cos?a + cos?a = 1 


1 
which gives cos а, = Л 


ч8--601118) 


-. directional derivative = a. grad ф 
1 


43 


= 5 (2ху?2543х2у22444х2у3723) 


(i+ j +k ).(2xy2z4 i +3x2y2z4 j +4х2у373 К ) 


z 5 (108 +108 — 432) at the point (2, 3, -1) 


=- 28 Answer 
a у 
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Example 12 :- Find a unit vector which is perpendicular to the surface of the 
paraboloid of revolution. 
z = x?*y? at the point (1, 2, 5) 

(B.P.S.C 1997) 


Solution :- ф = х2+у2-2 
“grad ф = кы ia 25 
əx ду az 
-12х412у-К1 
-21441-К at point (1, 2,5) 
grado 
lgrade| 


Hence unit normal = 


_ 2i*4j-k 
(4401681 
_2i+4j-k 

v21 
Problem 13: What is the greatest rate of increase of ф = xyz? at the point (1, 0, 3). 
~дф +00 4 199 


Answer. 


Solution : grad ф = x * Er" a 

= iyz? +)х2? + К 2xyz 

-10419-К0 а+(1, 0,3) 

= 9 ] 

Since we know the greatest rate of increase of ф = [Ф| 
= 40) 

= 9 Answer. 


Divergence of a vector :- 
If У (х, у, 2) is any continuously differentiable vector point function, then the 
divergence of V , written as div V or V. V is defined by 
div V=V-V= АНИ СД V 
ox ду 92 
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sg OV scu pov 
77 Ox a д2, 
JE 

дх 


V. V is a scalar product of the operator Vwith the vector У. 
Physical Interpretation of Divergence 


Consider a fluid having density p = p (x, у, z, t) and velocity v =v (x, y, z, t) ata 
point (x,y,z) at time t. Let V = pv, then У isa vector having the same direction 
asv and magnitude ју . It is known as flux. Its direction gives the direction of 


the fluid flow, and its magnitude gives the mass of the fluid crossing per unit 
time a unit area placed perpendicular to the direction of flow. 


Ф бу A' 


X 
Consider the motion of the fluid having velocity V = үй. Vy jt У.К at point 


P(x, у, z). Consider a small parallelopiped with edges 5x, бу, 5z parallel to the 
axes with one of its corners at P. The mass of the fluid entering through the face 
Е; per unit time is Vy бх 82 and that flowing out through the opposite face Fz is 


QV. 
Vy + sy Ôx б2 = (У + ay] бх ба by using Taylor's Theorem. 


Тһе net decrease in the mass of fluid flowing across these two faces 


oV, 
v * S) бх бг - Vy бх д2. 
^ UY 
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ov, 
=— &x dyiz 
dy 


similarly, considering the other two pairs of faces, we get the total decrease in the 


mass of fluid inside the parallelopiped per unit time г TAPA ELA dxdy6z. 
Ox oy д2 

Dividing this by the volume бх dy àz of the parallelopiped, we have the rate of 

ЦААНА 


loss of fluid per unit time = ACE 
- div V 
Hence div V gives the rate of outflow per unit volume at a point of the fluid. 
If the fluid is incompressible, there can be no gain or loss in the volume element. 
Hence div V = 0 and V is called a solenoidal vector function. Which in known in 
Hydrodynamics as the equation of continuity for incompressible fluids. 
Note : Vectors having zero divergence are called solenoidal and are useful in 
various branches of physics and Engineering. 

(U.P.T.U 2002, 2003, 2006). 
CURL OF VECTOR POINT FUNCTION 
The curl (or rotation) of a differentiable vector point function У is denoted by 
curl V and is defined as 


curl Vevx- [i Rey 
;,0V л ƏV ~ oV 
=1х-—+јх-—+Кх-— 


x ду д2 


The curl of a vector point function is a vector quantity if V=Viit V2j+ V3k 
Then 


о 0.(:9 (19 „тд Be eet a сүй 
curl Vevxv- (2-2 d «(v i+ V,j+ Vk) 
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9 9 9 
jx y z 
Vi У, У, 


ELA „(55 а Јак Na ду; 
ду dz д2 Әх дх ду 


PHYSICAL INTERPRETATION OF CURL :- Consider a rigid body rotating 
about a given axis through О with uniform angular velocity о. 


Let 07 011+ 02] + osk 


The linear velocity V of any point Р(х, y, z) on the rigid body is given by 


Vzoxr 


Where r= ix* | y+ К zis the position vector of P 


— 


.V=oxr 
i j k 
= (0, o, Q, 
x y 7 


00,2 -@3y)+ Хаах - 0,2) + Коу - 07X) 


© curl V = curl (oxr)=Vx(oxr) 
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| 


j 
2 
ду д2 


0,2- оу Q4X - 00,2 wy -WX 


i 
LA 
9 


(o * ài * (0, +o, Jj* (0, + 0, ЈК 


= 2(w,i+,j+0,k) 


2. @1, 02, ©з are constants 
=2@ 
cats cs 
гол — curl V 
2 
Thus the angular velocity at any points is equal to half the curl of linear velocity 
at that point of the body. 
(U.P.T.U 2001). 
Note : If curl V= 0, thenVis said to be an irrotational vector, otherwise 
rotational. Also curl of a vector signifies rotation. 
VECTOR IDENTITIES 
(1) grad (a.b)= (a.v)b+ (Б.Ў)а +a xcurl b+ b xcurla 
where a and b are the differentiable vector functions 
(I.A.S 2004, U.P.P.C.S 2004) 
Proof : 


grad (ab) = | iS (ab) «1 (0b) +k (68) 
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50 SEE -azi 231 јаје 


= ax curl b+(a.V) b (ii) 
similarly 
T c "-———— 
xe bx curl a*(b.V) a............. (iii) 
x 


Hence from (i) , (ii) & (iii) we get 

grad (a.b) = (a.v) + (Буја +a х сат b+ b х сила 
Hence proved. 

(2) If a is a vector function and u is a scalar function then 


div (ua) = u diva + (grad u) .a 


(U.P.T.U 2004, B.P.S.C 1995) 

Proof :- 
Let a зар +а2 ] +азк 
3 V.(ua)=V. (uai +пај +uask) 

:9 +9 9 : : е 
- 172 eiie] 

9 9 д 
аср бл ha (tas) 
ges ga; Qus РТ. aoe ас 

dx ' dx ду? dy, Oz? a 
ge] аг ay ae ПР ДС ou 

dx ' ду ? az? дх ду 92 

ди; ди; ди; атды ул :9 ^9 „ад ээ, 
(ri i) ident) 12482: Цагадай) 
=Vu-a+uV.a 
=uV-a+Vu-a 
Thus div (ua) = udiv a + (grad u)a 
Hence proved. 
(3) Prove that div (axb) = b. curl a-a. curl b 

[U.P. T.U 2003, B.P.S.C 1993). 


Proof :- div (axb) = V (axb) 
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- уља xb) 

_ ~. |да z,- ab 
-zi | хөвөн 
=}. сан. 


= Six 6. xix a 


"а.х c=-axc.b 


x 
хү 
дх дх 
=curla.b - curl b.a 
Thus div (a x b) = b.curla-a.curlb 
Hence proved. 


(4) If а is a vector function and u is а scalar function then 


Curl (ua) -ucurl a * (grad и)х а 
[U.P.T.U. (С.О) 2003] 


Proof :- Let a = ari +а2 ] task 


à V(ua)- у. (uai +uaj +цазК) 


20 0 ad : : 5 
[ет eniin 
д2 


дх ду 
i j k 
Le 02 2 
д ду д2 
ча, ча, ua, 
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‚| д д 
= па рад - ва 


ду д ГЭ” 
КЕ: д 
zu 321 +1 2-8 e 2 
ду 0902 ду 9 
MEE Eie j k 
д д ди ди ди 
= у |— —+ |— — — 
дх ду 02| |9х ду д2 
а, a, а, а, а, а, 


= ц (уха) + (Уи) ха 
Thus curl (и a)= u curl a *(grad u) x a 
Hence proved. 


(5) Prove that Curl (a x Б) = (Б.Ў)а - (a.v)b *a div b-bdiva 
(IA.S 2000, U.P.P.C.S 1996) 
Proof :- Curl (ax<b) =i (ах) j (b) > ах) 


= (b. V)a- b diva t adivb- (a. v)b 
-(b .V)a- (a УБ * adivb- b diva 


Thus curl (ax b) =(b.V)a-(a.V)bt+adivb-bdiva 
Hence proved. 
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SECOND ORDER DIFFERENTIAL OPERATORS, LAPLACE'S OPERATOR 
V2 :- 
22 д? 22 
The operator У? = 32 >> эу? ams i called the Laplace's operator and the 
2 
equation У2ф= 0 is called the Laplace's equation. Now we shall prove some 
results of second order differential operators. 
(1) div grad 6 =V.V ф = Vo 
Proof :- We have 
Vo = {90 +] 99 — + k — 
дх r" д2 


V-VO= Pu M {% Pa ы 
9х ду 92 p" dy 92 


99, 99 ‚9% 


= V20 
Thus div grad ф =У%ф, hence proved. 
(2) Curl grad ф = Ух(Уф) = 0 
Proof :- Curl grad ф = Vx(V4) 


3 21-32: о, «a 
ду az 


-i(22- 2% | 2% AR). (2 % з 
dydz dzdy дгдх дхд2 дхду дудх 
-0 

Thus curl grad ф= 0. Непсе proved 

(3) div (curl V) = 0 

Proof :- Let V=Via +V2j+V3k, we have 
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M 
[Меш у 
“(ду az д2 Ox дх ду 


„фу (Curl V) = V. (Vx V) 
Bre А АШ 2 2224 JZ- Am. 19% 9% 
дх ду dz ду 92 д2 Әх дх ду 


(os w) ax. -24 219 23 
+ — TT|—-—— 


"Ox( ду д>) dylaz ox) Oz(Ox ду 
(PV; әу, \ (sv, әү, \ (av, 2v, 
_(дхду дхдг 9792 _ дудх) \dzdx dzdy 
=0 


Thus div (curl V) =0 
Hence proved. 
(4) Prove that grad div V = Curl Curl V +y? V 


OR 


Curl (Curl У) = grad (div V)- V2V 
(L.A.S 2002, U.P.P.C.S. 2003, U.P. T.U. Special Exam 2001, U.P.T.U 2003) 


Proof :- Let V =V; Â +V2j+ V3k 


Then 
ij ok 
Curl У = KA E 2 
дх ду az 
у, V У, 


ду 92 Oz Ox Ox ду 


“Curl Curl V =V х (Vx V) 
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А А 


i j k 
ay) 15 EA 2 
д ду 92 


ыы. ыы ы 
ду 92 }\ Oz Ox дх ду 
абза аы) әб 88) 
ду дх ду. 924 əz Әх 


БЭ ФУ, САГ ФМ, 9v, ФМ, d 


Әх? дудх dzdx Әх? ду əz’ 


um ЮУ, ФМ, ev, oV, ag 


=i ааъ), |+ ЈЕ (divV)- ДАЕ БАЯ 


Лоу 
=| i2 (а) +} (av) +k 2 (aivV) |- v vi - vj - v Vf 
x J ET 1 2) 3 
33553: |вьч)-у *(V,i+V,j+ Vik] 


= grad div V - V2V 

or grad (div У) = Curl Curl V+V2V 

Hence proved. 

ILLUSTRATIVE EXAMPLES 

Example 1 :- If гехі+ yj* zk , Prove that 
(i) div r=3ie, V. г=3 

(ii) Curl г= 0 ie, Vxr-0 

Solution :- (i) divr- У.т 
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-2x +e Аа 
=1+1+1 


(ii) Curl г-Ухг 


:9 9 тд OU NAE. 
(аа а pieni) 


i j k 
BE д 9 
“1: шз 28 

х у 2 


„(ах әу}, (8 әл}, (Әу әх 
-(2 Э2С ЧЕР x 


Example 2 :- Prove that, for a constant vectora 
(i) Curl (тха) =-2aie, Ух(гха) = - 2а 
(ii) div (axr) = 0 

Proof :- Let us suppose that 

r=xit+yj+zk 


and a= ai + ај + ask 


а, а, а; 


= | (азу-а22)-1(азх-а12) + k (агх-ату) 
Therefore, we have 


i j k 
: эё 9 д д 
(i) Ух(тха)= X Fm 55 


а,у-а,2 a,Z-a,X а,х-ау 
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-1 (-а1-а1) -) (аз+аз)+ К (-аз-аз) 
= -2ari -2а» | -2a3k 
=-2 (а11 +а2] + ask) 


=-2а 
Also we have 


E С ЧЫЛ : " mE x 
(ii) A[axr)- СЭРЭЭ . {1 (азу-а22) - j (asx-aiz) +k (агх-ату)) 


- 2. (a3y-a2z) - = (азх-а12) + 2 (azx-a1y) 

=0 

Alternative Method :- 

Since we know div (а xb) = b.Curla-a . Curlb 

лау (axr) 2r. Curla-a. Curlr But curla = 0, curl r =0 
Hence div (a xr) =0 

Example 3:- Ifr=xityjtzk andr= | show that 


div grad гт = m (m+1) rm? 
(О.Р.Р.С.5 1996, U.P.T.U. 2002, 03, 04, 05) 


Solution :- 
9 «од 
grad гт = жеу] 
ду 2 
Or , or, or 
= {тагт +] mrmi т — 
іт 8) mr Е mmi 
па | 290r 40r «or 
=mr |1—+ј]— +кК— 
ox ду 092 


= т2?=х?+ у?+ 72 


9 
=> 2r <= 2x 
дх 
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дг х 
= — =— etc. 
дх г 


= mrm? (xi ty j+zk) 


г, div grad rm = V. [mr (xi +y j +z k)] 


= ag [mr (xi ty j+zk)] 
ox ду 092 


ЭВЭРЛЭГ" 
-m |20 rcr oe У 
x д7. 
or or or 
= m [[r?*(m-2) xrm3 je( r7? +(m-2) уг” ду. }+{ re 24(m-2)2rm3— J] 


or дт oar 
= 3m rm2 + m (m-2)r™3 | х— + y— 4+ Z— 
ox ду 092 


= 3m rm2+m 1 (z) z 263 Ы 42) 


= 3m rm? + m (m-2)r™4 (х2+у2+22) 
= 3m rm? + m (m-2)r™ (r?) 
Po х2+у2+22 = r2 
= [3m + m (m-2)] г? 
=m (m +1) rm? 
Hence proved. 
Example 4: If r and г have their usual meanings, show that 
(i) div r^ r = (n*3)r 
(ii) Curl mr =0 
Solution :- Sincer = (xi +y j+z k ) so; we have 
mr=smxi+tmyj+tmzk 
- ^ 9 a 9 ^ д a А ~ 
(i) | div rr =| i—+j—tk— |.(mxit+myj+mzk) 
дх ду д> 

д д д 
== (тах) + (my) +— (mz) 

ox у Oz 

дт дг 


дт 
= гп] + nrm! Эх xt 1 + nr ду?! mI ОР" 27 
х 


д2 


283 


A Textbook of Engineering Mathematics Volume - I 


г дг or 
=3 m+ nel) х— +у—-+2— 
Ox 


dy oz 
cames] 
r r r 
E A 
егыл [um 
r 
= 3rntnrn 
= (n*3)r^ 
(ii) Curl (r^ т) = Ух (тп x)i + (m y)j* (^ z) К] 
i-o x 
ә ә а 
ox ду dz 
rx гу xz 


= nr? [(zy-yz) i +(xz-2x) } + (ху-ух) К] 
-nm2[0i +0) +0К ] 
= nrn-2 [0 ] 


= 0 Hence Proved 

Example 5:- Prove that div f = = where г апа г have their usual 
r 

meanings. 


Solution :- we have r= 


es [ote 
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* y 
DE] 
= |= |+—| = |+—| = 
дх\т/ ду\г] Ozir 


Hence proved. 
Example 6: If a is a constant vector and r is the position vector, show that 
ахг а 3 /--)- 
Guia n. e 
T | x | 8 30) 
(LAS. 2001) 


Solution :- Curl E - | = Curl {r° (axr)} 


=r3curl (axr)+ grad r? x (axr).......... (i) 
Since curl (ua) = и сипа + grad u ха 
Also curl (a x r) = Жа пољана (ii) 
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using example 2(i) 
and grad г? = - 3; nO ES (iii) 
r 


From (i), (ii) and (iii) we obtain 


Син (835 -5a- 5px] 


Hence proved. 
Example 7 : If Üand Vare irrotational vectors, then show thatUxV is a 
solenoidal vector. 
(I. A. S. 2004) 

Solution :- If © and V are irrotational vectors, then by definition 
Vx Ü-0and Vx V=0 (i) 
Now div (Ux V) = v. (Ux V) 
=V (VxÜ)-U.(VxV) 
= Vý -Uð from (i) 
or div(U x V)=0 
Hence by definition U x V is a solenoidal vector. 
Hence proved. 
Problem 8:- Prove that r^r is an irrotational vector for any value of n, but is 
solenoidal only if n*3 = 0, where r is the position vector of a point. 

(1.А.5. 2006, 2007) 
Solution :- Curl (r^r) = 0 
See example 4 (ii) 
it shows that r^r is an irrotational for any value of n. 
Again div r^ r = (n*3)r 
See example 4 (i) 
we get 
div r^r = (n + 3) т", which is zero if п+3=0 i.e. n = -3 
Hence proved. 
Example 9 :- If vector Ë = 3xi *(x*y)j -az k is solenoidal. Find a. 


Solution :- A vector Ё is said to be solenoidal, if div F = 0 
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9 
эх (742) 


div F= Ox) tS (x +у)+ 
=3+1-а=0 

7 а= 4 Answer. 

Example 10 :- Find the constants a, b, с so that F= (x*2y*az)i *(bx-3y- 
z) | +(4x+cy+2z) k is irrotational. 


Solution :- A vector F is said to be irrotational if curl F =0 


^ 


i j k 

5 9 
Now, Curl F = = а 2 
дх ду д2 


х+2у+47  bx-3y-z 4х+су+22 
or Curl Ё = (c*1) i + (а-4) | + (b-2) К 
Now Curl Ё = 0 if c+1 = 0, a-4 = 0 & b-2 =0 


“a=4,b=2,c = -1 Answer. 
Example 11:- dd that 


aiv [5 - ан) 


where r- ri mo 
(U.P.P.C.S. 1991) 


Solution :- div 0; |= zu) div r *r.grad —— Li 
r 
‘div ua=u div ata. Es 
3f(r) - rgradf(r)- f(r)gradr 
ie e Lau 


(i) 
- divr =3 
Now we have 


grad f(r) = orm i OS К0 
дг “дг 
Е ix ost d 
= rn] ++ | 
т т т 
5. (ii) 
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and grad r= IE ‚к= 
=ї^+]7+К® 
тот r 
r " 
on (ii) 


using (ii) and (iii), (i) gives 


div (005 „280 „тю _ ко 


r r T. 
9289), qi 
224 2. 210) 


Hence proved. 


Example 12:- Show that the vector field defined by 
Ё = 2xyz3i + x2z3j + 3x2yz2k is irrotational. Find also the scalar such that Ё = 


grad ф 
(1.А.5 2001, О.Р.Р.С.5, 2002) 


Solution :- 


i j k 

д д д 
Curl F = — — — 
Ox ду д2 


2xyz? x'z? 3x*yz? 

= і (3х222-3х222) + j (6xyz2-6xyz?) + k (2xz3 - 2xz?) 
=0 
Hence F is irrotational. 
Now F= Vo given 
г9ф a 9ф 90 
Ox ду д2 
.96 n 906 . дф 

=, , —=F 
ax ду az 


or Fyi + Б] + Fak = 1 


99 iz 


дф дф 
do = + — ду + 
Also do 3: dx Зу yv 
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= 2хугзах + х2224у + 3x?yz?dz 
= d (yz?) 
Integrating, we get 
$ = x*yz + constant 
Answer. 
Example 13 :- A fluid motion is given by V = (y+z) i +(z+x) j +(х+у) К, show that 
the motion is irrotational and hence find velocity potential. 
| (U.P.T.U. 2003, Uttarakhand T.U. 2006). 
Solution :- We have У = (y+z)i +(z+x) | +(xty) К 


А л 


! ) К 

= д д д 
Curl V=] — '— — 
дх ду д2 


У+2 2+х X ту 
= (1-1) i + (1-1) | + (1-1) К 
= 0 
Hence V is irrotational 
Now, if is a scalar potential then, we have 


У = уф 

6) нан) 1 + Gry) Re HER 
Equating the coefficients of is k we get 

дф дф _ „а у 99 

— = у & = x+ 

p Эу аР 


Also do = SO dx + 89 dy + T dz 
x y 2 


= (y*z)dx + (z*x)dy + (x*y)dz 

= ydx + 2х + zdy +xdy + хах + ydz 
= удх + хау + zdy + ydz + xdz + zdx 
= d(xy) + d(yz) + аб) 

Interating term by term we get 

ф = xy + yz + xz + constant Answer 
Note :- For an incompressible fluid 
div V=0 


она r2 о, (уза)! + (2+x)j + (xty)k} 
Ox оду 
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д д д 
= —(ytz) + — (2+х) + — (x+ 
ОМ эу em) р ey) 
= 0+0+0 
=0 
Hence motion is possible for an incompressible fluid. 
Example 14 :- For what values of b and c will 
Ё = (y2+2czx) i *y(bx*cz) j + (у?+сх?) k be a gradient field? 
(U.P.T.U 2006) 
Solution :- F will be a gradient field if Ё is conservative vector field і.е. Fis 
irrotational vector function. In that case curl F =0 and consequently 
F = grad ф (' curl grad $ = 0 where ф is scalar potential) 
i j k 
Now Curl F = Үд Es 2 
дх ду д2. 
y! + 2с2х ybx+ycz у + сх? 
= (2у-ус) і -(2сх-2сх)) *(by-2y)k 
-(2y-yc) i +(by-2y) К-0 
which gives 2y - yc = 0 or c =2 & by - 2y -Üorb-2(-y + 0) 
Hence b = c = 2 Answer. 


Problem 15:- Show that the vector field F == is irrotational as well as 


т 
solenoidal. Find the scalar potential. 

(U.P.T.U. 2002, 05) 
Solution :- For the vector field F to be irrotational, curl Ё = 0 
we know that curl (ua) = u curl a + (grad u) x a 
Therefore, 
Curl (5) = 4 сип г + (grad EDT 


T 


Curl r=0 
"DE 
z0--—iIrxr 
= (гхт) 
--0-0 vsrxrzÜ 
=0 
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Hence vector field F is irrotational. 
Again, for the vector field F to be solenoidal, div F = 0 
we know that div (ua) = u diva +a. gradu 


“div Bi | div r*r. grad (+) 
r r 


r 


Lil 

|^ 

+ 

- 1 

Ї 

Q "| 
~ [ots 
и 


r 
офу r= 
&r.r-r 

CC 
г г 

3 3 
"Pr 
-0 


Hence vector field F is solenoidal. 
Now, let F = Уф where ф is scalar potential 


hi +F2j +F3k = (25 БН 
х 


дф дф дф 
Л =, — = F, — =F: 
ax ду 2 95° 


do дф дф 
Al === дах + — ду + —- а 
оо дх ` ду у ду 4 
х у 2 
Bi ЭСЭР ыз уйн с чын. ы уйы з = 
(х? +у? +22)? ву xz yn нарас" 


” хах + ydy + zdz 

= d(- (х2+у2+22)1/2) 

Integrating, we get 
1 


>= + Constant 
Jx Фу +2 


| 
отф= —— + Constant Answer. 
r 


Example 16 :- Prove that a vector field F = (x2y2+x)i- (2xy*y)j is both 
solenoidal and irrotational 
(U.P.T.U 2009) 
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Solution :- A vector F is said to be solenoidal if div F=0 


Here div F=V.F 


(oae eni + yj 


д 9 
= — (x2-y2+x) - — (2xy + 
~ % у2+х) ay СУ у) 


= (2x + 1) - (2x + 1) 
=0 


— div F=0 (i) 
A vector F is said to be irrotational if Curl F =0 
E 9 д 

Now curl Е = — -- -- 

дх ду oz 

х -у +х -(2ху+у) 0 

= 1(0-0) +) (0-0)+К (-2y+2y) 
-0 


Thus from (i) & (ii) the given vector is solenoidal as well as irrotational. 
Hence proved. 


EXERCISE 
1. Show that ve =- Зг5 г where 
x 

r- || = bd + yj + zk| 
2. Show that V (ал) =a where а is aconstant vector. 
3. Find a unit vector normal to the surface хуз22 =4 at the point (-1, -1, 2). 
-i-3j+k 

Vil 


: к us КИН l. TE. = OPNS INS à 
4. Find the directional derivative of — in the direction г where г = xi +уј +zk 
r 


Ans 


(U.P.T.U. 2002, 03) 
Ans. E 
r 
5. Find the directional derivative of ф = (x?*y?*z2) 7? at the point P(3, 1, 2) in the 


direction of the vector yzi +zx ) *xy К 
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(U.P.T.U. SE 2002) 


9 
Ans. ——== 
49414 
6. If u= x*y*z, v= х2+у2+22, w = xy *yz*zx, Show that grad u, grad v, grad о are 
coplanar. 
(U.P.T.U. 2002) 
7. If 8 is the acute angle between the surfaces xy?z = 3x +z? and 3x?-y?42z =1 at 
the point (1, -2, 1), Show that 
3 

Cos0 = —— 

746 
Hint. Ө be the acute angle such that 0 + ф = л 
8. Show that (1) асан 

r r 

9. Evaluate V. [(a x гр" | where ais a constant vector. 
Answer. 0 
10. Evaluate V (гэг) 
Answer. 6r? 


11. If о is a constant vector and V = xr , prove that div V = 0. 


12. ВА ==, find grad div A. 
r 
Answer. - 22 
г 


13. Prove that ус -0 
r 


14. Prove that div СЕ x a) x b] = -2ba , where а and b are constant vectors. 


15. Show that the vector V = (x+3y) i +(у-32) j +(x-2z) k is solenoidal. 


EIS SES chew hae wn ea МНМА and VxF=0 


Vx ty? +2? Мх ty tz 


17. Find Curl V where V = ex (i +j+ К) 


16. If F- 
(U.P.T.U. 2001) 

Ans. {x(z-y)i +у (x-z) | *z(y-x) k | ехуг 

18. Evaluate А, р, y so that the vector Vis given by V=(2x+3y+Az) 14(их 


+2у+32) | +(2x+yy+3z) k is irrotational. 
Ans. à = 2, и =3 у = 3 
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19. Show that Curl E x (ax r)| = 3r xa, a being a constant vector. 
20. Prove that Curl [(т х а) х b) =bxa, where a and bare constant vectors. 


21. Evaluate curl grad r^, where r= || = i +уј+ 23 

Ans. 0 

22. Find div F and Curl Ё where F = grad (x3+y3+z3 - 3xyz) 

Ans. div Ё = 6(x+y+z) 

Curl F= 0 

23. A vector field is given by F = (y sin z - sin x)i + (xsinz* 2yz)j +(xy cosz + 
y?) К. Prove that it is irrotational and hence find its scalar potential. 

Ans. ф = xy sin 2 + cosx + у22 + с 


24. Show that V (5) = 0 where г is magnitude of position vector r = xi +yj +zk 
r 


(U.P.T.U. SE 2001) 
25. A vector field is given by Ё = (х2+ху2)і +(у2+х2у) j show that the field is 


irrotational and find the scalar potential. 
3 2,,2 


3 
Ans. po ын se er, 
3 3 2 


26. (i) Show that Curl (k xgrad 1) + grad (k . grad 2) = 0 where r is the distance 
r r 


of a point (x, y, z) from the origin and k is a unit vector in the direction of OZ. 
(U.P.T.U. 2001) 
(ii) If f and g ае two scalar point functions prove that 
div (f V g) = f V g + Vf. Vg 
(U.P.T.U. (SE) 2001) 
27. Prove that div (grad r^) = V2(r8)= п(п+1) r^? where г = xi +уј *zk. 


i _ 
Hence show that V? Ө = 0. Hence or otherwise evaluate Ух [5] 
r r 


(U.P.T.U. 2003, 05) 
Ans. 0 
28. (i) Prove that vector f(r) г is irrotatinal. 


(ii) Prove that V2f(r) = f" (r) + Z f'(r) 


30. Prove that b.V (av l | = 12009 25 a.b 
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31. Prove that а[у (ua) -Vx (u x a) | = V.u , where a is a constant unit vector. 
TICK THE CORRECT ANSWER OF THE CHOICES GIVEN BELOW:- 

1. When 6 (x, у, 2) = x*y + y?x +22, then grad ф at the point (1, 1, 1) is given by 

(i) 31 +2) +2k (ii) 31+3] +2К 

(iii) 21 +27 +3k (iv) 1+) 43K 

Ans. (ii) 

2. If r=xityj +zk then the value of V (ar) is given by (whereais a constant 
vector). 

(i) 0 (ii) 2a 

(iii) -2a (iv) a 

Ans. (iv) 

3. Greatest rate of increase of и = x? +yz? at the point (1, -1, 3) is given by 

(i) 11 (ii) 9 

(iii) -9 (iv) УП 

Ans. (i) 

4. If the directional derivative of ф = аху + byz + czx at (1,1,1) has maximum 
magnitude 4 in a direction parallel to x axis, For 


(i)a=2,b=-2,c=2 (ii) a=-2,b=-2,c=2 

(iii) a= 2,6= 2,с= 2 (іу)а = -2, b = 2,с= -2 

Ans. (i) 

5. Unit normal to the surface x3+y? + 3xyz = 3 at the point (1, 2, -1) is 
(i) 31 +9} +6k (ii) 31-9}-6k 

(iii) - 31 «9j +6k (iv) -3i «9j- 6k 

Ans. (iii) 


6. Directional derivative of the function ф = 2xy +z? at the point (1, -1, 3) in the 
direction of the vector i + j +2k is 


4 14 үл? 
0 > (i) 5 
(iii) = (iv) 3 
Ans. (i) 


7. Angle between the normals to the surface xy = z? at the point (4, 1, 2) and (3, 3, 
-3) is 


(i) 90° (ii) cos (s) 
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(iii) cos! E (iv) 450 


Ans. (ii) 
8. If r=xi +yj +zk then divr is 
(i) 0 (ii) 1 
(iii) 2 (iv) 3 
Ans. (iv) 
9.If r=xityj +zk then Curl t is 
(i) 0 (ii) 1 
(iii) 2 (iv) 3 
Ans. (i) 
10. divf is given by 
o: (i) = 
т г 

ac 2] : 2 
(iii) E (iv) n 
Ans. (ii) 
11. mr is an irrotational vector for n is equal to 
(i) 0 (ii) 3 
(iii) -3 (iv) any value of n 
Ans. (iv) 
12. т" т is solenoidal only if 
(i)n=0 (1) n =3 
(iii) n = -3 (iv) any value of n 
Ans. (iii) 
13. For a solenoidal vector Ё the value of Curl Curl Curl Curl F is 
(i) AF (ii) V2F 
(iii) УЗЕ (iv) V4F 
Ans. (iv) 
14. If Ё = (х+у+1)1 + j - (x+y) k Then the value of Ё. curl F is 
(i) 0 (ii) 1 
(iii) 2 (iv) -3 
Ans. (i) 
15. If = х2 + y? +22апа B» xi *yj *zk then div (A B) is equal to 
(i) 2A (ii) 3A 
(iii) -3A (iv) 5A 
Ans. (iv) 
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16. The value of Үй 


(i) г (ii) 12 
(iii) 2r (iv) 2r 
Ans. (iv) 
17. If aand bare constant vectors then V(rab) 
(i) a.b (ii) axb 
(iii) bxa (iv) 0 
Ans. (ii) 
18. The value of f(r) x r is 
(i) 6 (ii) r 
(iii) r (iv) т? 
Ans. (i) 
19. If ф = log | then Уф is 
à Gps 
(ii) = (iv) 5 
(U.P.T.U. 2009) 

Ans. (iii) 
20. The value of V log r" is 
@ 2 (i) 5 

r r 
(iii) == (у) == 
Ans. (iii) 
21. If V= (x2-y2) i + 2xy j + (у2-ху) k then div V is 
(i) x (1) 2x 
(iii) 3x (iv) 4x 
Ans. (iv) 


22. If т =xi +y j +zk then the value of У? (:) 15 
г 


(i) 0 (ii) 3 у 
(iii) 2r (iv) 2r 
Ans. (i) 


23. If r =хї +уј+г kis position vector, then value of V(log r) is 
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r TES i 
OE i) 5 
(iii) 5 (iv) None of the above 

(U.P.T.U. 1999) 

Ans. (ii) 
24. 1Ёф = x? + уз + 23 -3xyz, then the value of div grad 9 is 
(i) х+у+2 (ii) 6(х+у+2) 
(iii) 9(x+y+z) (iv) 0 
Ans. (ii) 
25. If ф = x? + уз + 23 -3xyz, then Curl grad 9 is 
(i) x*y*z (ii) 6(х"у+2) 
(iii) 9(х+у+2) (iv) 0 
Ans. (iv) 


26. The value of div (grad : )18 
г 


(ЈЕ i) 4 

T Y 
(iii) = (iv) 0 
Ans. (iv) 


27. The magnitude of the vector drawn in a direction perpendicular to the 
surface х2+2у2+22 = 7 at the point (1, -1, 2) is 


$2 E 

(iii) 3 (iv) 6 

Ans. (iv) 

28. A unit normal to the surface z = 2xy at the point (2, 1, 4) is 
(i) 21 *4j-k (ii) 21+4j+k 


(iii) 4; 2it4j-k) (iv) = (4i «2j *K) 


Ans. (iii) 

29. If a being a constant vector then the value of Curl [т х(ах 7] is 
(i) 3rxa (ii) -Brxa 

(iii) rxa (iv)axr 

Ans. (i) 
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30. The value of p for which the vector field Ё =(2х+у)і + (3x-2z)j + (x*pz) k is 
solenoidal is 

(i) 0 (ii) 2 

(iii) -2 (iv) 1 


31. If r =хі +y j *zk then Д6 is equal to 
r 


(i) 0 (ii) 3r 
(iii) r? (iv) Z 
Ans. (iv) 


32. If f(x,y,z)= c represent the equation of the surface. The unit normal to this 
surface is 


(i) - (ii) VE 

(iii) div grad f (iv)Curl grad f 

Ans. (i) 

33. The vector defined by У = ех sin yi +ех cos y ) is 
(i) rotational (ii) irrotational 

(iii) Solenoidal (iv) Both solenoidal and irrotatinal 
Ans. (iv) 

34. Let Ё = х21 + ху ех) +sin zk then V.(Vx Ё) equals 
(i) x*cos 2 (0 ` 

(11) ех (iv) е? + cos z 

Ans. (ii) 


INDICATE TRUE OR FALSE FOR THE FOLLOWING STATEMENTS :- 

1. Vector having zero divergence is called solenoidal. 

True/ False 

Ans. True 

2. Vector having zero divergence is called irrotational. 

True/ False 

Ans. False 

3. The motion of the fluid having velocity V at a point P, then div V gives the rate 
at which fluid is originating at a point per unit volume. 

True/ False 

Ans. True 

4. A fluid motion is given by Ў = (y+z)i + (z+x) j + (x+y) k. Is this motion 
irrotational? 

True/False 
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Ans. True 

5. A fluid motion is given by V = (y+z)i *(z*x)j +(х+у) К, the velocity potential 
is equal to ху+у2+2х. 

True/ False 

Ans. True 

6. The fluid motion is given by V = (y*z)i * (2+х)) + (x*y)k the motion possible 
for an incompressible fluid. 

True/False 

Ans. True 

8. Vectors having zero divergence are called solenoidal. 

True/False 

Ans. True 

9. Vectors having zero divergence are called irrotational. 

True/False 

Ans. False 

10. The motion of the fluid having velocity Vat a point P(x, y, z). Then 
div V gives the rate at which fluid is originating at a point per unit volume. 
True/False 

Ans. True 

11. If the fluid is incompressible, there can be no gain or loss in the volume 
element. Hence div V =0. This is known in hydrodynamics as the equation of 
continuity for incompressible fluids. 

True/ False 

Ans. True 

12. Divergence of a constant vector a is zero. 

True/ False 

Ans, True 

13. If a rigid body is in motion, the Curl of its linear velocity at any point equal 
half its angular velocity. 

True/False 

Ans. False 

14. If a rigid body is in motion, the curl of its linear velocity at any point equal 
twice its angular velocity. 

True/False 

Ans. True 

15. r^ г is an irrotational for any value of n. 

True/ False 

Ans. True 

16. r^ г is solenoidal only if n = -3 
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True/ False 
Ans. True 


17. Еп = -1, then У: B is zero 
r 


True/False 
Ans. True 


18. The vector field F - ын is irrotational as well as solenoidal. 
r 

True/False 

Ans. True 


19. For a constant vector a, Curl a= 0 
True/ False 

Ans. True 

20. The velocity V of any point P(x, y, z) on the body is given by V2 oxr 
wherer =x i +yj +zk is the position vector of P. If Curl V = 0 then V is said to be 
an irrotational vector. 

True/ False 

Ans. True 

21. The directional derivative of a scalar field $ at a point P(x, y, z) in the 
direction of unit vectora is given by à grad $ 

True/False 

Ans. True 

22. The temperature distribution in a medium is the example of vector point 
function. 

True/False 

Ans. False 

23. The temperature distribution in a medium is the example of scalar point 
function. | 

True/ False 

Ans. True 

24. The velocity of a moving fluid at any instant is the example of vector point 
function. 

True/ False 

Ans. True 

MATCH THE ITEMS ON THE RIGHT HAND SIDE WITH THOSE ON LEFT 
HAND SIDE :- 

1. 
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(i) Directional derivative (p) a 

(ii) Unit normal (q) à .grad ф 
(iii) Greatest rate of increase (r) grad $ 
(iv) Directional derivative is (s) |Vol 


maximum along 
Ans. (i, q), (ii, p), (iii, s), (iv, r) 


2. 

(i) V.V=0 (p) Solenoidal and irrotational 
(ii) Vx V=0 (4) 3 

(iii) V= 3 (r) Solenoidal 

(iv) V.r (s) Irrotational 

Ans. (i, r), (ii, s), (iii, p), (iv, q) 

3, 

(i) Curlr (p) -2a 

(ii) dive (q) 2a 

(iii) Curl (a xr) (r) 0 

(iv) Curl (r xa) (s) 3 

Ans. (i, г), (ii, s), (iii, д), (iv, p) 

4. 

(1) r^r is an irrotational for (p) п= -1 
(ii) r^ r is solenoidal for (а) n =4 


(iii) 3х1 +(х+у) j -nzk is 
solenoidal for (r)n=-3 


(iv) У? B 70 for (s) Any value of n 
r 


Ans. (i, s), (ii, r), (iii, q), (iv, p) 
5. If t=xit+yj+zk 


| Зт 
(i) Уг W -3 
(i) v. (а) 2 

т | r 
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(iii) v (0 

(iv) div : (s) f 

9У5 o od 
r r 


Ans. (i, s), (ii, t), (iii, p), (iv, q), (v, г) 
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Chapter 13 
Vector Integral Calculus 


INTEGRATION OF VECTOR FUNCTIONS :- 
LINE, SURFACE AND VOLUME INTEGRALS: LINE INTEGRALS :- Let т = f(t) 
represents, a continuously differentiable curve denoted by C and f(r) be a 


: dr. : : 
continuous vector point function. Then qra unit vector function along the 
s 
tangent at and point P on the curve. The component of the vector 


function Ё along this tangent is RS which is a function of s for points on the 
8 


curve. Then | F.Z as = [ F.dr is called the line integral or tangent line integral of 
с 5 с 

F (r) along С. 

Let Ë= iFi + ЈЕ +k Fs 

and r=ixtjytkz 

г.йт =i dxtj dy+k dz 


Ё 
B 
dr 
Р 
С 
А 
„Јваг= [(Ri+E,j + EK) (dx +dyj + dzk) 
= | (Rdx + Edy + Баг) 
dx _ ду id 
= ДЕ 3 E; x +F, JE 
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dx ду „42 
F.dr = Е, Е, — 
5| r= ЈЕ ЦЭ ЛЫН —+ x Ja 


where t; and t; are the values of the parameter t for extermities A and B of the arc 
of the curve C. 
Again, if r 7 xi *yj *zk 

dr ах; Фу: dz Ё 


"ds ds 45) ds 


„вая [RS as 


-Г (85 dx | 5S en las 


di. ds 


where s; and 5; are the values of s for the extermities of A and B of the arc C. 
Illustrative Examples 


Example :- ЁЁ = 3xy i - у?) evaluate | Баг, where С is the curve in the xy plane 


y= 2x? from (0, 0) to (1, 2). 
(B.P.S.C 2002). 
Solution :- In the xy plane 2 = 0, hence dr = dxi + ау) 


ё [Ват Е [ (3xyi - yj) (4хї + dyj) 

- | 3xy dx- Í. у ду 
put у = 2x? “ду = 4x dx and x varies from 0 to 1. 
„| Баг = [3x(2x?)dx - | (2 Y Axdx 


= ip бх’ dx - [ 16 ах 


1 
[bee 
4 6 0 


=- iA Answer. 
6 


Example 2:- Evaluate | Баг , whereF= xyi+yzjt+zxkand where С is 


T=ittj t+ КВ, Е varying from -1 to +1. 

Solution:- The equation of the curve in parametric form is 
x=ty=t,z=6 

„Ё = xyityzj гах 

=>F= 8] +8j +k 
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dr Ах; ду, dz; 
Ale - 142712 56 
Oat dt dt) dt 
= 1+2:Ј +ЗЕК 
г. pat = 13+26+36 

dt 


= +56 
- - paar 
| Баг [асга 


= | (€ «5t*)at 


8 501 
=р—-+— 
E 7 |. 


-2 Answer. 


Example 3:- Evaluate | Баг, where Ё =(x2+y?) i -2ху jand the curve C is the 


rectangle in the xy plane bounded by y = 0, x a, y - b х= 0 
(U.P.T.U. 2002, U.P.P.C.S 1997) 


Solution:- In the xy plane, z-0 
тих] +уј 


= а г = ахі +дуј 


(0,5) C 


(0, 0) 740 А (8,0) 
А | Far = е t y!)dx - 2xy dy] (i) 
Now | Рат = | Edr«[ Раг+ | Fdr+f Far (ii) 
Along OA, y = 0 
г,ду = 0 and x varies from 0 to a 


Along AB,x =a 
г,дх = 0 and y varies from 0 to b 
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Along BC, y = b 

^. dy = 0 and x varies from a to 0 
Along CO, x = 0 

гах» 0 and y varies from b to 0 
Hence from (i) and (ii) we get 


[ Bar = ЈЕ x’ ах -f 2aydy + f(x? +b*)dx+ [ оду 


3 2 3 9 
аар Х_+ьх| +0 
3 2 (3 : 
3 3 
-3--ай-35--Ыа 
3 3 
= -2ab? Answer 


Example 4: Compute the work done by the force Ë= (2у+3)1 +ху j *(yz- 
x) К when it moves a particle from the point (0, 0, 0) to the point (2, 1, 3) along the 
curve x = 2, y=t,z=t5 

Solution:- 

x= 22, y=t,z=t 

“dx = 4 t dt, dy = dt, dz = 3t? dt 

At point (0, 0, 0), 

х= 0,t=0,y=0,t=0,z=0,t=0 

At point (2, 1, 1) 

х= 2,1= 1, у=1,4=1,2=1,4%=1 

dr = ахі *dyj *dzk 

= 4t dti +dtj +36 dtk 

Ё = (2t+3) i +25) + (t4-2t2) К 

F dr = [(2t+3) i +245] 48-20) К]. [4t dti *dt] +3t2 dtk] 

= (8t2+12t) dt + 265 dt + (38-68) dt 

work done = | Far 


| 1 t 
=f (at? +12t)dt +f 26 at» [ 36-6/) 01 


B га EJ B e 
-1-04--|141--0 +|—-— 
кар реј dq? 31 
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Example 5:- Evaluate the line integral [o dx – x’ dy) about the triangle whose 
vertices are (1, 0), (0,1) and (-1, 0). 


(P.T.U 1999) 
Solution:- Let A (1, 0), B(0, 1) and C (-1, 0) be the points of curves as shown in 
figure. 


y 
(0,1) B 
C A 
(1,0) О (1, 0) 
Line integral along АВ: 
Equation of AB is a E =| 
or xty = 1 
=> dx + dy =0 


Consider Кл dx - х? dy) = IM (0 -xy dx- x (-dx)) 
= INI tx! -2x £x! )dx 

- Jd + 2x! -2x)dx 

= [ 1*2 ~2x)dx 


20 2x] 2 
Ep ess 
3 2 3 


о 


Example 6:- Evaluate |[Ё.й ds, where Ё= yzi+zxj+yxk апа 5 is that of the 
© 


surface of the sphere х2+у2+22= a? which lies in the first octant. 
(U.P.T.U. 2005, MDU 2002) 
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Solution:- The given equation of the sphere is = x2+y2+z? -a? = 0 
grad à = Аф = 2х1 +2у) +2zk 

n= Unit normal in the direction of grad ф 

or ñ=xi+yj +zk 

Also dS - &.dS 

Let Ё = yzi *zxj *xy К 

ЈАК =z 

and Ё.А = (yzi *zxj *xyk ) (xi +у) +zk) 

= 3ху2 


7, ds 


ДК 
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В 
О Х 
Х ахау у= 0 (а, 0) 
2 А ЕРЕ A dxdy , T 
Now [уз + zxj + xyk).dS = [Ел | T where R is the projection of the surface 
5 R п. 
5. 
2 | ez dxdy 
R 2 


310 


Vector Integral Calculus 


Green's Theorem in Cartesian form :- 
If C be a regular closed curve in the xy plane and S be the region bounded by C 
then 


тех +Qdy) = (5-2), dy where Р апа О are Continuously differential 


РЕЗА inside and оп С. 
Example 1:- Evaluate fe sin y dx +e * cosy dy) by Green's theorem where C is 
С 


the rectangle whose vertices are (0, 0), (л, 0), 12 ),апа (0, 1/2). 


(L.A.S 1999, U.P. T.U. SC 2006 - 07) 
Solution :- Comparing the given line integral with the integral on the left of 


[(Pdx+Qdy)= (2 - P je dy we have P = e*sin y, О = e* cosy 


T: e* cos y & ЕВРЕ 
ду дх 


(0, 1/2) B (n, 2/2) 


X 


А (т, 0) 


Hence by Green's theorem (Cartesian form) we have the given integral 
- Ї(-е” cosy ~e “ cosy)dxdy 
5 
x n/2 


--2| | е” cos ydxdy 


х=0у=0 
--2|-e" ji (ѕіп у)л/? 


=2(е^-1) (1) 
=2(e"-1) Answer 
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Example 2:- Apply Green's theorem to evaluate [ох —y*)dx * (X? + y?) dy where 
С 


С is the boundary of the area enclosed by the x axis and the upper half of circle 
х?+у? = a. 

(U.P.T.U. 2005) 
Solution :- Comparing the given integral with the integral on the left of 


J(Pax+Qay)= iz = P je dy we have 
P- 2x? -y?, Q = х? «y? 


‚ ӨР dQ 

= =-2у,—®=2 

"ду ах 

Ү 
х' Х 
Y! 

Hence by Green's theorem, we have the given integral 
- | (2x + 2y)dxdy 


=>= [ jo («+ y)dxdy 
n | EF 
-2f | dx 


0 
Zy? 
65 Ex qp ET Eje 
=> | ах | (@ -x )dx 
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3 
= (25) а? Answer 
3 3 
Example 3:- Using Green's theorem, evaluate | (x^y dx +x’ dy) where C is the 
c 
boundary described counter clockwise of the triangle with vertices (0, 0), (1, 0), 
(11). 


(U.P.T.U. 2004) 
Solution :- Comparing the given integral with the integral on the left of 


J (Pdx +Qdy) = [| (2 - Зу 


Непсе Р = х2у, О = x? 
Р, dQ 
эч-=Х',—©®—2 
ду дх i 


В (1,1) 


(020) у=0 А (1,0) “X 


Hence by Green's theorem, we have the given integral 
= ЇЇ (х - x )dxdy 
5 


= f (2x - x*)dxdy 
х=0 J v=0 


= | 2x- х?) (уух 
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Example 4:- Verify Green's theorem in the plane for [су + у?)ах + x'dy where С 
С 


is the closed curve of the region bounded by у = x and у = x? 
(P.T.U. 2000, 05, У.Т.О. 2004) 
Solution :- Here P = ху+у2, Q = x? 


Let R be the region bounded by C, 
Along Су y = x? 
^. dy = 2xdx and the limit of x are 0 to 1. 
-. Line integral along Сі = | (Рах + Оду) 
с 
E 2 2 
= | (ху+у )dx + х? dy 
= f | хэс +(x? у јах +x?.2x dx] 
= Ї lox +х“*)ах e 2x dx} 
! 
= |А (Зх? + х*)ах 
3. х5] | 3 1 | 19 
=|-х +— | =| >+- |= 
4 151 (4 5) 20 


Along C2, y=x from point A to O , dy = dx, and the limits of y аге 1 to 0. 
Line integral along 
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С = | (Pdx + Qdy) 


С, 
= IN {(ху +у?)ах+ ау} 
=["{(y? +y*)dy + y^ dy} 
= | 2y +угјау 


0 0 
“| Зучун [== 
Therefore, line integral along С 


Ж eee std 
20 20 
1 
ie. ((Ра dy)=-— i 
ie f x+Q »- 3, (i) 
Now 


| E s P у = ff[2x- (x+ 2y)]axay 


| (x - 2y)dy dx 


2 


x* xi] 11 1 T 
ЕЕЕ: 4 
From (i) ё (ii) = 

dQ ӘР 
|(рах+Оду) = 12-38 ау 


С 
Hence Green's theorem is verified. 


Example 5:- Evaluate [у — їп х) ах + совх ду , where C is the triangle formed by 
С 


у = 0, х= 2 у= 2 х, by using Green's theorem. 
т 
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Solution:- The vertices of the triangle OED are (0, 0), (5 , 0) and ( 2 2: ) 


Now Бу Green's theorem, we have 
дә ӘР 
[(Рах+Оду) = Е - 122 
Here Р = y-sin x , Q = cos x 
ee ai Ө 
ду ‘9 


=—sinx 


О 
по Yo Е E 


x 


— | 2 


n/2 
RHS= | | (-sinx-I)dxdy 
0 


0 


Ne 
I 


л/ 3 x/m 
=-{, ‘(1+sinx)[y} | 
=-2 f" (х+хзш»)йх 


л/2 


= dE + x(- cos x) - l(- sin J 


T 0 


Example 6:- Verify Green's theorem in the 
plane $ox ~8y’)dx +(4y -6xy)dy where C is the boundary of the region 
С 


defined by y = Vx, y = х2. 

Solution:- у = Vx i.e у? = x and у = x? are two parabolas which intersect at (0, 0) 
and (1,1) 

we have 
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с 


[(Pdx+Qdy)= f (Pdx+Qdy)+ f (Рах+Оду) 


Along Ci; x?- y; -.dy = 2xdx and limits of x are from 0 to 1. 
! 
-. Line integral along Су becomes [fv – 8x')dx + (4x? - 6x*)2x dx) 
0 
t 
= (эх? +8? - 20х*)ах 
0 
-142-4-4 


Along С, y? =x, ..2ydy = dx and limits of y are from 1 to 0. 
г. Line integral along C2 becomes 


0 
| (Ззу* -8y°)2ydy + (4y – 6y^ -y)dy 
1 


2, Line integral along С = -1 + 520 (i) 
5 5 2 
Again [(Рах+Оау) = || GS - јахау 
а g\ 9х ду 
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= ЈЕ -бху)- 50x - ay?) cay 
= | (-бу +16у)ахау 


= f ЮМ 10у 4х4у 


х= 


-| (буг zx 
= 5| (x-x*)dx = (2-1) 
Td 
0 
-3 (i) 


Hence from (i) and (ii) the Green's theorem is verified. 
Example 7:- Apply Green's theorem to prove that the area enclosed by a plane 


— 


curve is 5 [хду - ydx. Hence find the area of an ellipse whose semi- major and 
c 


minor axes are of lengths a and b. 


(V.T.U. 2000). 
Solution:- By Green's theorem ф(Рах+Оау) = (2 = P je dy 
д 2(9х ду 
Let P=-2 and О = 7 


= Area of a closed curve 
>. Area of a closed curve 


1 
-59(x4y - ydx) 
С 


Let ће equation of ellipse be 
2 2 
eae 


a b 
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Area of ellipse = IC dy - y dx) 
C 


where C is ellipse 
2 2 


X Уу 
24-21 
а? p 
i.e. х= а cos t, у = b sin t and t varies from 0 to 27. 
. Required area of ellipse 
_ | гол 2 . 2 
"jl. ab(cos t+sin t)dt 

аб, yx 
- > [th 

dy 


23x. a sint, — -bcost 
dt dt 
= пар 


Gauss Divergence Theorem : 


Statement :- If У is the volume bounded by a closed surface S and F is a vector 
point function with continuous derivatives, then 


(ЁА4в- [divFdv 
5 V 
wherenis unit outward drawn normal vector to the surface S. 


Example 1: If V is the volume enclosed by a closed surface S and F- 
хі +2у | *3zk show that [F.A ds =6V 
5 


Solution :- Given Ё = хі +2у j +32 К 
„фу F=VF 

$0 9 -91( : as ae 
(52 lay 428 + 2yj +3zk) 

д 9 9 
=—(x)+—(2y)+—(3 

Эх °0* Бу 0 * 3:02 
-14243-6 
-. By Gauss theorem we have 
[Ёл ds = [div£ dv 
S M 


= [6ау 
V 


- 6V Hence proved. 
Example 2:- Using Gauss divergence theorem, Prove that 
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(i) [rads =3V (ii) [Vr?.ds=6V 
5 


where 5 is any closed surface enclosing а volume V and г2= х2+у2+22 
(U.P.T.U. 2003) 
Solution :- (i) By Gauss divergence theorem, we have 
[[тааз= [| divrdV 
5 У 
where У is the volume enclosed by the surface 5. 


= ШЕС © we know div т = З 
= 3V Answer 
(ii) By divergence theorem 
fvr ds= [Vve )dv 
5 У 
- [vir dv 
A 
= [2(2+1уг*ау 
У 
ч У?г=г(п+1) r2 
= 6f dv 
=6V Answer 


Example 3:- Show that [ (ахї + ру) + czk ).nds = тп (а+Ь+с) 
5 


where 5 is the surface of the sphere х2+у2+22 =1 
Solution :- We have by Gauss's divergence theorem. 


[Fads = [divFdv 
5 V 


Now 
div F- VF 


ака (ni by cat) 


дх ду 
д 9 д 
= 3,09 + aye + 3; 2) 


=atbtc 
-. [Eds = [(a+b+c)dV 
5 V 


=(atbtc)V 
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Now V= volume of sphere of unit radius 
Аа 

= 1.1 
3 


4 
=—7 
3 


5 ах! +byj+ czk).ds 


5 


= (a+b+c). 2n 


= = (a*b*c) л. Henceproved. 
Example 4:- find (Ра ds where Ё =(2x+3z)i-(xzt+y) ] +(у2+22) Капа S is the 
5 


surface of the sphere having centre at (3, -1, 2) and radius 3. 
(U.P.T.U 2001, 2005). 
Solution:- We have by Gauss divergence theorem 


[Ё.Аав = [divFdv 
5 V 
Now div F = VË 


2 9 А д vt 9 = 5 Ж 
[iid 82 esi- ene ito ng] 


= 2-1+2 

=3 

[Ёла = fff divf dv 
S 


= Sty 3dv 
= 2 dv 


= 3V 
But V is the volume of a sphere of radius 3 


у= 2m (3 = 36n 


Hence 
| P Ads = 3x36n 
5 


= 108 n Answer 
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Example 5:- The vector field Ё =x2i +2] +yzk is defined over the volume of the 
cuboid given by < x < a, 0 < y < b, 0 < z < с, enclosing the surface S. Evaluate the 
surface integral ff F.ds 


(U.P.T.U. 2002) 
Solution :- By Gauss divergence theorem 
[Fads = [divFdv 
5 у 
= | ff V.Fdv 
у 
where У is the оо of the cuboid enclosing the surface 5 


"+ 12 не i zj +yzk)dv 
- 1 | ње z)+ 2 ун хуй кау 


= | f ка 


х=0у=02=0 


= Јејаујх +y)dz 
- [а 5] * yz]; dy 
- [à dxf (xe + ус)ду 


= cf dxf (эх +y)dy 
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B [а + 2) Answer 


Example 6:- Use Gauss divergence theorem to evaluate the surface 
integral ff хауа» + ydzdx + zdxdy) where S is the portion of the plane х+2у+32 = 
5 


6 which lies їп the first octant. 
(U.P.T.U 2004) 
Solution :- By Gauss's divergence theorem (Ёлав - [divFdv 
5 M 


or ff Finds = ff divFdv (i) 
$ у 
Here Ё =xi ty j +zk, fi =dydzi *dzdxj +dxdy К 
Now divF (12 ГА | (xi + yj +zk) 
=1+1+1 
=3 
From (i) we have 
[f («ayaz + ydzdx + zdxdy) = | зау 
У 


6-х х $-x-2y 


-3| Ja E “ч 
2 420 ‚1 dydx 
63/6-х-2 
EM eres 
=f КІСЕ x)y - yl dx 


А [or х) (6-xy | 
“| 2 4 


= = (216) = 18 Answer 
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Example 7:- Use divergence theorem to evaluate вА аѕ, 
5 


where F =x3i *y3j +z3k and Sis the surface of the sphere x2+y2+z? = a2 


(P.T.U. 2004) 
Solution:- Let V be the volume bounded by the surface S 
By Gauss divergence theorem, we have 


~n [Eds = [ff divEav (i) 
Now div F= VĒ 
1244-42Цен yj«zk) 
= 3(х2+у2+22) (ii) 
~ ЕА4-3| (х + у: +27)dv 

5 у 


Changing to spherical polar Co-ordinates by putting x= г sin cos 9, 
y =r sin Ө sin ф, 2 = cos Ө 

dv = r? sin0 dr 40 do 

The limits of integration will be 0 to a, 0 to t and 0 to 27 


5 зо £y +2')4у = [сг ѕіпӨагабаф 
00 


= ҮЭ ла! Answer 


Example 8:- Verify Divergence theorem for F = (xyz) i +(у2-2х) j +(22-ху) Ё, 
taken over the rectangular parallelopiped 0 < x <a, 0 <y <b,0<z<c, 

(U.P.T.U. 2002, V.T.U. 200 M.D.U. 2006, P.T.U. 2003) 
Solution : 
As div F= VË 


= 2(x+y+z) 
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Therefore, volume integral 


= {div Fav = 2| (кљу жајау 


-2| 


2 2 2 
= (a?bc*ab2c*abc?) 
= abc (atb*c) (i) 


To evaluate the surface integral, divided the closed surface S of the rectangular 
parallelopiped into six parts i.e. 

$; : The face OAC'B 

52: The face CB'PA' 
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S5: The face OBA'C 
54 : The face AC'PB' 
Ss : The face OCB'A 
: The face BA'PC' 


Also ff F.hds = [fads + {fF ds 4 аав * аав + |[Ё.йав 4|| аав 
5 5, 5, 5, 5, 5, 5, 


p 


оп 51 (2 = 0), we haven = -k, F= ха *y?j - xy k so that 
ВА = (ei +yj- xyk).(-k) 


b x? А а? pb ab? 
rz [nte 
on 52 (z =), we have n= k 
Ë = (x2cy)i +(у2-сх) j +(с2-ху) К 
so that F.ñds = (х – су)і + (у –сх))+(с - ху)к]& 


= xy 

al EAds- [[(c (c — xy )dxdy = је Hos 
5, 00 

~n [[Е лав = ЇЇ (а: - yz )dydz- | a'b- Naa 
5, 00 


=abc2 ар 


on S; (x =0) we have & - -i, F=-yzity2j+z?k, 
so that F.n "peine. (4)- yz 
Ь?с? 


не [[yzayaz= [ras 4 


on S, (х=а), we have 8-1, F= (a?-yz)i i +(у2-а2) j *(z? -ay) k, 
so that Ёй = | (аг ~yz)i+(y? - az)j+(z? ~ay)k Ji 


5 || F.ñds = fle - yz)dydz- јање jiz 
5, 00 0 2 
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2.2 
=a?be- 2E 
4 


on Ss (у=0) we have A=-j, Ё= хі -zxj +220, 
so that = БА = (x2 -zxj +22К ) (-j)= 7х 


а?с? 


on S; (y =b), we have n= j, F=(x%bz)i +(62-2х) | +(22 -bx) k, 
so that БА = [Ge - bz)i + (b! - zx)j + (z? - bx) |} 


= b2- zx 


=ab’c- E 
4 
ks 212 212 2.2 2.2 2.2 2.2 
х ff BAds = 2 + abe? - 27 PE eae 75 +S tabe- 
5 
= abc (а+Ь+с) (ii) 


The equality of (i) and verifies divergence theorem. 

Example 9:- Verify divergence theorem for F = 4xi- 2y2j +z2k take over the 

region bounded by the cylinder x?*y? =4, 2 =0, z =3 

Solution:- Since div Ё = V.F 

= 12. 12442 ы –2у:ј+ 213 

9 

ду 

=4-4у + 22 

Therefore 

[[fdivE.dv = fff(4- 4y +2z)dxdydz 
M У 


9 Зул О иче 
Бе a (-2у 3€ ) 
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= Г. Test (47 Ду + 2z)dx dy dz 


«PE = Дуд +2? I dxdy 


EE ml (12 - 12y +9)dxdy 


Е 21 = 12y)dxdy 


= аи чахду-12| | es ydxdy 


-axa[ po" ахау - 1210] 


Since y is an odd function in the second integral 


2 ‚ vex 
= ва[ (vh ах 


= ва [; (2 - х) ах 
р 
E (2 -x!) *z 2^ sin АІ 


= 84 [2 sin'!1] 
= 84 [2 (л/2)] = 847 


To evaluate the surface integral, divide the closed surface 5 of the cylinder into 
three parts, | 
51 : The circular base in the plane 2 = 0 
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S2 : The circular top in the plane z = 3 
S; : The curved surface of the cylinder given by the equation x?*y? = 4 


Also Иза Pages ан eae 
S Si 


on 51 (z=0). we have n= -k F= bi - 2y2j 
so that F.ñ = (4xi -2у Эр (- k)-0 
el БАдз=0 

5 


оп 5; (2=3), we haven =k, Е=4х1 -2у2] +9k 
so that БА = (ахі -2у*]+ 9k). 
=9 
~ |[Е лав =ff9dxdy 
5, 5, 
= 9 х area of surface 52 
= 9(л. 22) = 36 л 
Where 5; is the area of circle of radius 2 
on Ss, x? +у2=4 
A vector normal to the surface S; is given by У (х2+у2) = 2х1 +2y j 
г. А =a unit vector normal to surface 53 
= 2xi + 2) = _2xi +2у)_ -. unit normal = 
(х) + (2уу ү4х? + Ay? а 
2х1--2у) 
4(x? + у?) 
E 2xi + 2yj 


= 2х2 2, у? 
Also, on 53, i.e. х2+у? =4, x = 2 cos 0, у = 2 sin Ө and ds = 2 10 dz 


329 


A Textbook of Engineering Mathematics Volume - I 


As surface area of element P(width 20 and height dz) 15 240 dz. 
To cover the whole area бэ, z varies from 0 to З and Ө varies from 0 to 27 


х Раб- ЇГ 20 созо) -(2siney’ |2dedz 


= [7 16( (cos? 0 - sin? ејзае 
= asf” (cos? 0 - sin? ө)ае 


= 48 д 
xi Fads = 0 + 367 + 487 


- 84n (ii) 
Therefore from (i) and (ii) Thus ff F.ñds = | ||| divF dv Thus divergence theorem 
5 У 


is verified. 

Example 10 : Verify Gauss divergence theorem for the surface F = 4xzi - 

у?) +у2 К taken over the cube bounded by the planes x =0, x =1, у = 0 у =1, 2 =0, 
2=1. 

Solution : Given Ё = 4xzi - y2j *yzk (i) 


div F= | СИ xs | (axzi - у?) + yzk) 


д 2 
=—(4 eas кыл 
Эба) + S СУ + ao) 
=4z-2y ty 
=4z-y 
By Gauss theorem, we have 
[Ends = | divFdv 
5 у 
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ЕСЕ ai) 


To evaluate If F.h ds 
5 


Неге S is the surface of the cube bounded by the six plane surfaces 
Over the face OABC 


z =0, dz =0, А = -k , ds = ахау 


2 [еа = (Су j).(-k)dx dy =0 (iii) 
00 
Over the face BCDE, 
y =1,dy =0, ñ =ј,45 = dx dz 
ва ds= [| (4xzi -j* zk). dxdz 
0 


8-1 
x 


ot- 
са 
x 
[on 
N 
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=-(х) (2), =-1 (iv) 
Over the face DEFG, 


А 


z =1, dz -0, ñ =k, ds = dx dy 


t 
еэ! 
> 
g 


=f f(4xi -у 2) + yk).k kdxdy 


ot —— ote 


Ш 
о ot, = Beets 


Over the face AOGE, 
y =0, dy =0, h=-j,ds=dx dz 


5 [[Ёадв =f [(аха). (- j)dxdz 
E j (vi) 
Over the face OCDG, 
x =0, dx =0, ñ = -1, ds = dy dz 
LI 
= [[Ёл ds = (5 + yzk).(-i)dy dz 
00 


=0 (vii) 
Over the face ABEF, 
x=1,dx =0, n=i, ds = ду dz 


„вла 21 j+yzk).idy dz 
00 


= (у), (222), =2 (viii) 
Adding equations (iii), (iv), (у), (vi), (vii) & (УШ) we get 
Over the whole surface S, 
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| Fads = 0 -1+ 2 +0+0+2 


= 3 (ix) 
From equations (ii) and (ix) we have 
[[ Fads = fff divEav 
$ V 
Hence the divergence theorem is verified. 
Example 11: By transforming to a triple integral, evaluate 


I- ff (x* dydz + x’y dzdx + x^zdxdy), where S is the closed surface bounded by 
S 


the planes 2 = 0, z = b and the cylinder x2+y? = a? 

(U.P T.U. 2006) 
Solution:- By Gauss divergence theorem, the required surface integral I is equal 
to the volume integral 


jf [Zeer Ze Zorn ја 
tf IF 


Зх? +x? +x? *\dzdy dx 


-4х5 Lem ЫГ dzdy dx 


ESL 2 
-21 ‚(а^ "агау 
E ap y=0 (5 Е y М "t чу 


а 3/2 
is сарану?) dy 
је пој ду = acostdt 


; а-ТЫГ а? cos! t (acos t)dt 


= ны” cos‘ tdt 


za tb— : о Answer 
3 42 2 4 
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Stoke's Theorem : If F is any continuously differentiable vector point function 
and S is a surface bounded by a curve C, then 


[Far = [Curt Fads 
С 5 
Where ñ is unit outward drawn normal vector at any point of the surface S. 
Example 1: Verify stoke's theorem for Ё = (2х-у)1- yz?j - yk where S is the 
upper half surface of the sphere х2+у2+22=1 and C is its boundary. 

(U.P.T.U. 2001, I.A.S 2004, B.P.S.C 2001) 


Solution : The boundary C of S is a circle in the xy plane of radius unity and 
centre at the origin. The parametric equations of C will be х= cos t, y = sin t, z- 0, 


0 < t < 27 consequently, the position vector of any point on the circle is T = хі + yj : 
Hence. 


[ваг = [12x -y)i - yzj- y'zk]-(idx + jdy) 
= f (2x - y)dx -fyz dy 

= [e cost sin t)(- sin t)dt 

= [,"-(2cost —sint)sintdt 


2 2n 
= [| "sin? tdt- f sin2tdt 
0 0 


n/2 cos2t Y" 
-4[ sin? tat +( | 
0 2-1) 
= *-(1-1 
[2 2071) 
27 
Le 
2 
= @) 
Also 
E 
- 19 9 9 
Curl Е = |— — — 
ш дх ду a 


~ 


2x-y -yz -yz 
= i (-2 yz + 2yz) + j(0) *k (1) 
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=k 
Then к Ads = finds 
5 


= 1 48 


ds e SF 
nk 
= [[dxdy 
R 
where R is the projection of S on the xy plane. 
Therefore 


|Jaxay= i ахау 


= aji p | dxdy 


-4|, 41-х24х 
5 [e -х?)ах =F le? -х) наа = 


= д (ii) 
From (i) and (ii) we get 
| сай F.ñds = [ват 
Hence stoke's theorem is verified. 


Example 2: Verify stoke's theorem whenF = yi + zj +xk and surface 5 is the 


part of the sphere х2+у2+22=1 above the xy plane. 
(U.P.P.C.S. 2003) 
Solution : Stoke's theorem is 


[ F.dr = furl Ё.\д5 

С 5 

where C is the unit circle x2+y? =1, 2 =0 and r » xi + yj +zk 
= dr=dxi+dyj +dzk 

:ЁЛг- (уї +zj+ хк) (ахі +dyj+ dzk) 

= ydx + zdy + xdz 

So 

[£.dr = [ydx+ [зау + | хаг 


The parametric equations of the circle is 


335 


A Textbook of Engineering Mathematics Volume - I 


х = соз t, y=sint,0<t<2nz=0,dz=0 
Therefore 


[Pdr = Јуах 
= | sin t(- sin t)dt 


> x=cost,y=sint 
=> dx = -sin t dt 


211 
Let n be the outward unit normal to the surface х2+у2+22 =1 at point (x,y,z), then 
ф = x2 +у2 + 22-1 


дф -2 дф 
у 


grado _ 2хї + 2у) + 2zk 


ЭЭС аад 2х) +(2у): + (22)? 


=xi +у) +zk 
г, х?+у?+2? =1 
2 Curl Fn = - (x*y*z) 
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Using spherical polar coordinates 

x = rsinO соѕф = 510 соѕф vr=l 

у = г sin sind = sinO sing 

z=rcos@ = cos0 

and ds = sin0 40 do 

In first octant Ө = 0 to 1/2, 6 = 0 to 27 
curl F.A = - (5д соѕф + sind sind + cos) 


А [ curlF.Ads = - f n [... (sin cos + sin8sin $ + соѕӨ)ѕіпеабаф 
ца 1 : Qn, 

= 4, [sin 6 sin – 5їпӨсозф 4фсов0|, sin 40 

= -2л [7 cossin ode 


| REST 
=-T| — 
2 | 


= -л (ii) 
From (i) & (ii) we get 
[сип Finds = | F.dr 


Hence stoke's theorem is verified. 
Example 3: Verify stoke's theorem for the function F = zi + xj +ук where C is 


the unit circle in xy- plane bounding the hemisphere Z= ,/(1- x? – y?) 
(1.А.5. 1993, О.Р.Р.С.5, 1999, О.Р.Т.О.(С.О) 2003) 
Solution : Stoke's theorem is [ват = [Curl F.hds where C is the unit circle 
[e 5 


x2+y2=1,z = 0 and r=xityj+zk 


— dr=dxitdyj+dzk 
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Баг = (4 +х] + yk).(dxi +dyj+ dzk) 
= zdx+xdy+ydz 
so [Ваг = | ах + [хау + f ydz 


The parametric equations of the curve is х= cost, y = sin t, 0 < t < 27, z = 0,42 = 0 
Therefore, 


[Е а = [хау 
у у 
= | costcostdt 
0 
" x=cost 
у =sint 
=> dy = cost dt 
27 
= | cos? tdt 
0 


л/2 


=4 J cos’ tdt 


GE 
ES 


E 


іе. [Édr-n (i) 
Again curl F = 


=i+j+k 

Let n be the outward unit normal to the surface х2+у2+22 = 1 at point (x,y, 2), 
Then 

ф = х2+у2+22 -1 
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. grado 
„ће 
Вхаад 
2xi +2у)+ 2zk 
(2x)? +(2у)? +(22)' 
-xi +уј +zk о х?+у?+22 =] 


Therefore, curl БА = (i +j+ к) (хі +уј+ zk) 
=xtytz 
using spherical polar coordinates 
x = r sin cosh = sinO соѕф 
y = r тд sind = 5110 sind 
Zz = т сО$Ө = совд 
and ds = ѕіпӨ 40 do 
In first octant 0 =0 to 1/2 and ф =0 to 21 
curl БА = sin соѕф + sin sing + cos 
n/2 2n 
Ж |сш1Ё.йдв = | | (ѕіп Өсоѕф + sin Өзїп + cos6)sin 0404ф 
5 


8-09-0 


ч 
н 
н 


n/2 
- [ [sin Өзїп ф – ѕілӨсоѕф + ф соз ep sin Ode 
0 


n/2 


- 21 | соѕӨѕіпӨаө 
0 


n/2 


= | sin 2040 
0 


| meer 
=- 
2 1 


= = [совт – соѕ0| 


ш 


-- 202) 


=л 
From (i) and (ii) we get 
| сай F.nds = [ваг 


Which verifies Stoke's theorem 
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Example 4: Verify stoke's theorem for Ё = (x2+y2)i -2xy j taken round the 
rectangle bounded by the lines х= + a, у -0, у =b 
(U.P.T.U. 2003, U.P.P.C.S. 1997) 
Solution : 
Y 


y=b B (a, b) 


D (-a, 0) у=0 A(a,0) 


Let C denote the boundary of the rectangle ABED, then 
фЁаг= фЦх +у?)ї- 2xyj | (idx + jdy) 

= [ (x? +у?)ах- 2xy dy | 
The curve C consists of four lines AB, BE, ED and DA. 


Along AB, x=a, dx = о and у varies from 0 to b 
5 | [ (x? * y!)dx - 2xy dy | = Ї -2ау4у 


АВ 


=-а[у* | = -ab? (i) 
Along BE, y= b, dy = 0 and x varies from a to -a 


Га 


К Гб? + у“ јах -2xydy | = [бг + b?)dx 


ВЕ a 


3 “а 
= E + Бај 
3 а 


2 
-3- 2 ab? (ii) 


Along ED, x= -a, dx = 0 and y varies from b to 0 
0 
ка | [ (x? + y!)dx - 2xy dy | = fay dy 
ED b 


= а[уг], = -ab? (iii) 
Along DA, y = 0. dy =0 and x varies from -a to a. 
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2 | [(х +у?)ах- 2xy dy | = | x? dx 
DA -а 


228 
3 
Adding (i) (ii) (iii) and (iv), we get 
3 


3 
феаг = -аЬ? ~ == – 2ab? ab! + = 
=- 4 ab? 

Now, 
i jk 
д 9 ә 
Сш1Ё-| — — — 
ur x Эу 52 
x +у:-2ху 0 
= (-2y - 2y) К 
= -4yk 


For the surface 5, n =k 
СайЁА--4уК.К =-4у 


s f{Curl FA ds = f | -4ydxdy 
5 0-а 


b 
= [-4y[x]", dy 
0 


= -84|, уду 


27 
fe 
2 0 


= - 4ab? 
The equality of (v) and (vi) verifies Stoke's theorem. 


(iv) 


(у) 


(vi) 


Example 5 : Verify Stoke's theorem for the function Ё = x?1 +xy j integrated 
round the square whose sides are x = 0, y = 0, x = a, у = a in the plane z =0. 


Solution : Given Ё = x?i +xy j 
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i j k 
~ [д 0 ад 
Сай | 2 oS 
ax ду az 
х ху 0 

=yk 
x=0 


y=0 


Here n =k (nis perpendicular to xy plane) 
ff Curl Fads = ff yk.kdxdy 


- [ax yay 
0 0 
E a ers 
Ze | -8 0 
Now [Far = [ха + хуј).(фа + dyj) 
= fpe dx + xy dy) (ii) 
Where C is the path OABCO as shown above. 
Ба = f Edr f Еаг+ | Баг» | Ваг (iii) 
OABCO OA AB BC co 
Along OA, y = 0, dy =0 
[бағ [ха E ( 
ат=јх ах=ј | =— IV 
OA 0 3 0 3 ! 


Along AB, х= 0, dx =0 
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а ать р а E 
[вае Јауау=а| | =H ЇЕ = (v) 
Along BC, y =a, dy =0 
0 3 
f F.dr = | х?ах = рах = e (vi) 
BC BC a 
Along CO, x =0, dx =0 
f F.dr = | (x?dx + хуау)=0 (viii) 
co co 


Hara а? 5а? 
F iii), | .dr=—+—-— +0 
rom (iii) J r CEDENS 
Using (iv) (v) (vi) & (vii) 
а ... 
=<. viii 
| (уш) 
From Equations (i) and (viii), we have 


[ваг = ff Сшп1Ё.й ds 


Hence Stoke's theorem is verified. 
Example 6 : Evaluate фЁаг by Stoke's theorem, where F = y2i +х2) - (х+2) К and 


C is the boundary of the triangle with vertices at (0, 0, 0), (1, 0, 0) and (1, 1, 0) 
(U.P.T.U. 2001) 
Solution : Since Z- coordinates of each vertex of the triangle is zero, therefore, 


the triangle lies in the xy plane and n= k 


i j k 
ð à 9 
Сш rel. o © 
Lax. ду az 
y x’ -(х+2) 
= )+2(х-у) k 


В(1,1) 
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^. Curl FA = | +2(х- y)k]k 

= 2(x-y) 

The equation of line OB is y = x By stoke's theorem, 
фЕаг = [Curt F.Ads 


Example 7 : Apply Stoke's theorem evaluate [с +y)dx + (2x - z)dy + (у +2)42 | 


where С is the boundary of the triangle with vertices (2, 0, 0), (0, 3, 0) and (0, 0, 
6). 
Solution : Hence F = (x*y)i *(2x-z)j s (y+z)k 


А А 


i j k 

- | д д д 

Cul Ë=- > = 4 
uc дх ду az 


x+y 2x-z ytz 
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7 


А(2,0,0) 
Х 
Also equation of the plane through A, B, C is 
x + bé + 2 =1 
2 3 6 


or Зх +2y + z=6 
Let $ = 3x + 2y + 2-6 =0 


Normal to the plane ABC is 
Уф = c j— = £k > exea) 
=3i+2j+k 
Unit normal vector ñ = ы ЈАВИ 
(3)? «QY +(1)' 
" 3i+ 2] +k 
v14 

[Сан 8 as = ff(2i +k). (5i +2} +8)ds 

: : Уа 
where 5 is the triangle ABC 

1 

=-=(6+1) || 45 

ла 6] 
= = (Area of A АВС) 


It is difficult to find area of A ABC, so we change ds to БЯ à , Where ff dxdy is 


area of AOAB 
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=Z f] dxdy 
1451/4 


- 7[faxdy 
R 

= 7 (Area of A OAB) 
1 

-7(—x2x3 
(5 5253) 


= 21 (i) 
Since we know Stoke's theorem is given by 

фваг = ff Curl F.fi ds (ii) 
Therefore, from (i) and (ii) we have 


$[(x + y)dx 4 (2x - z)dy +(y+ z)dz | 221 


Example 8 : If F = (x-z)i +(x3+yz) j - Зху2 К апа 5 is the surface of the curve 


4 
z-a- x! + y? above the xy-plane, show that f f Curl F.ds = om 
Solution : Неге Ё = (x-z) i +(x3+yz) j - 3xy2k (i) 
By Stoke's theorem, we have 
[[curlF.ds = фВат (ii) 


where S is the surface x?*y? = a2, 2-0 above the xy-plane. 

F.dr = [(x-z) i +(x3+yz) j - 3xy?k ].(dxi *dy j *dzk) 

= (x-z)dx + (x3+yz)dy-3xy? dz (iii) 

Let x = a cos0 so that dx = -a sin 40 and y = a sin0 so that dy = а сове 40 


2n 


фЁаг = | {(асозӨ)(—азїп дад) + а" соз* Ө. асов040) 
с 0 


zZ=0 1.42 = 0 
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2 


-а? | sin0 сов8040 +a‘ {cos 940 


Er 


2л 
=a‘ f cos‘ 040 
0 


n/2 


= 4a* | cos! 040 
0 


ла (iv) 
= ff Curi F.ds = 229 

: 4 
Using (ii) & (iv) 


EXERCISE 
1. Suppose F = xi +y j +zk is the force field. Find the work done by F along the 
line from the (1, 2, 3) to (3, 5, 7). 

(U.P.T.U. 2005) 
Answer. 50.5 units 
2. Evaluate ЈЕ dr where Ё = ху +(x2+y2) j and C is the arc of the curve у = x24 


from (2, 0) to (4,12) in the xy-plane. 
Ans. 732 


3. Evaluate ва for Ё = 3х21 +(2xz-y) j +z k along the path of ће carve x?» 4y, 3x3 


= 87 from x = 0 tox =2 
Ans. 16 


4. Compute [ват , where F = 24 5 - and C is the circle x?*y?-1 traversed 
А х 


counter clockwise. 
Ans. -27 
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5. Find the circulation of F round the curve C, where F = yi +z) +xk and С is the 
circle x2+y? = 1,2 = 0 

Ans. -л 

Hint Circulation = fF.dr 


6. Find the work done in moving a particle once around a circle C in the xy- 
plane, if the circle has centre at the origin and radius 2 and if the force field is 
given by F= (2x-y+2z) i +(x+y-22) j +(3x-2y-5z) k 

Ans. Вл 

7. Evaluate ЇЇ ул! +2х)+ xyk).ds where 5 is the surface of the sphere х2+у2+22 =а2 


in the first octant. 

4 
Ans. эс 

8 
8. IfF = (x2-y2)i *2xy j andr = хі +y j find the value of ЈЕ -dF around the 
rectangle boundary x = 0, у= Ох=а,у=ђ 
(U.P.T.U 2002) 

Ans. 2ab? 


9. Evaluate f[(cos xsin y – xy)dx + sinxcos уду | by Green's theorem where C is 


the circle x?*y? =1 
Ans. 0 


10. Evaluate [Ё ds where F =4ху1 + yzj—xzk where and S is the surface of the 
5 


cube bounded by the planes x =0, x = 2, y =0,y =2,z=0,z=2 
Ans. 32 


11. Prove that fff CurlF dv = (ја х F ds 


12. Prove that fA x (a x r)ds = 2aV , where V is the volume enclosed by the surface 


S and ais a constant vector. 

13. Verify Gauss's divergence theorem for F = y i +x j +z2k and 5 is the surface of 
the cylinder bounded by х?+у?= a2; 2 = 0; 2 = Һ 

14. Verify divergence theorem for Ë = 4xzi -y2j + yz k and S the surface of the 
cube bounded by the planes x=0, x = 2, y = 0, y =2,z=0,z=2 
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15. Verify Gauss's theorem and show that 


^ 5 
Sle - yz)i – 2xyj + 2k |à ds = where S denotes the surface of the cube 


bounded by the planes x = 0, х =a, y = 0,у =a,z=0,z=a. 
16. Evaluate [f(yzi + 2xj+ xyk)ds where 5 is the surface of the sphere х2+у2+22 = 


a? in the first octant. 
(U.P.T.U 2004) 
Ans. 0 


17. Verify the divergence theorem for the function F = 2x2y i - y2j + 4xz? К taken 
over the region in the first octant bounded by у2+22 = 9 and x = 2. 
18. Evaluate by stoke's theorem ф(е* dx + 2y dy – dz) where C is the carve 
х2-у?-4,2-2 
Ans. 0 
19. Apply stoke's theorem to find the value of f (y dx + zdy + xdz) where C is the 
curve of intersection х?+у?+22 = a? and x+z = a 
(JNTU 1999) 

-ла` 

Ans. E 


20 Evaluate $ 2y?dx + x*dy + zdz where C is the trace of the cone intersected by 


the plane z = 4 and S is the surface of the cone z = (х? + y? below 2 = 4 
(PTU 2006) 
Ans. 1927 
21. Use Stoke's theorem to evaluate [Cur £A ds over the open hemispherical 


surface х2+у2+22 =а2, z > 0 where F=yi+zxj+yk 

Hint : The boundary of hemispherical surface is circle of radius a in the plane z = 
0. The parametric equations of the circle are x = a cos0, у = bsin0, z = 0 
Herer=xi+yjt+ zk ,dr=dxit ду) + dzk , x2+y? = а2,2-0 

using stoke's theorem 

[ват = [(уї + zxj * yk). (axi * dyj * dzk) 

we get 

=э [Curl Ads - [ydx 


с 
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21 


= | аай(-азїпб)дө 


а? 2л 
== 5 [2sin* өаө 
2 
0 
агт 
ec f 1-сов20)40 
0 
2 . 
--5|e = 
2 2 J 
= -na? Answer 


Tick the Correct Answer of the Choices Given Below :- 
1. The value of [Bar for = 3х21 + (2xz-y) j+ zk along the path of the curve х2= 


4y, 3x3 = 82 from x = 0 to x = 2 is 


(i) 8 (ii) 16 
(iii) 4 (iv) 10 
Ans. (ii) 
2. Iff = i jx ; evaluate | F. dr where C is the circle x2*y? =1 transversed counter 
22 с 
и 
() л (ii) ^n 
(iii) 2л (iv) -2 л 
Ans. (iv) 
3. The value of [Еаг for F = х21 +xy ј and С is the curve y? = x joining (0, 0) to 
(1, 1) is 
КОД TES 
@ 25 (i) 5 
(i) = (iv) 1 
Ans. (i) 


4. If Ё = (3x2+6y) i - 14yz j + 20xz? k , Then the value of line integral f F.dr form (0, 


0, 0) to (1, 1, D) along the path x = t, y = #, z= 815 
(i) 2 (ii) 5 
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5. The value of the line integral 06 +ху)ах+(х? + y’) dy | where C is the 


square formed by the lines y = +1 and x = +1 is 


(i) 0 (ii) 1 
(iii) -1 (iv) ; 
Ans. (i) 


6. The circulation off round the curve С, where = yi + 2] + xk and C is the 
circle x2*y? =1,2 = 0 


(i) т (i) -n 
(iii) 2 (iv) ES 
Ans. (ii) 


7. КЕ = 2yi-zj+ xk then the value of [хат along the curve x= cos t, y = sin t, 


z =2cost from t = 0 t =n/2 is 


(i) 1+} (ii) 1-) 
(iii) (2-5)i-(s-3Ji (iv) (2-5)i- («3i 
Ans. (iii) 


8. The value of | Бас where F = xy i +(х?+у2) j and С is ће x axis is from x = 2 to x 


= 4 and the line x =4 from y =0 to y =12 is 


(i) 768 (ii) 785 
(iii) 763 (iv) 764 
Ans. (i) 
9. The circulation of F around C, where Ё = ех sin yi +e* cos yj and C is the 
rectangle whose vertices are (0,0), (1, 0), (1, 2 ) (0, > ) is 
(i) 0 (ii) 1 
1 

iii) -1 ЗООЖ: 
(iii) (iv) 2 
Ans. (i) 


10. The vector function A defined by A =(sin y+z cos x) i +(x cos y+sinz) j + (y 
cos 2+5іп x) k is irrotatinal. Then function 0 is given by (Given A = Vo) 

(1) xsiny -y sinz-zsinx*c 

(ii) x sin y + y sinz *zsinx * c 

(iii) x cos y + у cos z + zsinx + c 
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(iv) x cos y + y cos z-zsinx+c 
Ans. (ii) 
11. Consider a vector field F = (x2 - у2+ x) i -(2xy+y) j Then the field is 
(i) Solenoidal 
(ii) irrotational 
(11) Solenoidal and irrotational 
(iv) None of the above 
(U.P.T.U. 2009) 
Ans. (iii) 
12. Consider a vector field Ё = (x2 - y2+ x)i-(2xy+y) . Then ф is given by: 
(Given Ё = Vo) | 


3 2 2 3 2 2 
с Ua 
3 2 2 3 2 2 

цах de cm дыг d мү К no NS АИ 
(iii) 3 xy 2 5 (iv) 3 ху 5.7 


Ans. (i) 
13. The value of ff F.A ds ,where F = 221 +xy )-у2К and S is the surface bounded 


by the region х2+у2 = 4z=0,z=3is 


(i) -26 (ii) 26 
(iii) 13 (iv) -13 
Ans. (ii) 


14. IfF = 4xzi - у?) + yzk and S is the surface of the cube bounded by the planes 
x=0,x=1,y = 0, y =1, 2=0, z=1 Then the value of [| Fads is 


1 nx 
05 (i) 5 
(iii) 3 (iv) 2 
Ans. (ii) 


15. If V is the volume enclosed by a closed surface S and F = xi +2y j +3zk . Then 
| F.fids is 


() 3V (ii) 6V 
(iii) 9V (iv) 12V 
Ans. (ii) 
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16. The value of | r.nds ,where S is a closed surface is 


(i) ЗУ (ii) 6V 

(iii) 9V (iv) 0 

Ans. (i) 

17. The value of [ds ,where S is a closed surface is 
(i) ЗУ (ii) 6V 

(iii) 9V (iv) 0 

Ans. (iv) 

18. The value of fa (v x E) , where F is a vector point function and S is a closed 
surface is 

(i) 3V (ii) 6V 

(iii) 9V (iv) 0 

Ans. (iv) 


19. The value of ја ds „(ог F = 4х1 - 2y2j +22 К taken over the region S bounded 


by х2+у2 = 4, 2 =0 and 2 =3 is 


(i) 38л (ii) 84n 

(iii) 837 (iv) 48r 

Ans. (ii) 

20. The value of [т x nds , for any closed surface 5 is 
(1) 1 (8) -1 

(iii) 3 (iv) 0 

Ans. (iv) 


21. The value of [| nx Vods for а closed surface S is 


(i) 2a (ii) -2a 
(iii) За (iv) 6 
Ans. (iv) 


22. The value of fa x (а х г)45 where V is the volume enclosed by the surface S 


anda is a constant vector is 
(i) 2a (ii) 2a V 
(iii) -2a (iv) 0 
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Ans. (ii) 
23. The value of f(e^ sin y dx + e" cos уду) where С is the rectangle with vertices 


л T.. 
(0,0), (л, 0), (n, =), (0, 2) 8 


(0) 2(e"-1) | (8)2(е"-1) 

(iii) 2(e"+1) (і) 2(e* +1) 

Ans. (ii) 

24. The value of fy dx + x°dy), where C is the boundary described counter 


clockwise of the triangle with vertices (0, 0), (1, 0), (1, 1) is 


00 (i) 5 
ju D : 1 
(iii) 1) (iv) 55 
Ans. (iii) 


25. The value of fee + xy)dx + (x? + y?)dy where С is the square formed by the 


lines y = +1, x = +115 


: sod 
00 @) 5 
нү Ө : 1 
(iii) 12 (iv) 2 
Ans. (i) 
26. The value of Їе 4х-2уду- 42) , Where C is the curve x2*y? = 4, z = 0 is 
1 
00 1 
(i) (i) > 
(iii) á (iv) -— 
Ans. (i) 
27. The value of the [(хуах + xy!dy) where C is the square in the xy-plane with 
С 
vertices (1,1) (-1, 1), (-1, -1), (1, -1) is 
95 Gi) - 
(ii) 2 (iv) 5 
Ans. (iv) 
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28. The value of | F.dr where F = y2i + x?j - (x+z) k and C is the boundary of the 


triangle with vertices at (0, 0, 0), (1, 0, 0), (1, 1, 0) is 


05 Gi) 5 
(iii) 5 (iv) É 
Ans. (i) 


29. The value of f(yz dx + xzdy + xy dz), where C is the curve x? + y? 2-1, z = y? 


(i) б (ii) 1 

(iii) 2 (iv) -2 
Ans. (i) 

30. The value оЁфглг 18 
(i) 0 (ii) 1 

(iii) 2 (iv) 3 
Ans. (i) 


31. A necessary and sufficient condition that line integral [Аа = 0 for every 


closed curve C is that 


(i) div A=0 (ii) curl A =0 
(iii) div A #0 (iv) curl A #0 
Ans. (ii) 


32. The value of surface integral ff (yzdy dz + zxdzdx + xydxdy), where S is the 


surface of the sphere х2+у2+22=1 is 


0-2 (i) 0 
(iii) 4n (iv) 127 
Ans. (ii) 


33. If Ё = axi +ђуј +czk a, b, c are constants, then [ [ F.ds where S is the surface of 


a unit sphere, is 


(i) 0 (ii) = (а+Ь+с) 
(iii) on (atb+c)2 (iv) none of these 
Ans. (ii) 
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Indicate True or False for the following Statements:- 

1. In case f is single valued, and integral is take round a closed curve, the 
terminal points A and B coincide, and fs = fA 

(True/False) 

Ans. True 

2. Green's theorem is a special case of Stoke's theorem 

(True/False) 

Ans. True 

3. The Gauss divergence theorem is applicable for a region V if itis bounded by 
two closed surfaces S; and S? one which lies within the other. 
(True/False) 

Ans. True 


4. The value of | ñ x (axr)dsis equal to zero wherea is a constant vector. 


(True/ False) 
Ans. False 


5. For a closed surface S, the integral fa х Vods vanishes identically 


(True/ False) 
Ans. True 


6. If S be any closed surface, then [Сип Fdr-0 


(True/False) 
Ans. True 
7. If V represents the velocity of a fluid particle and C is a closed curve, then the 


integral $ V dr is called the circulation of V round the curve C. 


(True/False) 

Ans. True 

8. If the circulation of V round every closed curve in a region D Vanishes, then 
V is said to be irrotational in D. 

(True/False) 

Ans. True 

9. Any integral which is to be evaluated over a surface is called a surface integral. 
(True/False) 

Ans. True 

10. Gauss divergence theorem is the relation between surface integral and line 
integral. 

(True/False) 

Ans. False 
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11. Gauss divergence theorem gives the relation between surface and volume 
integrals. 

(True/ False) 

Ans. True 

12. Stokes theorem gives the relation between surface and volume integral. 
(True/ False) 

Ans. False 

13. Stoke's theorem gives the relation between line and surface integrals. 
(True/ False) 

Ans. True 
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